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ASYMPTOTIC BEHAVIOR OF SOLUTIONS ON A THIN
PLASTIC PLATE

ABDELAZIZ AIT MOUSSA, JAMAL MESSAHO

ABSTRACT. In the present work, we study the asymptotic behavior of solutions
to a plasticity problem in a containing structure, a thin plastic plate of thick-
ness that tends to zero. To find the limit problems with interface conditions
we use the epiconvergence method.

1. INTRODUCTION

The study of the inclusion between two elastic bodies involves introducing a very
thin third body between them. A very similar situation occurs when taking into
account the effects of a thin layer which has been bonded onto the surface of a
body to prevent wear caused by the contact with another solid. It is, therefore
of interest to study the asymptotic behavior of thin layer between the two bodies,
assuming various contact laws between them. In the case of a thin plate, the thermal
conductivity problems were treated by Brillard et al and Sanchez-Palencia et al in
[8, 15]. The elasticity problems, linear and nonlinear case, were widely studied by
Ait Moussa et al, Ait moussa, Brillard et al, Geymonat et al and Lenci et al in
[2, B, 12, 13, 14]. In the case of an oscillating layer, we have treated the scalar
case for a thermal conductivity problem in Messaho et al in [5]. In the present
work, we consider a structure containing a thin plastic plate of thickness depending
on a parameter ¢ intended to tend towards 0. The aim of this work is to study
the asymptotic behavior of the solution of a plasticity problem posed on a such
structure.

This paper is organized in the following way. In section[2} we express the problem
to study, and we give some notation and we define functional spaces for this study
in the section In the section 4] we study the problem . The section || is
reserved to the determination of the limits problems and our main result.

2. STATEMENT OF THE PROBLEM

We consider a structure constituted of two linear elastics bodies, joined together
by a thin plastic plate of thickness €, the latter obeys to a nonlinear plastic law of
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power type. More precisely the stress field is related to the displacement’s field by
of = Ne(us)|"te(u®), A>0.

The structure occupies the regular domain = B, U )., where B, is given by

B. = {z = (2/,23)/|23] < §}, and Q. = Q\ B, represent the regions occupied by

the thin plate and the two elastic bodies (see ﬁgure. € being a positive parameter

intended to approach 0.
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FIGURE 1. The domain €.

The structure is subjected to a density of forces of volume f, f: Q — R3 and it is
fixed on the boundary 9. Equations which relate the stress field o¢, o°: Q@ — R%,
and the field of displacement u®, u®: Q — R? are

dive® 4+ f=0 inQ,
O'E:j = aijkhekh(u‘s) n QE,
o = Ne(u®)|te(uf) in B.,

u® =0 on 0.
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Where a;jxn are the elasticity coefficients and RY the vector space of the square
symmetrical matrices of order three. e;;(u) are the components of the linearized
tensor of deformation e(u). In the sequel, we assume that the elasticity coefficients
ai;kn satisfy to the following hypotheses:

Qijkh € LOO(Q), (22)
Gijkh = Qjikh = Qkhij,

@ijknTijTen > CTyTij, VT € RY. (2.4)

3. NOTATION AND FUNCTIONAL SETTING

Here is the notation that will be used in the sequel:
x = (2/,x3) where 2’ = (z1,22), 7 ® ( = (73(;)1<i,j<3 and T ®g ( =
all 7,¢ € R3.

In the following C' will denote any constant with respect to . Also, we use the
convention 0.(4+o00) = 0.

TRCHCRT
I — fOI‘

Functional setting. First, we introduce the space
Ve ={ue L' (R? :e(u) € L*(Q.,RY), u € BD(B.),
[u]f =0in £ and u = 0 in 9Q},
where [u]° is the jump of u on ¥F defined by
[u]* = )y F Uy
BD(B.) = {u € L'(,R?) : e(u) € My(B:,RY)},
BDy(Q) = {u € BD(Q,R?) : u =0 in 9Q},
and M (.) is a bounded measure space, for more information we can refer the reader
o [16]. We show easily that V¢ is a Banach space with the norm
u— [le(u)l 20, re) + le()lar (5. r2)-
Where
ooz = [ letwl= s (e(w),7)

B, TECF (B:), |T(z)|<L1.
We remark that V¢ C BDy(Q).
Our goal in this work is to study the problem ([2.1), and its limit behavior when
€ tends to zero.

