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MULTIPLE POSITIVE SOLUTIONS FOR A SINGULAR
ELLIPTIC EQUATION WITH NEUMANN BOUNDARY
CONDITION IN TWO DIMENSIONS

BHATIA SUMIT KAUR, K. SREENADH

ABSTRACT. Let © C R? be a bounded domain with C? boundary. In this
paper, we are interested in the problem
—Au+u= h(:p,u)e“2/|x|’6, u>0 1in €,

9u = Apu? on 99Q,

ov
where 0 € 99, 8 € [0,2), A > 0, g € [0,1) and ¢ > 0 is a Holder continuous
function on Q. Here h(z,u) is a C'(Q x R) having superlinear growth at
infinity. Using variational methods we show that there exists 0 < A < oo such
that above problem admits at least two solutions in H'(Q2) if A € (0,A), no
solution if A > A and at least one solution when A = A.

1. INTRODUCTION

Let Q C R? be a bounded domain with C? boundary and 0 € 9. In this work,
we study weak solutions u € H'(Q) of the problem

—Au+u = h(x,u)e“2/|x\ﬁ, u>0 inQ,
(1.1)
u = Mpu? on 09,
v
where 8 € [0,2), A >0, ¢ € [0,1) and h(z,t) satisfies the following conditions:
(H1) h(z,t) € CH(Q x R), h(z,u) >0 for all u € R, h(z,u) =0 if u < 0;
(H2) %(I,t) >0 fort >0, h(x,t) ~ t* as t — 0, uniformly in x, for some k > 1,
(H3) liminf; oo @ > 0 and limsup,_, h(ﬁt)
in z;
. _ )2
(H4) For any € > 0, lim sup,_, . %(l‘ t)e~ 1+ =,

= 0 for some p > 1 uniformly

where g(a: u) = h(z,u)e” /|z]® and G(z,u) = Jy 9(x,s)ds. Associated to the
—

problem (1.1)) we have the functional Jy : H!(Q) — R defined by
1 A
Ju:f/ Vul? 4 |ul? —/Gm,u—i w|7HL 1.2
v =3[9l + ) - [ G- =5 [ vl (12)
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The Fréchet derivative of this functional is given by
(Jy(u), ) = / Vu.V¢ +/ up — / g(z,u)p — )\/ Ylu|"tug, Vo € H'(Q).
Q Q Q o0

Clearly, any positive critical point of Jy is a weak solution of (|1.1J).
The exponential nature of the nonlinearity g(z, ) is motivated by the following
version of Moser-Trudinger inequality (due to Adimurthi-Yadava[2])

swp [ < (i), (1.3)
Q

luall 11 gy <1

where C' is a positive constant. The above imbedding immediately implies that the
nonlinear map H'(Q) 3 u — e € L'(Q) is a continuous map for all a € (0, 2]
and is compact if and only if a € (0,2). The inequality is a H! version of the
following Moser-Trudinger inequality[12],[15]:

sup / et < C(1€2)).
Q

<1
HuHHé(ﬂ)_

In this case non-compactness of the imbedding H{(2) 3 u — e’ € L'(Q2) can be
shown by using a sequence of functions that are suitable truncations and dilations
of the fundamental solution for —A in R2. These functions are commonly referred
to as Moser functions in the literature. In case of the imbedding in , the
non-compactness can be shown by suitably modifying the Moser functions so that
they concentrate at a point on the boundary 9Q (see Lemma 2.1 below). The
inequality cannot be used in our case due to the presence of the singularity
|z|=. To overcome this, first we prove the following singular version of using
the methods in [3]:

sup /6 < c(9))

lull 1 @<t Jo |27

where C' is a positive constant and 5= + 8 < 1. Moreover, the above inequality

2
does not hold if - + g > 1.
We prove the following existence and multiplicity results:

Theorem 1.1. There exists A € (0,00) such that (1.1)) admits minimal solution
uy for all X € (0, A).

Theorem 1.2. There exists 0 < A < oo such that (1.1)) has at least two solutions
for all X € (0,A), no solutions for A > A and at least one solution when \ = A.

