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REGULARITY FOR A CLAMPED GRID EQUATION
Upzer + Uyyyy = f ON A DOMAIN WITH A CORNER

TYMOFIY GERASIMOV, GUIDO SWEERS

ABSTRACT. The operator L = 88—;4 + % appears in a model for the vertical
displacement of a two-dimensional grid that consists of two perpendicular sets
of elastic fibers or rods. We are interested in the behaviour of such a grid that
is clamped at the boundary and more specifically near a corner of the domain.
Kondratiev supplied the appropriate setting in the sense of Sobolev type spaces
tailored to find the optimal regularity. Inspired by the Laplacian and the
Bilaplacian models one expect, except maybe for some special angles that
the optimal regularity improves when angle decreases. For the homogeneous
Dirichlet problem with this special non-isotropic fourth order operator such a
result does not hold true. We will show the existence of an interval (%ﬂ', W),
wi/m A 0.528... (in degrees wy ~ 95.1...°), in which the optimal regularity
improves with increasing opening angle.
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1. INTRODUCTION

1.1. The model. A model for small deformations of a thin isotropic elastic plate
I8 Upgrs + 2Uzgyy + Uyyyy = f. Here f is a force density and u is the vertical
displacement of a plate; the model neglects the influence of horizontal deviations.
Non-isotropic elastic plates are still modeled by fourth order differential equations
but the coefficients in front of the derivatives of u may vary. Two interesting
extreme cases are L1 = ;—; + 68—;4 and Ly = %36—; +3%2y2 + %88—;4. One may think
of these operators as of the operators appearing in the model of an elastic medium
consisting of two sets of intertwined (not glued) perpendicular fibers: 8‘9—:4 + 8‘9—; for
fibers running in cartesian directions (Figure |1} left). The differential operator is
not rotation invariant. For a diagonal grid the rotation of %77 transforms L, into
L, (Figure[l] right). We will call such medium a grid.

We should mention that sets of fibers are connected such that the vertical posi-
tions coincide but there is no connection that forces a torsion in the fibers. Such
torsion would occur if the fibers are glued or imbedded in a softer medium. For
those models see [T9]. The appropriate linearized model in that last situation would
contain mixed fourth order derivatives.

A first place where operator Ly appears is J. IL. Bernoulli’s paper [I]. He assumed
that it was the appropriate model for an isotropic plate. It was soon dismissed as
a model for such a plate, since indeed it failed to have rotational symmetry.
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FIGURE 1. A fragment of a rectangular grid with aligned and di-
agonal fibers.

1.2. The setting. We will focus on L supplied with homogeneous Dirichlet bound-
ary conditions. This problem, which we call ‘a clamped grid’, is as follows:

Uggzr T Uyyyy = [ in{
U= @ =0 on 0. (1)
v
Here Q C R? is open and bounded, and v is the unit outward normal vector on
0f). The boundary conditions in correspond to the clamped situation meaning
that the vertical position and the angle are fixed to be 0 at the boundary.

One verifies directly that the operator L; = 88711 + 3‘9—;4 is elliptic in Q. One may
also prove, if the normal is well-defined, that the boundary value problem is
regular elliptic. Indeed, the Dirichlet problem which fixes the zero and first order
derivatives at the boundary, is regular elliptic for any fourth order uniformly elliptic
operator. Hence, under the assumption that 2 is bounded and 92 € C* the full
classical regularity result (see e.g. [I7]) for problem can be used to find for
k>0and pel,00):

if f e W*P(Q) then u € WH*P(Q). (1.2)

If Q in (1.1) has a piecewise smooth boundary 92 with, say, one angular point,
the result in general does not apply. Instead, one may use the theory developed
by Kondratiev [12]. This theory provides the appropriate treatment of problem
|i by employing the weighted Sobolev space Vﬁk P(Q) (see Definition , where

> 0 is the differentiability index and § € R characterizes the powerlike growth
of the solution near the angular point. Within the framework of the Kondratiev
spaces Vﬁ]c P(Q) the regularity result “analogous” to will then be as follows.
There is a countable set of functions {u;};en such that for all k € N:

Jk
if f € VP(Q) then u=w+ Y cju; with w € V5T7(Q). (1.3)

j=1

We will restrict our formulations to p = 2.

Partial differential equations on domains with corners have obtained a lot of
attention in the literature. After the seminal paper by Kondatiev [12] many authors
of which we would like to mention Kozlov, Maz’ya, Rossmann [I3][14], Grisvard [10],
Dauge [7], Costabel and Dauge [4], Nazarov and Plamenevsky [18] have contributed.
For applications in elasticity theory we refer to Leguillon and Sanchez-Palencia [16],
Blum and Rannacher [3]. A recent paper of Kawohl and Sweers [I5] concerned the
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positivity question for the operators L; and Lo in a rectangular domain for hinged
boundary conditions.

1.3. The target. In this paper, we will focus particularly on the optimal regularity
for the boundary value problem which depends on the opening angle of the corner.
For the sake of a simple presentation, we will consider in a domain Q C R?
which has one corner in 0 € 92 with opening angle w € (0, 27]. A more appropriate
formulation of the problem should read as:

Ugaae + Uyyyy = [ 0 €,
u=0 on 0%,

0
a% =0 on d0\{0},
with prescribed growth behaviour near 0.
To be more precise in the description of a domain €2, we assume the following

condition.

