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RADIAL POSITIVE SOLUTIONS FOR A NONPOSITONE
PROBLEM IN A BALL

SAID HAKIMI, ABDERRAHIM ZERTITI

ABSTRACT. In this paper, we study the existence of radial positive solutions
for a nonpositone problem when the nonlinearity is superlinear and may have
more than one zero.

1. INTRODUCTION

We study the existence of radial positive solutions for the boundary-value prob-
lem

—Au(z) = Af(u(z)) z€Q, L1
u(z) =0 z€0Q, (1.1)
where € is the unit ball of RV, A > 0 and N > 2.

The existence of radial positive solutions of (1.1)) is equivalent to the existence
of positive solutions of the problem

N -1
" (r) —

w'(r) = Af(u(r)) re€(0,1),
w'(0) =0, wu(l)=0.

When f is a monotone nondecreasing nonlinearity and has only one zero, problem
has been studied by Castro and Shivaji [2] in the ball, and by Arcoya and
Zertiti [TI] in the annulus.

Our main objective in this article is to prove that the result of the existence
of radial positive solutions of problem remains valid when f has more than
one zero and is not strictly increasing entirely on [0, +00); see [2 Theorem 1.1].
More precisely, we assume that the map f : [0,+00) — R satisfies the following
hypotheses

(F1) f € C'([0,4+00),R) such that f > 0 on [3,+0cc), where 3 is the greatest

zero of f.
(F2) f(0) <0,
(F3) limy— oo L8 = 400,

u

(F4) For some k € (0,1), limg— 4o (%)N/2 (F(kd) — 852 df (d)) = 400 where,
F(z) = fom f(r)dr.

(1.2)
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Remark. We note that in hypothesis (F1) there is no restriction on the function
f(u) for 0 < u < .

Remark. It is well known (see [3]) that all positive solutions u of problem
are radial with g—ﬁ < 0 in Q. This fact permits the authors in [I 2] to apply the
shooting method when f satisfies some suitable hypotheses.

In this paper, we follow the work of Castro and Shivaji [2] and we used similar
ideas (adapted to our case) in the work of Iaia and Pudipeddi [4]. So we apply
the shooting method. For this, we consider the initial auxiliary boundary-value
problem

M Lw) = M) re ),

W(0)=0, u(0)=d,

—u”(r) _

where d is the parameter of the shooting method.

It has been shown [2] that for each real number d, the above auxiliary problem
has a unique solution u(t, d, \) satisfying the following property: if (d,,, A\,,) — (d, \)
as n — +oo, then {u(.,d,, A\,)} converges to u(.,d,\) on [0, 1].

2. THE MAIN RESULT

In this section, we shall give the main result of this work. More precisely, we
have the following theorem.

Theorem 2.1. Assume that the hypotheses (F1)-(F4) are satisfied. Then there
exists a positive real number Ao such that if A €]0, Xo[, problem (1.1)) has at least
one radial positive solution which is decreasing on [0,1].

The proof of this theorem is based on the three next technical Lemmas in this
section. We note that the proofs of the first two Lemmas are analogous with those
of [2, Lemmas 3.1 and 3.2]. On the opposite, the proof of the last Lemma, in our
work, is different from that of [2) Lemma 3.3]. This is due to that in our case f
may have many zeros and isn’t increasing entirely on [0, +00).

Following [2], we introduce the notation and the following preliminaries. Denote
by 0 the greatest zero of F. From (F4), we can choose v > Sup{ﬁ 91 such that

k' k
ONF(kd) — (N —2)df(d) > 1, Vd>~. (2.1)
Moreover, for d > « there exists tg € (0,1] such that
u(to,d,\) =kd and kd <wu(t,d,\) <d, Vte]0,to. (2.2)

Taking into account that f is nondecreasing on [kd,d] C (8, +0o0) and that
t
u'(t,d,\) = = VD / N7 (u(r))dr,
0
we obtain from this and (2.2])

and integrating on [0, to]
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where ¢; = (2N (1 — k))*/2. Next given d € R and X € R, we define

u/(t, d, \)?