The minimal solution in the above theorem is obtained using sub-super solution
arguments as in [I4] and this minimal solution is shown to be a local minimum of
J. The second solution is obtained using the generalized mountain-pass theorem
of Ghoussoub-Priess[9].

At this point we briefly recall related existence and multiplicity results for elliptic
equations. The study of semilinear elliptic problems with critical nonlinearities of
Sobolev and Hardy-Sobolev type has recieved considerable interest in recent years.
In a recent work [3], authors considered Dirichlet Problem for with superlinear
type nonlinearity and studied the existence of positive solutions. In [7],[I1] authors
studied the existence and multiplicity with Hardy-Sobolev critical exponents.
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Neumann type Problems are studied in [4], [8],[7] and [I4]. The Multiplicity
result for Neumann problem with Sobolev critical nonlinearity has been studied in
[8] where authors considered the problem

—Au+u=vu’, u>0 inQQ,
1.4
@ = Mpu?  on 09, (14)
ov
where Q CRY, N>3and0<g<1l<p< ]3—]_\'2 They proved the following
theorem.

Theorem 1.3. There exists A such that (P)\) admits at least two solutions for all
A € (0,A), one solution when A = A and no solution for X > A.

Subsequently, the problem in two dimensions was considered in [14] where au-
thors proved the Theorem 1.3. In these works authors obtained the minimal solution
using sub-super solution method and the second solution by Mountain-pass argu-
ments. The main ingredient is the local minimum nature of the minimal solution
which was obtained using H! verses C! local minimizer arguments introduced in
[5].

The special features of this class of problems, considered in this paper, are they
involve critical singular growth. In this case main difficulty arise due to the fact
that the solutions are not C! near origin. So the arguments like C! verses H'
local minimizers cannot be carried out for a singular equation. So to establish the
local minimum nature of the minimal of solution we use Perron’s method as in [10].
To obtain the mountain-pass type solution, one studies the critical levels and the
convergence of Palaise-Smale sequences. The critical levels in our case are different
than in [14] where 8 = 0 case was studied. We recall the following Hardy-Sobolev
inequality, which is used in later sections.

Lemma 1.4. Let Q C R2, then there exists a constant C > 0 such that for any

u € HY(Q) ) y 12
([ )" <o [ o+ 19

for any p < oo, and B < 2.

Notation. In this paper we make use of the following notation: If p € (0, 00),p’
denotes the number p/(p — 1) so that p’ € (1,00) and 1/p + 1/p’ = 1; LP(Q, |z|~7)
denotes the Lebesgue spaces with measure |z|~?dz and norm -1 o (0, -5); H' ()

denotes the Sobolev space with norm ||.||; |A|, denotes the Lebesgue measure of
the set A C R".

2. A SINGULAR MOSER-TRUDINGER INEQUALITY IN H!(Q)

In this section we show a singular version of Moser-Trudinger inequality in
H1(Q). We recall the following lemma from [2, Lemma 3.3].

Lemma 2.1. Let 092 is a smooth manifold. For every xo € 02, we can find a
L > 0 such that for each 0 <1 < L there exists a function w; € HY(Q) satisfying
(1) w; >0, supp(w;) C B(zo, L) NQ
(2) flwi] =1 _
(3) For all x € B(zo,1) NQ,w; is constant and wi = Llog £ 4 o(1) as 1 — 0.
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Theorem 2.2. Let u € HY (). Then for every a > 0 and 3 € [0,2), we have

2
eau
——dzr < o0. (2.1)
a |z’
Moreover for any 3 € [0,2),
a 2
sup {a: sup / opde < oo} =m(2—f) (2.2)
lul<1Ja ||

Proof. Let t > 1 be such that §t < 2, then by Cauchy-Schwartz inequality,

eau’ a2 (t—1)/t 1 \1/t
——dzr < ( et-T1 d:c) ( —t)
P o o |z|*”