(1.4)

Condition 1.1. The domain 2 has a smooth boundary except at (z,y) = 0, and
is such that in the vicinity of 0 it locally coincides with a sector. In other words,
(1) 90\{0} is C*,
(2) there exists € > 0,w € (0,27] : 2N B.(0) = K, N B:(0),
where B.(0) = {(z,y) : |(z,y)] < €} is the open ball of radius £ centered at
(z,y) = 0 and K, an infinite sector with an opening angle w:

Ko = {(rcos(f),rsin(d)): 0 <r<ooand 0 <6 <w}. (1.5)

In Figure [2[ some domains 2 which satisfy the condition above are sketched.

Y Yy

FIGURE 2. Examples for

For the elliptic problem one might roughly distinguish between papers that focus
on the general theory and those papers that explicitly study in detail the results for
one special model. If one chooses a special fourth order model then it usually has
the biharmonic operator in the differential equation. For the biharmonic problem
of the type the optimal regularity due to the corner of ) ‘improves’ when the
opening angle w decreases. In fact Kondratiev in [12, page 210] states that
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“...and to obtain the theorems about the differential properties
of solution. We do this for the number of concrete equations in §
5. In particular, it is derived that the differential properties of the
solution are getting better when the cone opening decreases.”

One of the peculiar results for the present clamped grid problem is that this
does not apply for the whole range 0 to 2w. We will show that there is an interval
(37, wy), with w,/m ~ 0.528... (in degrees w, ~ 95.1...°), where the optimal
regularity increases with increasing w. This is outlined in the table below. The
actual curve that displays the connection between w and A, a parameter for the
differential properties, is obtained numerically. The discretization is chosen fine
enough such that analytical estimates show that the numerical errors are so small

that they do not destroy the structure.

. . regularity of the solution u
operator L in (|1.4) opening angle w to (T.4) in dependence of w

A? (0, 27] decreases
YR (0, 3], [ws, 27] decreases

9t T oy 1 i
[ 5T, W *] mcreases

TABLE 1. Optimal regularity of the homogeneous Dirichlet prob-

2 o* | ot
lem for A® and 5 + 5yt

For a graph displaying relation between w and A see Figure [3] In Figure [6] one
finds a more detailed view. The lowest value of the appearing A is a measure for
the regularity. See Figure [0

1.4. The lineup. The paper is divided into 5 sections and several appendices. We
start in Section [2| by recalling the results for existence and uniqueness of a weak
solution u to problem . In Section |3| the weighted Sobolev spaces Vﬁl’Z(Q) are
introduced. Section [4] studies the homogeneous problem in the infinite cone
Ko. We derive (almost explicitly) a countable set of functions {u;};en solving
this problem. They will contribute in Section [5| to the regularity statement for w
of type . We address the Kondratiev theory in order to give the asymptotic
representation for the solution v to in terms of {u;};en.

The first appendix recalls imbedding results for W*2(Q) and Vé’Q(Q) based on
a Hardy inequality. The other appendices contain computational and numerical
results. The elaborate third appendix confirms that indeed the errors in the nu-
merical results are small enough. This appendix also contains an explicit version of
the Morse Theorem, which is necessary for an analytical error bound that confirms
the numerical results.

2. EXISTENCE AND UNIQUENESS

For the present so-called clamped boundary conditions existence of an appropri-
ate weak solution can be obtained in a standard way even when the corner is not
convex. Let us recall the arguments for the existence of a weak solution to problem
(1.4). The function space for these weak solutions is

W22(Q) = G (@) e,
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where C$°(Q) is the space of infinitely smooth functions with compact support in
Q.

Definition 2.1. A function @ € W22 () is a weak solution of the boundary value

problem (1.4) with f € L*(Q), if
/ (UgpsPoe + Uyypyy — f)drdy =0 forall p € WQQ(Q) (2.1)
Q

Theorem 2.2. Suppose f € L*(2). Then a weak solution of the boundary value
problem (L.4)) in the sense of Deﬁnitz’on exists. Moreover, this solution is unique.

Proof. The proof uses the variational formulation of the problem ([1.4)), namely,
Minimize: E(u) = /Q (3 (uf, +up,) — fu)dzdy on W22(Q). (2.2)

This functional is coercive: For u € C§°(Q) it follows from u = u, = 0 on 9 that
one finds by a Poincaré inequality:

/quxdyS C/ uldx dy < CQ/ u? dax dy (2.3)
Q Q Q

and a similar result for z replaced by y. For the mixed second derivative the
clamped boundary conditions allow an integration by parts such that

/Quiydx dy = /Qumuyydx dy < %/Q (u2, + uzy) dx dy. (2.4)

By a density argument and hold for u € W22(£2). Hence ullw22Q) —
oo implies F(u) — oo. A quadratic functional that is coercive is even strictly
convex and hence has at most one minimizer. This minimizer exists since u +— FE(u)
is weakly lower semicontinuous. The integral form of the FEuler-Lagrange equation
that the minimizer satisfies, defines this minimizer as a weak solution. Moreover,
since a weak solution is a critical point of F defined in and since the critical
point is unique, so is the weak solution. ([

Remark 2.3. For u € W22(Q) we have just shown that lullwzz@) < C [, (u2, +
ugy)dx dy. For the hinged grid, that is u € W2’2(Q)QW1’2(Q) a Poincaré inequality
still yields . Indeed, for u = 0 on 02 there exists on every line y = ¢ that
intersects Q an z, with (z.,¢) € Q and uy(x.,c) = 0 and starting from this point
one proves the second inequality in . The real problem is . Indeed, this

estimate does not hold on domains with non-convex corners for u € W22(Q) N W
1,2(9).