4. STUDY OF PROBLEM ([2.1))
Problem ({2.1)) is equivalent to the minimization problem

inf {;/QE aijhkehk(v)eij(v)dx—i-/\/ le(v)] —/vadx} (4.1)

veVe
To study problem (2.1)), we will study the minimization problem (4.1). The exis-
tence and uniqueness of solutions to (4.1)) is given in the following proposition.

Proposition 4.1. Under the hypotheses (2.2)), [2.3), (2.4) and for f € L>=(Q,R?),
problem (4.1) admits an unique solution u® in VE.

=
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Proof. From ([2.2) and (2.4), we show easily that the energy functional in (4.1) is
weakly lower semicontinuous, strictly convex and coercive over V. Since V¢ is not

reflexive, so we may not apply directly result given in Dacorogna [9, theorem 1.1
p.48], but we can follow our proof by using the compact imbedding of Sobolev for
the BD space, for more information we can refer the reader to [9]. Indeed, let u,
be a minimizing sequence for , to simplify the writing let

Fe(u) = %/ﬂ aijhkehk(u)eij(u)dx—k)\/B le(u)] —/qudm,

so, we have F®(u,) — iné F¢(v). Using the coercivity of F¢, we may then deduce
veVe
that there exists a constant C' > 0, independent of n, such that
unllve <C,

according to the reflexivity of H'(€2.) and using the given result in [I6, p.158] for
BD(B.), then for a subsequence of u,, still denoted by w,,, there exists uy € V¢
such that u, — ug in V€. The weak lower semi-continuity and the strict convexity
of F¢ imply then the result. ]

Lemma 4.1. Assuming that for any sequence (uf)e~q C V¢, there exists a constant

C > 0 such that F*(u®) < C, under [2.2), [2.4) and for f € L=(Q,R?), (u%)cs0

satisfies
le(u) 720, g < C; (4.2)
lle(u ), (B rY) < C, (4.3)

moreover u® is bounded in BDy(Q, R3).

Proof. Since F¢(uf) < C, we have

1
*/ aijnkenk(u®)eq; (u)de + /\/ le(us)| — | fudzr <C.
2 Ja. B. o

Then )
7/ az]hkehk( )ez]( dl‘ + /\/ | < C + fusdx .
2 Qe Q

According to , Holder and Young the inequalities, we have

||e(u8)||%2(QE7R%) +A |6(u8)| S C—|—C‘/qu8d1'7

€

< C"‘CH@( ‘LQ(Q R )+/ fuadx

since BD(Q) — L%(Q,R3) for all ¢ € [1, 3], (with a continuous 1mbedd1ng, see for
example [16]). In particular BD(Q2) < L%(Q,R?) with 1 < gy < 3, according to
the Holder inequality, we then have

$E <l i, gy 1 o, )

3051/'16/ le(u
Q

< 0 (e oz + [ Jew?)).

€

B,
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so for e < (H%)q07 let C = H%’ we then have

WWW@@AQ+Ldeﬂ§C+aﬂfmmmﬂ@+ééwdfﬁ

1 ~
< C+ g lew) i, my +C [ e
B.
so that )
1o, 5y + (1=0) [ fetw <

Therefore, we will have (4.2)) and (4.3). According to (4.2]) and (4.3)) and for a small
enough ¢ the sequence (uf) is bounded in BDy(€2, R?). O

Remark 4.2. The solution u® of the problem (4.1]) satisfy to the lemma

To apply the epiconvergence method, we need to characterize the topological
spaces containing any cluster point of the solution of the problem with respect
to the used topology, therefore the weak topology to use is insured by the lemma
[41] So the topological spaces characterization is given in the following proposition.

Proposition 4.3. The solution u® of the problem (4.1)) possess a cluster point u*
in BDo(Q) N HY(Q\ X, R3) with respect to the weak topology of BDy(S2).

Proof. According to the remark [£.2] and lemma for a small enough ¢, u® is
bounded in BDg(f2), so for a subsequences of u®, still denoted by u®, there exists
u* € BDy(Q2), (see [16, p. 158]), such that
u® — u*in BDy(Q, R?), (4.4)
so that
lim [ ve(u®) = / ve(u*), Vv € Cg°(Q,RY). (4.5)
Q Q

e—0

For € a small enough, let n > 0 and Q" = {:c € Q:|ag| > 77}, such that ¢ < n.
From (4.2)), we then have

(w2 gz, < C:
Therefore, e(u®) is bounded in L?(Q7,R%), so for a subsequence of e(uf), still
denoted by e(uf), there exists w € L*(Q"7,RY), such that

e(u®) = w in L*(Q" RY),
according (4.4) and (4.5) remains true in C5°(927,RY), we then deduce e(u*) = w,
hence e(u*) € L*(Q",RY) for all > 0, so by passing to the limit (n — 0), we then
have e(u*) € L*(Q\ I, RY). According to the classical result [16, proposition 1.2,
p. 16], we have u* € H'(Q\ X, R?). O
In the following, let

Hj = {ue H'(Q\X,R?) : u=0on 00}

CP ={uelC>Q\X,R? :u=0ondQ}.
Remark 4.4. Proposition remains valid for any weak cluster point u of a
sequence u. in V¢ that satisfies (4.2) and (4.3).