The above inequahty along with (1.2]) implies (2.1]).
Now Suppose sup{a L sup|, <1 Jo %dm < o0} < w(2 = 3). Then there exists

a such that - —i— < 1.
Again choose t > 1 such that 5+ % = 1, and using Cauchy-Schwartz inequality

we obtain,
o ﬁ
/ ﬁdx< sup (/ 2mu? 2 / * <0 (2.3)
|\u\|<1 |$| lul<1 |:r|

asl— 2 =1-(1- ) B <1and 2 <1

Next, we show that does not hold if o + > 1. Let w; be the sequence of
Moser functions concentrated around 0 € 89 "as 1n Lemma [2.1] then

2
/ ﬂdm > e%logTR/ idm
o lzf? B(l) |z|P

Lo/ 12-8
- (7) om(2 — B)

2Lt

CEDREEE
Since = + g > 1, the limit [ — 0 of right-hand side of the above inequality is
infinity. Therefore,

e(lwlz
sup 7,6 =
ESPANE]

Hence the required supremum is 7(2 — ). O

3. EXISTENCE OF MINIMAL SOLUTION

In this section, we show that there exists a A > 0 such that Jy possesses minimal
solution for A € (0,A). First we show that there exists a solution for A small. We
can show the following strong comparison principle using Hopf lemma and weak
comparison arguments.

Lemma 3.1. Let u # 0 satisfies —Au~+u >0 in Q and % >0 on 0N then u >0
in Q.

Lemma 3.2. There exists Ao > 0, small such that (1.1) admits a solution for all
A€ (0, )\0)
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Proof. Step 1: There exists Ag,d > 0 and Ry > 0 such that Jy(u) > 6 for all
|lull = Ro and all A < Ag. From assumption (H2) for h(x,u) and Hélder’s inequality,
we obtain that for some Cy > 0,

/qu <C’1/\u|k+1e
|k+1 eu2
- /s EREATEE
k1 el (rep?) 7
§ClHU|Lp’(k+1>(9,\m|—ﬁ)(/gep CT ) .

Now since § < 2 it is possible to choose p > 1 and R > 0 such that % + g <1
Then, by (2.3) and Hardy-Sobolev inequality(|1.5)), the last inequality gives for some
Cy >0,

[ G < Callul, ¥ Jul < R (3.1)
Q

Also, by Holder’s inequality and the trace imbedding H!(Q) < L?(0Q) we get for
some C3 > 0,

/ VIl < Call gl oo el oy < Callul™™. (3:2)
Thus, from . we have that, for R2 € (0,27) small enough
Ia(u) = §HU||2 = Collul ! = ACs | ™,V ||u]| = Ro. (3-3)

Since k > 1, we may choose Ay > 0 small enough so that Jy(u) > 6 for some § > 0
and for all A € (0, \p).

Step 2: J) possesses a local minimum close to the origin for all A € (0, \g).
It is easy to see that Jy(tu) < O for t > 0 small enough and any u € H(Q).
Indeed, minj,<g, Jx(u) < 0 and if this minimum is achieved at some wu,, then
necessarily ||ux|| < Rop and hence uy becomes a local minimum for Jy. Now let
{un} C {llu|l| £ Ro} be a minimizing sequence, then there exists uy such that
Up — uy in HY(Q),u,, — uy strongly in all LP(£2), and pointwise in 2. Hence using
the compact imbedding of H!(f2) into L1+1(99),

/|Vu,\\2§hminf/ |Vun|?, / Yudtt — Pudtt.
Q n—oo PlY) 0

Since R2 and 3 Satlsfy 2 + < 1, by and Vitali’s convergence theorem
we obtain, fQ Z,Up) — fQ (z,uy). From these facts it is clear that uy is a
minimizer for Jy in {||u|| < Rp} and hence is a local minimum. Now by (H1) and
maximum principle we get u > 0 in Q. (]

Lemma 3.3. Let A = sup{\ > 0: (L.1)) has a solution}. Then 0 < A < co.
Proof. Let uy be a solution of (1.1)). Taking ¢ =1 in Q in (J'(uy), ) = 0, we get

/u,\:/g(u,\)—i—)\/gwug\.