3. KONDRATIEV’S WEIGHTED SOBOLEV SPACES

Due to Kondratiev [12], one of the appropriate functional spaces for the boundary
value problems of the type (1.4)) are the weighted Sobolev space Vé’z. Such spaces
can be defined in different ways: either via the set of the square-integrable weighted
weak derivatives in Q (see [12] [10]), or via the completion of the set of infinitely
differentiable on ) functions with bounded support in €2, with respect to a certain
norm (see [13] 20]).

In our case € C R? is open, bounded, and has a corner in 0 € 9. It also holds
that 0Q\{0} is smooth, and that QN B.(0) = K, N B.(0), where B.(0) is a ball of
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radius € > 0 and K, is an infinite sector with an opening angle w € (0, 27). These
weighted spaces are as follows:

Definition 3.1. Let [ € {0,1,2,...} and 3 € R. Then V;*(Q) is defined as a

completion:

Vi2(Q) = Co([@\(0}) | with (3.1)

/2
el = lully 22 e Z/ 4 y?)Pe l+|a||Dau‘2dxdy) . (3.2)

\al 0
where

C (2\{0}) == {u € C (Q) : support(u) C Q\B.(0)} .

The space Vé’Q(Q) consists of all functions u :  — R such that for each mul-
tiindex a = (a1, a9) with || < I, D = %‘Z‘f%
rB=ttlel Doy € L2(Q). Here r = (22 + y2)1/2.

Straightforward from the definition of the norm the following continuous imbed-
dings hold (see [13] Section 6.2, lemma 6.2.1]):

V) CVERAQ) il >0 >0, B~ < B — L. (3.3)

To have the appropriate space for zero Dirichlet boundary conditions in problem
(1.4) we also define the corresponding space.

Definition 3.2. For [ € {0,1,2,...} and 8 € R, set
ek H

exists in the weak sense and

V32 (@ ) Ce ()
with || - || as the norm and C2° () := {u € C () : support(u) C Q}.

(3.4)

Remark 3.3. For u € VgZ(Q) one finds D% = 0 on 9N for |a| < ¢ — 1 where
D%y = 0 is understood in the sense of traces.

4. HOMOGENEOUS PROBLEM IN AN INFINITE SECTOR, SINGULAR SOLUTIONS
The first step in order to improve the regularity of a weak solution is to consider
the homogeneous problem in an infinite cone:

Ugzaer + Uyyyy = 0 in Ky,

u= % =0 on 0K,\{0}. 4.1)

Here K, is as in (L.5). We will derive almost explicit formula’s for power type

solutions to (4.1)).
4.1. Reduced problem. The reduced problem for (4.1 is obtained in the follow-
ing way. By Kondratiev [12] one should consider the power type solutions of (4.1)):

u=r"1d(8), (4.2)
with = rcos(f) and y = rsin(f). Here A € C and @ : [0,w] — R.
We insert u from (4.2)) into problem (4.1]) and find

(& +2:) PAHia(0) =L (0, 5,0) 2(0),
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with
L0 55.) = 3 (1+ 4 cos(40)) 5z + (A — 2) sin(46) 5+
F2(2—1— (A2 —4r— D) cos(40)) L+ (4.3)
+ (=A% +6X% — TA — 2) sin(40) L +
+ 2 (AT =202+ 1+ 2 (A" = 8A% + 1427 + 8\ — 15) cos(46)) .
Then we obtain a A-dependent boundary value problem for ®:
L£(6,2 X in (0,w),
( w )0 0) (4.4)
=9 =0 ona(() w).

Remark 4.1. The nonlinear eigenvalue problem (4.4) appears by a Mellin trans-
formation:

D(0) = (Mu)(\) = /O h 2" 2u(r, 0)dr.

So, the reduced problem for (4.1)) we mentioned above is problem (4.4)). Before
we start analyzing it, let us fix some basic notions.

Definition 4.2. Every number Ay € C, such that there exists a nonzero function

D satisfying , is said to be an eigenvalue of problem , while ®y € C*[0, w]

is called its eigenfunction. Such pairs (Ao, ) are called solutions to problem .
If (Mo, ®p) solves and if ®; is a nonzero function that solves

[,()\0)(1)1 + El()\o)q)o =0 in (0 w), A5
®=429 =0 ond0w), (4:5)

then ®; is a generalized eigenfunction (of order 1) for (4.4) with eigenvalue .

Remark 4.3. Similarly, one may define generalized eigenfunctions of higher order.

The following holds for (4.4]).

Lemma 4.4. Let 0 € (0O,w), w < 2w. For every fived A\ ¢ {£1,0} in (4.4), let us
set

>

©1(0) = (cos(8) + ysin(0)*",  ¢a(8) = (cos() + o sin(0))*
©3(6) = (cos() — 7 sin(@) M, ©4(6) = (cos(8) — 7 sin(9) M

where 71 = G2 (1+1), 75 = ‘f(l—z) and i = +/—1.