E(t.d,\) = + AF(u(t, d,\)).

H(t,d,\) =tE(t,d,\) + u(t,d, \)u'(t,d, \).

Then, we show the following identity of Pohozaev type:
tNTYH(t,d, N) =t T H (¢, d, )
_N=2
2
Taking ¢ = 0 and ¢ = to in the previous identity and using and (2.3), we show
as in [2):

+A /; rNTHNF (u(r, d, V) (u(r, d, \))u(r, d, \)Ydr.

0 H 04,0 = X H P - S A )
where ¢y = c{v.

Lemma 2.2. There exists Ay > 0 such that u(t,v,\) > 8 for all A € (0,A1) and
for allt €10,1].

Proof. Let t1 = sup{t < 1:u(r,v,\) > 3,Vr € (0,t)}. Since f > 0 on [3,4+00) and
u'(t,y,\) = =~ (V=1 fot rN=Lf(u(r, v, \))dr, u is decreasing on [0,t1]. Again, for

all t € [0,¢1], we have
Af(y
|ul(t7 )a)‘)| <— f ( )

N
by assuming that A < A} = N?(;)ﬂ ). After that, by using the mean value theorem,

we obtain for all A € (0, A\1):

u(tla’W)\) - u(Ovva)‘) = u(tlvva)‘) -7 > _(,Y - lg)tl

If t7 < 1, then u(ty,7,\) > B, which contradicts the definition of ¢;. Thus t; = 1
and the lemma is proved. (Il

<Py_/67

Lemma 2.3. There exists A2 > 0 such that if A € (0, A2), then
u(t,d, N2+ 4/ (t,d, N >0, Vte[0,1], Vd > .
Proof. For t > tg, the identity of Pohozaev type gives

(w)uldr.

N UE () = 1V H (1) + /\/t PN LN F () — ?f

Extending f by f(x) = f(0) < 0, for all x € (—o0, 0], there exists B < 0 such that

N -2
NF(s)— Tf(s)s > B, VseR.
By (F4), we can take v sufficiently large such that
N -2 d
F(kd) — —— — W2 > >
(F(kd) = S @ H 55 2 1 v,
and using inequality (2.4)), we obtain
N N -2 d tN — )y
N-1 S =Y Nz 0\ Ny2 [ .
t H(t) > coX {F(kd) 5N df(d)}{f(d)} + AB N (2.5)
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then
th ]

[
) > 0 for all t € [0,1] and
tel0,1], foralld>~. O

=S

tNTUH(E) > MeA ™2 + =), Vte
H(t

Hence, there exists A2 such that for all A € (0, A2),
for all d > ~. This implies that u?(¢) +u'(t)* > 0, for all

Lemma 2.4. Given any A > 0, there exists d > v such that u(t,d, \) < 0 for some
te€0,1].

Proof. Let d > . We put ¢ = sup{t € (0,1) : u(.,d, \) is decreasing on (0,¢)}. Let
w be such that
" N-1 ’
w" + w 4+ ow =0,

w(0)=1, w'(0)=0,

where ¢ is chosen such that the first zero of w is %.

We argue by contradiction. Suppose that u(t,d, ) > 0 for all ¢t € [0,1] and all
d > ~. By (F3), there exists dy > v such that
flz) S e
x A
On the other hand, since (dw)” + =L (dw)'+o(dw) = 0 and v+ =20/ + A f(u) =
we obtain

t
o) - ooule)) = [ NI gusyuls)as,
0
where v = dw. Therefore, if u(t,d, \) > do, for all t € [0, %], we obtain from ,
t
/ sN_l[)\M — olu(s)v(s)ds > 0,
0

f(u(s))

u(s

u(s)
so that B
w(t)v'(t) —v(t)u'(t) >0, Vte (0, Z]' (2.7)
Thus, taking into account that v(%) 0, v'(%) < 0, we have
ty ,,t t t
u(Pv'(7) —v(w'(7) <o