Since [Jurllzi) < Cillualloro) and [, g(z,ux) > Cg||u,\||1£p(9) for some p > 1,
for some constants C1,Cs > 0, we immediately obtain from above equation that
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luxllLr(q) is bounded by a constant independent of A for any p > 1. Now taking
¢=u,?in (J'(ur),¢) = 0 we get,

—q/u;l_q|Vu>\|2—|—/u}\_q:/u;qg(:c,uA)—i-/\ .
Q Q Q o0

From the above equation it follows that A is finite and it is positive by Lemma
5.2 ([l

Lemma 3.4. There exists a solution for (L.1)) for all A € (0,A).
Proof. Let A € (0,A), then choose Ay € (0,A) such that A < Ay. Let uy, be a
solutions of (py,). Let u = mingq uy,. Let vy be the solution of
—Au4+u=0, u>0 1in
0 3.4
S Apud on Of. (34)
ov
Clearly, Uy, 1s a super solution of (3.4) above and hence uy, > vy in Q by Lemma
Let hy and f) be the cut-off functions defined as
g(z,oa(z)) t <vx(z),
(xeQteR) ga(z,t) =1 g(z,t) ua(z) <t <uy,(x),
g(u,\2 (l‘)) t> uy, (l‘),

B )\w(x)'uq t< ’U)\(l'),
(x € 0t eR)  fia(z,t) =< Ap(x)t? oa(z) <t <uy,(x),
Ap(z)us, ()t > ur,(2).

Let Ga(z,u) = Jo aa(z,t)dt (z € ), Fy(z,u) = IS @, t)dt, (x € 9Q). Then the
functional Jy : H'(Q) — R given by

. 1 _ -
IVul? + ul? / G () — / X
Q o

In(u) = 3
2 Ja
is coercive and bounded below. Let uy denote the global minimum of .Jy on H*(£2).
Clearly uy is a solution of (|1.1)). O

Proof of Theorem[I.1]. From Lemma we know that there exists a solution wuy
for (1.1 for all A € (0,A). Let vy be the unique solution of
—Au+u=0, u>0 in{,
0 3.5
au_ Apu?  on 0. (3:9)
v
glearly wy is super solution of (3.5) and hence by Lemma we have vy < uy in
Q. Now Define the sequence {u, } using the monotone iteration

Up = V)

g(@, un)

W in Q

_Aun-i-l + Unp1 =
aunJrl
ov
for n = 1,2,3,.... By the comparison theorem in Lemma [3.1] we get that the
sequence {u,} is monotone; i.e., u; < ug < -+ < up < Upq -+ < uy. By standard

= AYpul on 09,
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monotonicity arguments we obtain a solution wy of (1.1)) which will be also the
minimal solution. d

4. EXISTENCE OF LOCAL MINIMUM FOR Jy WITH A € (0, A)

In this section we show that the solution u) obtained in Theorem 1.1 is a local
minimum for Jy in H*(£2). We adopt the approach of [10] to prove the following
theorem.

Theorem 4.1. The solution uy as in Lemmd3.3 is a local minimum for Jy in
HY(Q).

Proof. Let Ay > X and u), be the minimal solution of (Py,). Suppose if uy is not
a local minimum for Jy, then there exists a sequence {u,} C H'(Q) such that
Uy, — uy strongly in HY(Q) and Jy(u,) < Ja(uy). Now define u := vy where vy is
the unique solution of (3.5) and @ := wuy,, then u < @ in Q. Consider the following
cut-off functions

u(@),  un(@) < ula)
vnl@) =  un (@), ule) < uy (@) < (x)
a(e),  ua(z) > ala)

and define w,, = (u, —u)", w, = (u, —u)~, S, = supp(w,), S, = supp(w,). Then

Uy, = Uy, — Wy, + Wn, anMé {ue H (Q), u <u < u} and
J)\(Un) = J)\<vn) +An + B,

where

1

An = §/§ [(IVunl® = [Vul?) + (Junl* — [al*)] dz

7\/§ [G(xfun)*G(x,ﬂ)] dwi%_i_q a 1/J(u%+17ﬂq+1)

and
1
Bn :5/5 [(IVunl? = IVul®) + (Jun]? = |ul*)] do
B A
- G,n_G7 d—i %+1_q+1d

Since Jy(uy) = infyenr Ja(u), we have J,\(uan Ixn(uy) + A, + B,,. Now since

Up, — uy strongly in H(Q) and u < uy < U in Q, we have meas(S,, ), meas(S,,) — 0
as n — 00. Therefore,