The set Sy := {¢m 2 _ is a fundamental system of solutions to the equation
L£(0,2Z.X)® =0 on (0,w).
Proof. The derivation of ¢,,,, m =1,...,4 in S is rather technical and we refer to

Appendix[7] There we also compute the Wronskian:

W (p1(0), 02(0), 03(0), 04(0)) = 16 (A + 1)* A* (A = 1) (cos* (0) + sin*(6)

It is non-zero on 6 € (0, 27| except for A € {£1,0}. Hence, for every fixed A ¢
{£1,0} the set {¢@.,}1,_; consists of four linear independent functions on (0,w),
w < 2. O

))\—2 '
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Lemma 4.5. In the particular cases A € {£1,0} in (4.4)), one finds the following
fundamental systems:

S_1=A{1, arctan(cos(29)),arctanh(% sin(20)), ¢4(9)},
So = {sin(0), cos(0), p3(0), wa(0)},
S1 = {1, sin(20), cos(20), ¢4(0)},

where the explicit formulas for 4 € S_1, {@3, 1} € So and w4 € Sy are given in
Appendiz[7

Proof. The fundamental systems S_1, Sp, S are given in Appendix [7] By straight-
forward computations one finds that for every above Sy, A € {£1,0} the corre-

sponding Wronskian W is proportional to (cos*(f) + sin4(9))A72, A€ {%£1,0} and
hence is nonzero on 6 € (0, 27]. g

In terms of the fundamental systems S we have ® that solves £ (0, %, )\) =0
as

@(9) = Z bm@vn(a)y
m=1

where b, € C. Inserting this expression into the boundary conditions of problem
(4.4), we find a homogeneous system of four equations in the unknowns {bm}fn:1
reading as

©1(0))  ©2(0)) ©3(0)) ©4(0))\ (b1
apo— | 2100) @(0) @5(0) @a(0) | [ b2 | _
Tl ew) pa(w)  ps(w)  palw) || b3 ’
P1(w)  h(w) wiw) @iw)/) \ba

where w € (0,27]. It admits non-trivial solutions for {b,,}% _, if and only if
det(A) = 0. Hence, the eigenvalues A of problem in sense of Definition
will be completely determined by the characteristic equation det(A) = 0.

We deduce the following four cases:

P(w,A) when A ¢ {£1, 0},
P_i(w) when A\ = —1,
Py(w)  when A =0,
Pi(w)  when A= 1.

det(A) :=

The explicit formulas for P reads as
A A
P(w,\) = (1 — § sin(Qw)) + (1 + ? sin(2w)>
1
+ (3 + 1 cos®(2w)) 2 {2 cos ()\ (arctan (? tan(?w)) + Eﬂ)) (4.7)

— 4cos (/\ arctan (taHQ(W))) ] )

where
1 1
(=0 ifwe(O,Zw], /=1 ifwe(zﬁ’%r]’
. 3 5 P 5 7
=2 1fw€(17r,17r}, (=3 1fw€(47r,47r],
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. 7
(=4 ifwe (171',27r].

In particular, for w € {7, 7, 2x, 27} in (4.7) we have

P(3m,A) =2+ 2cos(m\) — 4cos(3mN),
P(m,\) = —4 + 4cos? (1)),
P(3m,)) = 8cos® () — 6 cos(mA) — 4 cos(SmA) + 2,
P27, \) = 16 cos (m)\) — 16 cos® (7).

Formulas for P_1, Py, P; in (4.6 are available in Appendix

4.2. Analysis of the eigenvalues \. To describe the eigenvalues A of for a
fixed w and, what is more important, their behavior in dependence on w, we analyze
the equation det(A) = 0 on the interval w € (0, 27].

First, we find that the equations P_j(w) = 0 and P;(w) = 0 have identi-
cal solutions on (0,2x], that are denoted w € {m,wp,27}. The approximation
wo/m = 1.424 ... (in degrees wy ~ 256.25...°) is obtained by the Maple 9.5 pack-
age. Equation Py(w) = 0 has no solutions on w € (0, 2x]. Hence, A € {£1} are the
eigenvalues of for the above values of w, while A = 0 is not an eigenvalue of

)
Now we consider P(w,\) = 0 on w € (0,27]; here P is given by (4.7). We note
that for every A € C\{£1,0} it holds that

Plw,—\) = (3 + icos(llw))_AP(w,/\),

that is, the solutions A of P(w,\) = 0 are symmetric with respect to the w-axis. It
is immediate that if A\ is an eigenvalue then so is A. It is convenient to introduce
the following notation.

Notation 4.6. For every fixed w € (0,27] we write {A;}52, for the collection of
the eigenvalues of problem (4.4) in the sense of Definition which have positive
real part Re(A) > 0 and are ordered by increasing real part.

The complete set of eigenvalues to problem (4.4) will then read as {—A;, A;}52;.
Now the following lemma can be formulated.

Lemma 4.7. Let £ be the operator given by (4.3]).

e For every fixed w € (0, 27\ {m, wo, 27} the set {A;}52; from Notation
is given by

(A1 = {A € C:Re()) e R*\{1}, P(w,A)=0}.

e For every fixed w € {m,wo, 27} the set {);}72; from Notation is given
by

{12 ={AeC:Re(N) e RT\{1}, P(w,\) =0} U{1}.

Here wy is a solution of P;(w) =0 on w € (m,2n) with the approximation wg/7 ~
1.424 ... (in degrees wp =~ 256.25...°).
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4.3. Intermezzo: a comparison with A2, Let the grid-operator 88—; + 887;1 in
problems (1.4]), 1) be replaced by the bilaplacian A% = 88—; + 2#;2 + BB—;. We
recall some results for that operator, in particular, the eigenvalues {\; };";1 of the
corresponding reduced problem. We will compare them to those given in Lemma

€7
So, for A% in (4.1)) the reduced problem of the type (4.4) has an operator £
reading as (see e.g. [10, page 88]):

L0, 0) =4 1202 +1) 2 4 (M —2)2+1). (4.8)