To study the limit behavior of the solution of the problem (4.1)), we will use the
epiconvergence method, (see Annex, definition .
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5. LIMIT BEHAVIOR

1
5| ai i (u)d +)\/ if u e Ve,
pewy = L3, st [ el

~+o0 if ue BDo(Q)\Ve. (5.1)
G(u) = — /Q fudz, Yu € BDy(Q).

We design by 7; the weak topology on the space BDg(2). In the sequel, we shall
characterize, the epi-limit of the energy functional given by (5.1]) in the following
theorem.

Theorem 5.1. Under (2.2), (2.3), .4) and for f € L>=(Q,R3), there exists a
functional F': BDy(Q) — RU {+o0} such that

Tr —limeF*=F in BDy(Q),
where F' is given by

1 .

- / aijknern(u)ei;(u) + /\/ |[u] @5 es| if u € H,
F(u)=<2 Jq o)
+00 if u € BDo(2) \ H{.

Proof. (a) We are now in position to determine the upper epi-limit.
Let u € H} € BDy(f2), so there exists a sequence (u™) in C§° such that u™ — u in
Hiwhen n — 400, so u™ — u weakly in BDg(f2). Let us consider the sequence

u(x', z3) if 23] > 5,
W= L 5) 4w, —5))
P ) - e -5) sl < 5

We have u®" € V¢ and we prove easily that u®" — u™ in H} when ¢ — 0. As

1
Fo(uem) = 5 [ et e @) 1A [ jetw )
Q BE

It implies that

€

1
Fe(u®™) = 5/ aijkhern(u™)e;;(u™) + )\/ le(u®™)] =: S1 + Sa.
QE £
So that )
hH%)Sl = 5/ aijkhekh(u")eij(u").
E— Q
we have

Sy = )\/B le(us™)], (5.2)

As in [3] we show that

. 1
lim le(u®™) — —[u"] ®s eg] = 0.
e—0 B. 3
Consequently,
1
limsup F*(u*") = 5/ aijknern(u”)eq; (u™) + )\/ |[u"] ®s es].
Q b

e—0
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Since u™ — u in Hj when n — +o00, therefore according to a classic result, diagonal-
ization’s lemma, (see, [6, Lemma 1.15 p. 32]), there exists a function n(e) : Rt — N
increasing to +00 when € — 0 such that u*™®) — 4 in Hj when € — 0. and while
n — +00, consequently we have

lim sup F* (u5™)) < lim sup lim sup F¢(u®™),

e—0 n—-+oo e—0

1
<5 [ e+ [ s el
Q by

For u € BDy(2,R?) \ H}, so for any sequence u® — u in BDg(f2),we obtain
lim sup F*(u®) < 4o0.

e—0

(b) We are now in position to determine the lower epi-limit. Let v € H{ and
(u®) C V¢ such that u*—wu in BDy(£2). If liminf._,o F°(u®) = 400, there is nothing
to prove, because

1

5/ aijkhern(u)e;;(u) + /\/ |[u] ®s e3| < +o0.
Q 5

otherwise, liminf. .o F*(u®) < +oo, there exists a subsequence of F*¢(uf), still
denoted by F¢(uf) and a constant C' > 0, such that F°(u®) < C, which implies
that

le(u]l L2 (o, ry) < C,

/ o)l <,

then xq_e(u®) is bounded in L?(2,RY), so for a subsequence of xq_e(uf), still
denoted by xq.e(u®), we then show easily, like in the proof of the above proposition,
that

Xo.e(u) = e(w) in L3(2,RY)) (5.3)
From the subdifferentiability’s inequality of u — % fQE aijknern(u)e;;(uw), and pass-
ing to the lower limit, we obtain

| 1
hm lnf* aijkhekh(ua)eij(ua) Z */ aijkhekh(u)eij(u).
e—0 2 Qs 2 Q
For n < €/2, let us set
B"={z€Q: |zs] <n}.