[Tall | — 0 a7 — oo, (1.1)
Since @ is super-solution of (|1.1)), we get

1
An = §/§ [(IVun]? = [Vul?) + (lual* - [a]*)] dz

_ /Sn [G(z,un) — G(z,u)] do — %q - W (uffl _EQ-H)

1
- 5||m|\2 + / (VaVw,, + uw,)
Q
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- / Gla T+ ,) — Gl de — [ (@4 m,) -7
S L+qJs,
— %HMHQ +/7 (9(2,7) — g(a, T+ 0T,)To — A | 0[(@+ 0w,)7 — 7@,
Sn S,NQ

for some 0 < 6 < 1. Tt follows from (H4), ([2.3)) and Holder’s inequalities that for n
sufficiently large,

0
Az w5 0w + on)
Sn

1 1
> *”wnHQ o Cl/§ We(u+wn)2(1+e)wi +0n(1)

1 _
> S [[@n]* = Col[@n*[Sn| + 0n(1) = 0

for n large since |S,| — 0 as n — oo. Similarily, B,, > 0. Therefore, Jy(u,) >
Jx(uy). This contradicts our assumption Jy(un,) < Jx(uy) and hence proves the
Theorem. g

5. EXISTENCE OF MOUNTAIN-PASS TYPE SOLUTION

In this section we show the existence of second solution via Mountain-pass
lemma. Throughout this section we fix A € (0,A) and wuy will denote the local
minimum for .J obtained in Theorem Define gy : @ x R — R by

. _ Jola s tua(@)) —g(z,un(z)) s=0,
g)\(x’s)_ {O s <0,

and f) : 90 x R — R by

,M%Q:%ww@+muw—@u»zi&

Let Ga(z,s) = [ ga(a,t)dt, Fx(z,s) = [; fa(z,t)dt. Consider the functional Jy :
H'(Q) — R defined by

j,\(v):%/Q(|Vv|2+|v|2)—/ﬂé,\(x,v)dx— [ Ao 6

Sincg uy is local minimum for .Jy, it can be easil~y checked that 0 is a local minimum
for Jy. Moreover, any critical point vy > 0 of J) satisfies:

—Avy + vy = g(z,vn +uy) —g(z,uy), vyx>0 inQ,
811)\ (5'2)
ov
Hence it follows that wy = wuy + vy is a solution of (1.1). Therefore, to show
the existence of second solution, it is enough to find a 0 < v € H'(Q) which is a
critical point of Jy. This we can do by using a generalised version of Mountain-pass

theorem due to Ghoussoub-Priess[d].
First,we give the following generalized definition of Palais-Smale sequence around

a closed set.

falz,vy) on .
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Definition 5.1. Let FF C H*(2) be a closed set. We say that a sequence {v,} C
H'(Q) is a Palais-Smale sequence for Jy at the level p around F (a (P.S)r, se-
quence, for short) if

lim dist(v,, F) =0, lim Jy(v,) =p, lim [|J5(va)ll(a 0y = 0.

n—oo

Remark 5.2. Note that when F = H!(Q), the above definition reduces to the
usual definition of a Palaise-Smale sequence at the level p.

We can show the following “Compactness result”.