Proceeding as above one obtains that the corresponding determinants (see [10, page
89] or [3, page 561]) are the following:

sin?(A\w) — A% sin?(w) when A ¢ {+1,0},
det(A) := { sin?(w) — w? when A = 0, (4.9)
sin(w) (sin(w) — wecos(w)) when A € {£1}.
Note that for every A € C\{1,0} the function sin®(\w) —A? sin?(w) is even with

respect to w and hence the Notation is applicable here. Analysis of det(4) =0
with det(A) as in (4.9) enables to formulate the analog of Lemma Namely,

Lemma 4.8. Let L be the operator given by @
e For every fized w € (0,27\ {m,wo, 27} the set {\;}32, from Notatz'on
is given by
{A12 = {AeC:Re()) e R*\{1}: sin®(Aw) — A sin*(w) = 0} .
e For every fived w € {m,wo, 27} the set {\;}52, from Notation is given
by
itz = {A e C:Re(N) € RT\{1} : sin*(\w) — A?sin®(w) = 0} U {1}.
Here wy is a solution of tan(w) = w on w € (w,2w) with the approzimation wy/m ~
1.430... (in degrees wo ~ 257.45...°).

4.4. Analysis of the eigenvalues A (continued). Let (w,\) be the pair that
solves the equations of Lemmas[4.7]and [4.8] In Figure[3|we plot the pairs (w, Re()))
inside the region (w,Re(X)) € (0;27] x [0,7.200].

Remark 4.9. The numerical computations are performed with the Maple 9.5 pack-
age in the following way: at a first cycle for every w, = %ﬂ'-‘r %wn, n=0,...,113
we compute the entries of the set {; }j\le Here, N is determined by the condi-
tion: Re (An) < 7.200 and Re (An41) > 7.200. The points (w, A) where \; transits
from the complex plane to the real one or vice-versa are solutions to the system
P(w,\) = 0 and 28 (w,\) = 0 (the justification for the second condition will be

discussed in Lemma [4.15]).

In Figure [3] one sees the difference in the behavior of the eigenvalues in the
corresponding cases. In particular, in the top plot (the case L = 8‘9—; + 8‘9—;) there
are the loops and the ellipses in the vicinities of w € {%ﬂ, %W} (we inclose them
in the rectangles). The bottom plot (the case L = A?) looks much simpler near
the same region. As mentioned, the contribution of the first eigenvalue A\; to the
regularity of the solution w to our problem is the most essential. So, it is
important for us to know the dependence of the eigenvalues A on the opening angle
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Re (Lambda)
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Re (Lambda)
'S
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omega (in degrees) omega (in degrees)

FIGURE 3. Some first eigenvalues \; in (w,Re(N)) € (0,27 x
[0,7.200] of problem (£.4), where L is related respectively to
8‘% + 83—;4 (on the top) and A? (on the bottom). Dashed lines
depict the real part of those A; € C, solid lines are for purely real
Aj; the vertical thin lines mark out values {lw,w, %71’, 27r} on w-

! 2
axi1s.

w. In this sense, the region (w,Re(\)) € V (Figure |3] top) seems to be the most
interesting part and the model one. One observes that inside V' the graph of the
implicit function P(w,\) = 0 looks like a deformed 8-shaped curve. So, if one proves
that everywhere in V', P(w,\) = 0 allows its local parametrization in w — A = ¥ (w)
or A — w = @(A), then the bottom part of this graph is A; and there is a subset of
the this bottom part where \; as a function of w increases with increasing w.

4.4.1. Behavior of A in V. So let us fix the open rectangular domain V = {(w, A) :
[, 12w % [2.900,5.100]}, the function P€ C*°(V, R) is given by (4.7) with ¢ = 1:

P(w,\) = (1 e Sin(2w)))\ n (1 + 2 sin(m)))A
+ (3 + %cosz(Qw))%)\ [2 cos ()\ (arctan (g tan(2w)) + 7T>) (4.10)
— 4cos (Aarctan (tan®(w))) } .

and set
Ii={(w,\) € V: P(w,\) =0}, (4.11)
as a zero level set of P in V.

Remark 4.10. To plot the set I" we perform the computations to P(w,\) =0 in
V in the spirit of Remark [£.9]

In particular, for w = %71' being set in 1) we obtain P (%w,)\) =2+42cos(mA)—
4 cos (%ﬂ')\). The equation P (%77,)\) = 0 admits exact solutions for A in the interval
(2.900,5.100), namely, A € {3,4,5}. This yields the points
1

1 1
(§7r,3) =:cy, (§7r,4) =:a, (§W,5) =: ¢y,

of I'. It also holds straightforwardly that g—f (c1) = g—}: (c4) = 0 and hence one may
guess that horizontal tangents to the set I' exist at those points (in Lemma m
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this situation will be discussed in details for the point ¢;). For a we find directly
that ‘g—f(a) = g—f\’(a) = 0 and hence more detailed analysis is required. Additionally
to ¢1, cq4, we will also specify four other points of the set I'. Denoted as ¢, cs3, ¢35, cg,
they are defined by the system P(w, ) =0 and ‘Z—I;(w, A) = 0. The latter condition
(we will justify it in Lemma for the point c2) gives us a hint that vertical
tangents to I' exist at those points. The approximations for the coordinates of ¢;,

i=1,...,6 are listed in the table and we plot the level set I in Figure [4

’ Point of T’ ‘ Coordinates (w/m, A) ‘ w in degrees ‘ property of T at ¢y ‘

1 (1,3) 90° horizontal tangent
o (0.528...,3.220...) | ~95.1...° | vertical tangent
c3 (0.591...,4.291...) | = 106.4...° | vertical tangent
4 (3,5) 90° horizontal tangent
cs (0477...,4.746...) | ~85.96...° | vertical tangent
6 (0.412...,3.655...) | ~74.2...° | vertical tangent

TABLE 2. Approximations for the points of the level set T.