According to the diagonalization’s lemma [6l Lemma 1.15 p. 32], there exists a
function n(e) : Rt — R decreasing to 0 when € — 0 such that

lim inf le(u®)] > liminf lim inf le(u®)]. (5.4)

e—0 Bn(e) n—0 e—0 Bn

Since
[tz [ ofetw) ~etw) + [ setu), Vo e B RY),
Bn Bn Bn

it follows that

lim inf le(u®)] > pe(u), Yo € C(B",RY).
Bn

e—0 Bn
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Therefore,

liminf/ |e(u5)|2/ le(u)].
e—0 Bn Bn

According to a classic result [16, Lemma 2.2 p. 145]), we then have
lim inf le(u®)| > pe(u) + / Plu] ®s esdx’, Vo € C(Q,RY).
=0 Jpn B b
By passing to the limit, (n — 0), we have
lim inf liminf/ le(u®)| > / |[u] @ es|dz’.
n—0 e—0 B »
According to the definition of B” and ., we deduce that

hmmf/ |>/\ u] ®s ez|d’.

1
liminf F©(u®) > 2/a”khekh u)e;;(u /| u] ®g es|dz’.
Q

e—0

For u € BDo(2) \ H} and v € V¥, such that u® — u in BDy(f2). Assume that
lim i[l)’lf Fe(uf) < 4o00.
E—

Hence

So there exists a constant C' > 0 and a subsequence of F¢(u®), still denoted by
F*(uf), such that

Fe(u 8) <C. (5.5)
So u® verifies the following evaluations (4.2) and (4.3)), as u® — w in BDy(2), thanks
to the remark. we have u € H}, What contradlcts the fact that u € BDy(2) \ H{,
consequently we have

lignjgf F*(u®) = 4o0.

Hence the proof is complete. O

In the sequel, we determine the limit problem linked to (4.1]), when e approaches
to zero. Thanks to the epi-convergence results, (see Annex, theorem proposition
and the theorem according to the 7¢-continuity of the functional G in
BDy(92), we have F© + G Ts-epiconverges to F' + G in BDy(12).

Proposition 5.2. For any f € L?(Q,R3), there exists u* € BDy(Q)) satisfying:
u® = u* in BDy(Q2) and
Fu*)+ Gu*) = inf {F( )+ G(v)}.

veH}

Proof. Thanks to lemma [4.1] the family (u®)_ is bounded in BDy((2), therefore it
possess a Ty-cluster point «* in BDy(€2). And thanks to a classical epi-convergence
result, theorem it follows that u* is a solution of the problem: Find

{F +G(v)}. (5.6)

EBD ()

Since F' = 400 on BDy(2) \ H}, so . becomes
f{F(v)+ G .

UIEDH%){ + ( >}

According to the uniqueness of solutions of problem (5.6)), so u® admits an unique
Tr-cluster point v*, and therefore u® — u* in BDy(2). O
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Conclusion. Using the epiconvergence method, we showed that the question of
finding the limit problem, composed of a classical linear elasticity problem posed
over 2\ X, contains an interface condition which depends on the displacement field
jump. We found the same result of Ait Moussa, with p = 1, in [4].

6. ANNEX

Definition 6.1 ([0 Definition 1.9]). Let (X, 7) be a metric space and (F¢), and F'
be functionals defined on X and with value in RU{4o00}. F© epi-converges to F' in
(X, 7), noted 7 — lim . F* = F, if the following assertions are satisfied
e For all z € X, there exists 22, 20 5 2 such that limsup F©(22) < F(z).
e—0

e For all z € X and all 2. with x. = x, lim iélf Fé(z.) > F(x).
E—

We have the following stability result for epi-convergence.

Proposition 6.2 ([6l p. 40]). Suppose that F¢ epi-converges to F in (X,7) and
that G: X — RU {+o0}, is 7 — continuous. Then F° + G epi-converges to F + G
in (X,7)

This epi-convergence is a special case of the I'—convergence introduced by De
Giorgi (1979) [1I]. It is well suited to the asymptotic analysis of sequences of
minimization problems since one has the following fundamental result.

Theorem 6.3 ([0, theorem 1.10]). Suppose that
(1) F* admits a minimizer on X,
(2) The sequence (u®) is T-relatively compact,
(3) The sequence F*€ epi-converges to F in this topology .
Then every cluster point @ of the sequence (u®) minimizes F on X and
lim F (@) = F(u),
e’—0
where (ﬂe/)gz denotes any subsequence of (u®). which converges to .
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