Lemma 5.3. Let I C HY(Q) be a closed set, p € R. Let {v,} C HY(Q) be a
(P.S)F,, sequence for Jx. Then (up to a subsequence), v, — vy in H'(Q),

lim ?L\(L%)Z/@A(%UO), lim A(z,v,) = Az, vo).
Q Q

lim G’A(:v,vn):/éA(x,vo), lim Fk(x,vn):/ Fi(z,v0).
Q Q o9

Proof. Since {v,} is a (P.S)F,, sequence for .Jy, we have the following relations as
n — 00:

1 ~ -
f/ |wn|2+v§—/GA(x,vn)— Ao) =p+on(l),  (53)
o0

[ 9uvo+ [ono= [ arao- [ Fod <onl] voe @,
Q Q o0 (54)

Step 1: sup, |lvn] < oo, sup, fgg)\(:c,vﬁ)vn < 00, sup, [yo (T, va)v, < 0.
From (H2), (H3) and the explicit form of fy, given € > 0, there exists s, > 0 such
that G (z, s) < eja(x, s)s for all s > s.. Using (5.3)) together with this relation, we
get,

1 . ) .
§||Un||2 < / G)x(xavn) +6/ g)\(':U?vTL)U'fL + f)\(':U?vTL)U?’l +p+0n(1)
QN{v, <se} Q o0

< C’€+e/ ax(x,vn) v, + (@, v0) v + p + 0n(1).
Q re)
(5.5)
From (5.4) with ¢ = v,, we obtain,
/ (2, vn v + ” P, va)va < Joall? + on(D)lvall (5.6)
Q

From the definition of A » we have
~ 1
/ Fa(@,vn)vn < Clloa|I'™7 < C + < lvn|.
o9 4
Hence, plugging the above inequality into (5.5 we get
1
1””71H2 + €0 (1)[|vnll < Ce + p + 0, (1).

This shows that sup, ||v,|| < co and hence by (5.6) the claim in Step 1 follows.
Since {v,} C H(Q) is bounded, up to a subsequence, v, — vg in H(Q) for
some vy € H'().
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Step 2:

i [ @) = [ @) Jin [ f@e) = [ fee. 60)

n—oo Q n—oo a0

lim G,\ (x,vp) /G,\ Z,v9), lim F,\(a:,vn) :/ F,\(x,vo). (5.8)
o0

n— oo n—00 o0

Let u(A) = [, |z|7?dz and |B|; denote the one dimensional Lebesgue measure of
a set B C 9. We first show that {gx(.,v,)} and {fr(.,vn)} are equi-integrable
families in L' (2) and L (99) respectively, i.e., given € > 0, there exists a § > 0 such
that for any A C Q, B C 9Q, with u(A )—|— |B|1 < 8, we have sup,, [, [gx(x,vn)| +
f B f>\ x,vy,) < € Once this is shown, follows from Vitali’s convergence theo-
rem. Relation (5.8)) follows from (5.7 by H3) and the fact that the trace imbedding
HY(Q) — LQ(GQ) is compact.
Let C' = sup,, (fQ 9x (@, vn)un + [50, fA(x,vn)vn) By Step 1, C' < oco. Given
€ > 0, define
1

pe= max |ga(z,8)||z, pZ=  max _|fi(z,s)]-
IGQ,\S|§£ m€69,|5\§£

Then for any A C Q, B C 99 with u(A) < 4N1 ,|Bl1 < —1 we get,

i+ [ 1)

gr (T, Vn)Vp -
<f el L )
An{lon|>42)  |vnl An{lon|<4C)

£ (5 50 i
+/ ) M+/ (o)
Bn{joal228}  [vn] B{Jon <58}

€
<5 A + [ Blipg < e

This completes Step 2 and the proof of the Lemma. [

Now we note that jg\(()) = 0 and v = 0 is a local minimum for Jy. It is
also clear that lim; . Jx(tv) = —oo for any v € HY(Q)\{0}. Hence, we may fix
e € H'(Q) such that Jy(e) < 0. Let I' = {y : [0,1] — H(Q);v is continuous,
7(0) = 0,7(1) = e}. We define the mountain-pass level

po = inf sup Jx(y(t)).
€L tel0,1]
It follows that py > 0. Let Ry = ||| If po = 0 we obtain that inf{Jy|||v|| = R} =0
for all R € (0, Ry). We now let F' = H'(Q) if py > 0 and F = {||v| = £} if py = 0.
We can now prove the following upper bound for pg.

Lemma 5.4. py < 5(2 — f3).