5 “~
i v \\\ C4
N T
Cs
4.5
] o
) .
9
g
a
|
| e
3.5
C2
1 C1 \\
3 ™
70 80 920 100 110

omega (in degrees)

FIGURE 4. The level set I' (solid line) in V.

As we mention in Remark the set T" as in (4.11]) was found by means of
numerical computations. In order to show that the plot of I' is adequate, we study
the implicit function P(w,A) = 0 in V analytically. It is done in several steps.
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The first lemma studies P(w,A\) = 0 in the vicinity of the point
a=(3m4) €Tl. (4.12)
Lemma 4.11. Let U =1 x J CV be the closed rectangle with I = [1807r,

92
1 7T
J = [3.940,4.060] and let point a € U be as in The set T' given by (4

consists of two smooth branches passing through a. Their tangents at a are /\ = 4
and A\ = 16[ w + 4.

Proof. Let DP stand for the gradient vector and D?P is the Hessian matrix. For
the given a we already know that DP(a) = 0. We also find

OL(a)=0, ZP(a)=-8V2r, 2L(a)=-n

That is, det D?P(a) = —12872 and by Proposition and remark (Appendix
it holds that

P(w,\) = —Lhy(w, A) (16\/§h1(w, ) + mha(w, )\)) on U, (4.13)

where hy, hy € C* (U,R) are given by almost explicit formulas in (8.13]), (8.14) in
the same lemma. We also have that hj(a) = ha(a) = 0 and

Mig) =1, %(a)=0, (4.14)
%h2(q) =0, %2(a)=1. (4.15)

Due to (4.13) we deduce that in U:

P(w,\) =0 if and only if hg(w,\) = 0 or 16v/2h1 (w, A)+7ha(w,\) = 0. (4.16)
By applying the Implicit Function Theorem to the functions he(w,\) = 0 and
16v/2h1 (w, \) + mha(w,A) = 0 in U one finds a parametrization w +— \ = n(w) for

each of these implicit functions. Indeed:
(1) For ha(w, ) = 0 it is shown in Lemma [8.8| (Appendix |8]) that

aah;(w A)>0 onU,

and hence there exists 7y : I — J, n; € C°°(I) such that

ha(w,m(w)) =0,
and
~1
W) = =2 (@, mwW)[FEwmw)]
for all w € I. We have that 7;(37) = 4 and due to (4.15: we find n{(37) = 0.
Hence, there is a smooth branch of I' in U passing through a, which is given by
A = n1(w) with the tangent A = 4.
(2) For 16v/2h;(w, \) + Tha(w,A) = 0 it is shown in Lemma (Appendix
that

16\f8h1 (w,A) + ahZ 2(w,\) >0 onU,
and hence there exists 17y : I — J, s € COO( [), where I C I, such that
16V2h1 (w,m2(w)) + mha (w, 12 (w)) = 0,

and

16v2%52 (w, m2(w)) + 752 (w, 112 (w))
16V25 (w,m(w)) + T PR (w0, ()

ny(w) =
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for all w € I. We have that no(37) = 4 and due to (4.14) and (4.15) we obtain

m) = ——167;/5.

75 (

(SIS

Hence, there is another smooth branch of I' in U passing through a and given by
A = n2(w). The tangent is A = f%w +4. O

The next lemma studies P(w,A\) = 0 locally in V' but away from the point a.

Lemma 4.12. Let

Hy = {(w,A) : [$m, 2] x [4.030,4.970]},
Hy = {(w, ) : [£5m, 18 7] x [4.750,5.100]},
Hy = {(w,\) : [1537, 1387 x [4.000, 4.850]},
Hy = {(w, ) : [{557, 1927 x [3.950,4.100]},
Hs = {(w,\) : [, 2571] x [3.030,3.970]},
He = {(w, ) : [{557, 1807r] [2.900, 3.230]},
Hy ={(w, ) : [137, 2% x [3.150,4.000]},
Hs = {(w,\) : [{=7, 7] x [3.900, 4.050]},

and U be as in Lemma|4.11, Then US_ H; covers the set T in V (see Figure @)
and in each H; the following holds:

Rectangle | Property in H; The set I' in Hj is given by
Hop—1 LW, A)#0 | w=dop—1(\): par—1 € C>(Jop—1)
Hoy, 9L (w,\) #0 A = thap(w) @ o € C°(L2k)

Here k=1,...,4.

Proof. In Claims [8.10] - [8.17] of Appendix [§] we constructed the rectangles H; C V/,
j = 1,...,8 such that the results of the second column in a table above hold.
In Figure [o| we sketched the covering of the set I' in V with the rectangles Hj,
j=1,...,8.

Due to result of the second column we can apply the Implicit Function Theorem
to the function P(w,\) = 0 inevery Hj, j = 1,...,8 in order to obtain w = ¢ _1())
or A= 9 (w), k =1,...,4. By assumption P€ C*°(V,R) and hence ¢, are C*°
on the corresponding intervals J, I. (Il

Based on the results of the two lemmas above, we arrive at the following result.

Proposition 4.13. The set ' given by (4.11)) is an 8-shaped curve. That is, there
exists an open set V O [—1,1]*> and a C*°-diffeomorphism S :V — V such that

S(T) = {(sin(2¢),sin(t)), 0 <t < 27} .