This is a contradiction with (2.7). Hence, there exists t* in (0,7/4) such that
u(t*,d, \) = do and since dg >~ > 3 there exists ¢ € (t*,7) such that
B <u(t,d,\) <do, Vte(t*,1). (2.8)

Now, we consider the point tg defined in (2.2). It is clear that ty < ¢.
On [0, %], since F' is nondecreasing on [3, +oo[ and u(t,d,\) > kd > 3, for all
t € (0,tg], we have

E(t,d,)\) =

M + AF(u(t,d,\)) > AF(kd). (2.9)

On the other hand, since u(t, d, \)u'(¢,d, \) < 0 for all ¢ € (¢o, t], we have
N -2
tNE(t,d,\) = tN T H(t,d, \) — TtN_l

> tNTTH(t,d, N),

u(t,d, \)u'(t,d, \)
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hence, by (2.5)), we obtain

N -2 d tV — ¢l
—df ({2 + \B

AN ) AB
Now from (F4), (2.9) and (2.10) we obtain limg_, 1o E(t,d,\) = +oo uniformly
with respect to ¢ € [0,7]. Hence there exists d; > dy such that for all d > dy,

E(t,d, \) > \F(do) + (?215*)2‘13’ vt € [0,7].

tNE(t,d,\) > oA 7 {F(kd) — (2.10)

Taking into account (2.8]), this implies

u(t,d, \)? > ALdg + 2X(F(do) — F(u(t,d, \)))

(t—t7)2

4 .

> ——dj, Ve (D),
(t—t*)?

which implies u/(¢,d, A) < —%do, for all ¢ € (t*,1).

The mean value theorem gives us ¢ € (t*, £ +t) such that

t+t* . Lo t—t 2dy t—t*
- = S —— = —do.
w—5—) —u(t") = u(e)—5— < A do

Hence u(t5t t) < 0 and since u/ (15 +t) < —72-dy < 0, there exists T € (0,1) such
that u(T,d, A) < 0 which is a contradiction. So the proof is finished. O

Remark 2.5. In [2], to prove the last lemma, the authors use the fact that if
u(t,d, A) < (8, where (3 is the only zero of f, then F(u(t,d,\)) < 0, which simplifies
the proof.

In our case, even if u(t,d, \) < S we do not have F(u(t,d,\)) <0, and we have
overcome this problem.

Proof of theorem[2.1l As in [2], we take A € (0, ) where \g = min{\;, A\2}. Let
d=sup{d>~:u(t,d,\) >0, vt e (0,1]}.

Lemma [2.2 leads to the fact that the set {d > v : u(t,d,\) > 0, Vt
nonempty. By Lemma we have d < +00, and we claim that u(.,
desired solution, which satisﬁes the following properties

(i) u(t,d,\) > 0, for all t € [0,1),
(i) u(1,d,\) =0,
(iii) w/(1,d,\) <0
(iv) w is decreasing in [0, 1].

]} is

telo
d,\) is the

To prove (i), we assume that there exists T < 1 such that u(T},d, A) = 0. By
Lemma W/ (Ty,d,\) # 0. We can assume (see [2]) that u/(T1,d,\) < 0, then
there exists Ty € (11, 1) such that u(T5, c?, A) < 0, which is a contradiction with the
definition of d.

For(ii), we assume u(1, d, A) > 0, then there exists n > 0 such that (¢, d, A) >
for all t € (0,1]. Again there exists § > 0 such that u(t, d+6, A) > 2 forall t € (0,1],
which is a contradiction with the definition of d.

Statement (iii) is a consequence of Lemma [2.3} and (iv) is a result of [3]. O
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