Proof. Let {w,} be the sequence as in Lemma by taking n = % We now

suppose pg > 5(2 — ) and derive a contradiction. This means that (thanks to
Lemma 3.1 in [13]) for some ¢, > 0,

j)\(tnwn) = sup j,\(tnwn) > E(Q - 0), Vn.
>0 2
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Then the above inequality gives,

2 - .
I / Ga(@, thwy) — / Fa(@, tawn) > (2 - B), V. (5.9)
2 Ja o0 2
In particular,
t2 >n(2— ), for all large n. (5.10)

Since t,, yields is a maximum for the map t ~— Jy (twy) on (0, 00), % (Ia(twp)) |i=¢, =
0. That is,

ti = /QgA(xatnwn)tnwn + s fA(x7tnwn)tnwn° (5.11)

We note that inf g ga(z,s) > e for s large. Since t,w, — oo on {|z| < 2} we

get from (5.11)),

ti > / 7.@)\ (T, tpwn ) tnwy,
{Jz|< 5310

etiwi
2 / 7tnwn
{loj< 2y |2)P

52 O, n
= I 1 o)) o]~
V2 || <6/nN0

2 )
—C 2 logn (- (Q—B)tn 1 1/2
e 105 (2)2Pt, (log n)

_ Cel @) logny (1og 1)1/2

Clearly the above inequality implies that {t¢,} is bounded sequence. Using (5.10))
in the above inequality,

t2 > \/35266 logns (log n)l/z, for some € > 0

which implies t,, — 0o as n — 00, a contradiction. This contradiction shows that
po < 5(2—0). O

Lemma 5.5. Jy has a critical point vy of mountain-pass type with vy > 0 in 2.

Proof. Let {v,} ¢ H'(Q) be a (P.S)r, sequence for Jy (for the existence of such a
sequence, see [9]). Then, by Lemma up to a subsequence, v, — vy in H(£2)
for some vy € HY(Q). Clearly v, — vy point wise a.e. in . If vy # 0,then it is
easy to see from using weak maximum principle that vy has no nonpositive
local minimum in 2. By an application of Hopf maximum principle and the fact
that 68% > 0 on 012, we conclude that ming vy is achieved inside Q. Hence vy > 0
in Q. So it is enough to show that vy # 0. We divide the proof into steps:

Case 1: pg = 0 In this case, from we get

on(l):J(vn):%/QﬂVUnP—&-vi) —/Qé(x,vn)da?—/m Fla,v,)

1
= 5”“71”2 + 0, (1)

Case 2: pg € (0,5(2 — 3)) Since J(v,,) — po, we obtain, ||v,|| — 2pg as n — oo.
This and Lemma 4.4 immediately imply that ||v,|| < 7(2 — 3) — €o for some ¢y > 0.
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Let 0 < § < W and let qo = M)?ﬂm Then qo > 1. Now we may

choose ¢ such that 1 < ¢ < qg. Now from the definition of g we get

sup gz, )l < Cel+9”
z€Q

for some constant C;. Hence using the compact imbedding of H'(£2) in LP(Q, |z|?),

we get
v
[ty < € [ Lo
Q Q
v _vn )2 2
SCQ”UnHLq/(Q,‘Zlg)/Qﬁe(lﬁ‘é)(”vnu) H’UnH :On(].)

since w + g < 1. This implies

on(D[oall = (' (vn), vn) = lvall* + 0n(1)
This contradicts the fact that ||v,| — 2po > 0. Hence vy # 0. O

Proof of Theorem 1.2. From Lemmal5.5] and the arguments in section 5, we obtain
that apart from uy we obtain a second solution @y for all A € (0,A), and by

definition of A, (1.1) has no solution for A > A. When A = A, from Lemma it
is clear that Jy(uy) < Ja(vy) < 0. Let {\,} be a sequence such that A, — A and
{uy, } be the corresponding sequence of solutions to (Py, ). Then,

limsup Jy, (ux,) <0, Jy (ux,)=0. (5.12)

n—oo

Now ([5.12)) implies that {u,, } is a bounded sequence in H'(Q). Hence there exists
up such that uy, — wua in H'(Q). Now it is easy to verify that u, is a weak solution
of (PA) O

Acknowledgements. The research of the second author is supported by grant
SR/FTP/MS-06/2006 of DST, Govt. of India.