Henceforth, we will call the set T" a curve (having one self-intersection point)
which means that every part of the set I' is locally parametrizable in w or .
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4.5

Lambda
"

3.5

omega (in degrees)

FIGURE 5. For lemma [4.12

4.4.2. Figenvalue A1 as the bottom part of I'. The curve I in a rectangle V' combines
the graphs of the first four eigenvalues Aq, ..., A4 of the boundary value problem (
as functions of w as far as they are real. Here we focus on the eigenvalue \;
which is a bottom part of I (the segment cgcico C T in Figure . In particular,
we prove that as a function of w the eigenvalue A\; = A;(w) increases between the
points ¢1, ¢o (the approximations for their coordinates are given in Table . The
situation is illustrated by Figure [6]

To prove this result, we follow the approach used in Lemmas and
To be more precise, we fix two rectangles {Hy, Hy} C V such that Ho N Hy, # 0
and Hy U H, covers the part of I containing the segment c¢;co (see Figure @ We
parameterize I' in Hy, H, as w — A = ¢¥(w) and A — w = p(\), respectively,
and study the properties of these parametrizations (convexity-concavity, extremum
points, the intervals of increase-decrease). This will enable to gain the information
about cjcs.

Lemma 4.14. Let Hy = Iy x Jog C V be the closed rectangle with Iy = [%ﬂ', %4071‘]
and Jo = [2.960, 3.060]. It holds that T in Hy is given by A = ¢ (w), ¥ € C®(wq,wp),
(Wa,wg) C Iy and is such that it attains its minimum on (wa,wg) at w = wo = %71
and increases monotonically on (wo,wg). Here wq,wg are the solutions to the equa-
tion P(w,3.060) =0 on w € (84 171') and on w € (%7‘( 94 7T), respectively, with

807 2 » 180
P given by .
Proof. By Lemma we know that
P(w,\) =0 if and only if P (w, % (w)) =0 in Hp, (4.17)
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STiwv
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omega (in degrees)

FIGURE 6. Increase of A\; between ¢; and ¢o

5- 3.6]
3.51
4.5
3.4] H,
L]
o
% 4 '_%’3.3*
H =]
3.2
HO
3.5
31PN
3]
3]
70 80 90 100 110 g4 86 88 90 92 94 96
omega (in degrees) omega (in degrees)

FIGURE 7. The rectangles Hy, H, from lemmas [{.14] and [£.15] re-
spectively (on the left); the enlarged view (on the right).

and if we take the rectangle Hy defined as in lemma above, then due to Hy C Hg,
will also hold in Hy. Moreover, we also set Hy in such a way that its
top boundary intersects I' at two points, meaning that we find two solutions of
P(w,3.060) = 0 with P as in . We name these two solutions wq,wg.

Hence, we deduce that I in Hy is given by A = ¢¥(w), ¢ € C®(wq,ws) and
satisfies ¥ (wy) = ¥(wg) = 3.060. Due to condition

P(wa) = P(wp),
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by Rolle’s theorem there exists wy € (wq,wg) such that ¢’ (wg) = 0.
Since P (wg, ) (wo)) = 0 and due to

V' (W) = =55 (w, ()55 (W, p(@)] ™,
we solve the system P(w,A) = 0 and g—f(w, A) = 0 in Hy in order to find wp. Its
solution is a point ¢; = (3, 3) and hence

W = %ﬂ'.

We deduce that A = ¢(w) attains its local extremum at w = wy.
Next we show that A = ¢(w) has a minimum at w = wy on (wa,wg). For this
purpose we consider a function G € C*°(Hy, R) such that

G (w,Y(w) =" (w). (4.18)
For an explicit formula for G see Appendix [8] In Claim of this Appendix we
show that

G(w,\) >0 on H,. (4.19)
This condition together with yields

G (w, W) =¢"(w) >0 on (wa,wp),
meaning that A = ¢ (w) is convex on (wq,ws).
The result is that A = ¢(w) attains its minimum on (wa,ws) at w = wy = 37
and increases monotonically on the interval w € (wo,wg). O

We also have the following result.

Lemma 4.15. Let H, = I, xJ, C V be the closed rectangle with I, = [%ﬂ', %ﬂ']

and J, = [3.030,3.600]. It holds thatT' in H, is given by w = @(A), ¢ € C™(Ay, As),
(Ay, As) C Ji and is such that it attains its mazimum on (Ay,As) at A = A, =

3.220... and increases monotonically on the interval (A, A.). Here Ay, s are
the solutions to the equation P (%w,)\) =0 on X\ € (3.030,3.100) and on A €

(3.500, 3.600), respectively. Also, A, is the solution to the system P(w,\) =0 and
g—f(w,)\) =0 on A € (A, As); P given by ,
Proof. By Lemma [£.12] we know that

P(w,\) =0 ifand only if P (p(N),A) =0 in Hs, (4.20)

and if we take the rectangle H, defined as in lemma above, then due to H, C Hs,
(4.20) will also hold in H,. Moreover, we also set H, in such a way that its left
boundary intersects I at two points, meaning we find two solutions of P (%ﬂ', )\) =
0 with P as in (4.10). We name these two solutions Ay, Xs.

Hence, we deduce that I' in H, is given by w = (), ¢ € C®(\,,\s) and

satisfies p(Ay) = @(As) = 2257, Due to condition
P(A) = ¢(Xs),

by Rolle’s theorem there exists A\, € (A, As) such that ¢'(\.) = 0.