REFERENCES

[1] A. Adimurthi; Ezistence of Positive Solutions of the Semilinear Di richlet Problem with Crit-
ical Growth for the n-Laplacian, Ann. Della. Scuola. Norm. Sup. di Pisa, Serie IV, Vol.XVTII,
Fasc. 3 (1990), 393-413.

[2] A. Adimurthi and S. L. Yadava; Critical exponent problem in R? with Neumann boundary
condition, Comm. Partial Differential Equations, 15,n0 4,(1990), 461-501.

[3] A. Adimurthi and K. Sandeep; A singular Moser-Trudinger embeddng and its applications,
NoDEA Nonlinear Differential Equations Appl. 13 no. 5-6,(2007), 585-603.

[4] E. A. M. Abreu, J. M. do O and E. S. Medeiros; Multiplicity of positive solutions for a class
of quasilinear nonhomogeneous Neumann problems, Nonlinear Analysis TMA, 60, (2005),
1443-1471.

[5] H. Brezis, L. Nirenberg; H' versus C1 local minimizers, C. R. Acad. Sci. Paris Sr. I Math.
317 (1993), no. 5, 465-472.

[6] D. G. de Figueiredo, O. H. Miyagaki and B. Ruf; Elliptic equati ons in R? with nonlinearities
in the critical growth range, Calc. Var. Partial Differential Equations, 8 (1995), no.2, 139-153.

[7] Y. Deng and L. Jin; Multiple positive solutions for a quasilinear nonhomogeneous Neumann
problems with critical Hardy exponents, Nonlinear Analysis TMA, 67 (2007) 3261-3275.

[8] J. Garcia-Azorero, I. Peral, J. D. Rossi; A convez-concave problem with a nonlinear boundary
condition, J. Differential Equations 198, (2004), no. 1, 91-128.

[9] N. Ghoussoub and D. Preiss; A general mountain pass principle for locating and classifying
critical points, Ann. Inst. H. Poincare Anal. Non Lineaire 6 (1989), no. 5, 321-330.



EJDE-2009/43 MULTIPLE POSITIVE SOLUTIONS 13

[10] Yang Haitao; Multiplicity and asymptotic behavior of positive solutions for a singular semi-
linear elliptic problem, J.Differential Equations, 189, (2003), 487-512.

[11] Yang Haitao and J. Chen; A result on Hardy-Sobolev critical elliptic equations with boundary
stngularities, Commun. Pure Appl. Anal. 6 (2007), no. 1, 191-201.

[12] J. Moser; A sharp form of an inequality by N.Trudinger, IndianaUniv. Math. Jour., 20,
no.11(1971), pp-1077-1092.

[13] W.-M. Ni and I. Takagi; On the shape of Least-Energy solutions to a Semilinear Neumann
Problem, Comm. Pure and Applied Math., XLIV, no 8/9, (1991), 819-851.

[14] S. Prashanth and K. Sreenadh; Multiple positive solutions for a superlinear elliptic problem
in R? with a sublinear Neumann boundary condition, Nonlinear Analysis TMA, 67, (2007),
1246-1254.

[15] N. S. Trudinger; On embedding into Orlicz spaces and some applications, Journal of
Math.Mech., 17, (1967), pp-473-484.

BHATIA SUMIT KAUR
DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY DELHI HAuz KHAZ, NEW
DELHI-16, INDIA

E-mail address: sumit22120@gmail.com

KONIJETI SREENADH
DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY DELHI HAUZ KHAZ, NEW
DELHI-16, INDIA

E-mail address: sreenadh@gmail.com



	1. Introduction
	Notation

	2. A singular Moser-Trudinger inequality in H1()
	3. Existence of minimal solution
	4. Existence of local minimum for J with (0,)
	5. Existence of Mountain-pass type solution
	Acknowledgements

	References