Since P (p(A), Ax) = 0 and due to

¢'(N) = =G5 (), VIG5 (e(A), I,

we solve the system P(w,A) = 0 and g—f(w, A) = 0in H, in order to find \,. Its
solution is a point ¢s = (@, A), where /7 ~ 0.528... and A ~ 3.220.... Hence,

A 2 3.220... .
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We deduce that w = p(\) attains its local extremum at A\ = A,.
Next we show that w = ¢(A) has a maximum at A = A, on (A, As). For this
purpose we consider a function F' € C* (H,,R) such that

F(p(A),A) = ¢"(N). (4.21)
For explicit formula for F' see Appendix[§ In Claim [8:19]of this Appendix we show
that
F(w,\) <0 on H,. (4.22)
This condition together with yields
F(p(A),A) = ¢"(A) <0 on (A, ),

meaning that w = p(A) is concave on (A, As). The result is that w = ¢(\) attains
its maximum on (A, As) at A = A\, ~ 3.220... and increases monotonically on the
interval A € (A, A)). O

Theorem 4.16. As a function of w the first eigenvalue Ay = A1 (w) of the boundary
value problem (4.4) increases on w € ( s w*) Here wy /7 = 0.528 ... (in degrees
we A 95.1...°) and A\ = 3.220.

4.5. The multiplicities of {);}52; and the structure of a singular solution.
Here we proceed with the quahtatlve analysis of the eigenvalues {\;}52 52, of problem

).
Definition 4.17. Let w € (0,27 be fixed. The eigenvalue );, j € N* of problem
([@-4) is said to have an algebraic multiplicity xU) > 1, if the following holds:

7)
L (w, )\]) 7é 0.

N(J)l K
Pw, %) =0, Fw,X)=0, ..., TmPwx)=0, T

X @1

Based on the numerical approximations for some first eigenvalues \;, j € N*
depicted in Figure 3| (the top one) and partly by our derivations (namely, the
existence of the solution to the system P(w,\) = g—f(uj, A) = 0 in Lemma {4.15)) we
believe that the maximal algebraic multiplicity of a certain A; of problem (4.4) is
at most 2 . Indeed, generically 3 curves never intersect at one point, meaning that
geometrically the algebraic multiplicity will always be at most 2.

Definition 4.18. The eigenvalue \;, j € N of problem (4.4) is said to have a
geometric multiplicity 7¢) > 1, if the number of linearly independent eigenfunctions
® equals 1),

For given \;, j € NT of problem ({4.4)) the three cases occur:

1. 5(3) = IU) =1 one finds a solutlon (A, @ ]) of (| and then the solution

of (4.1) reads:
u(()]) _ /\j+1<I)(J)(9); (4.23)

2. k) =2, IU) =1 one finds a solution ();, <I> ) of and a generalized
solution (A, CI)gj )), with <I>§j ) found from the equation

LD + L' )2 =0,
where £()) is given by (4.3) and £'(\) = 24 £()). Then we have two solutions of
E1):
uf) =10 (0) and wl =t (0(0) +log(ref(9));  (4.24)
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3. k) = IG) = 2 one finds two solutions (A;,®)), (A;,®7)) of (@.4), where
<I>(()j ) and <I>gj ) are linearly independent on 6 € (0,w) and then we again have two
solutions of (4.1)):

u(()j) = r’\ﬁl(I)(()j)(@) and ugj) = r/\ﬁlCI)(lj)(H). (4.25)

Let us note that for an opening angle w € {%w,w, 31,271} of the sector K,
one can find the eigenvalues {\;}3° of the problem (4.4) explicitly. Moreover, if
w € {%ﬂ', 7r}, then for every given \; one can compute explicitly the corresponding
eigenfunctions q)((zj), g=0,...,c0) —1, whereas if w € {%w, 27r}, the eigenfunctions
CD,(JJ ) can be computed explicitly only for some A;. Thus, in Appendix@we bring the
formulas of some first functions <I>,(1] ) (if computable) and the respective solutions
u$ to (4.1)).

These functions 7*1®(6) and 7! log(r)®(6) determine the bands for the reg-
ularity in Kondratiev’s theory. Details are found in the next section.

5. REGULARITY RESULTS

In this subsection we will give the regularity result for the boundary value prob-
lem under consideration. In order to do this we refer to the key theorem of
the Kondratiev theory (see e.g. [13, Theorem 6.4.1]). The general version adapted
to our problem will read as:

Theorem 5.1 (Kondratiev). Let u € Vi’Q(Q) with l; € N, #1 € R be a solution of

the elliptic boundary value problem ([1.4]).
Suppose that f € Vﬁl,z’Q(Q), where lo € N, 35 € R and such that Iy — 31 <
lo — B2 +4. If no eigenvalue \j of problem (4.4) lies on the lines

Re(A) =11 =1 —2, Re(\)=la— (2 +2,
while the strip
l1—61—2<Re(x\) <ly — B2+ 2,
contains the eigenvalues Ay, Apy1 ..., Antn, then u has the representation

n+N k)1

u=w+x(r Z Z (]) (5.1)

where w € Vl2+4’2(Q) x € C§°[0,¢€) is a cut-off function such that x(r) = 1 in the

neighborhood of r = 0, k) < 2 is the algebraic multiplicity of A\j and uq are the
solutions of the problem ({.1)) in K., given by formulas ([{£.23), ([4:24), (4.25).

Let us recall that by Theorem [2.2] there exists a unique weak solution u_€
W22(Q) of (L4) with f € L*(Q). Since L*(Q2) = Vy?(Q) and by Corollary |6 .
one has WZ’Q(Q) = V() C V7*(Q), we conclude that for f € V;"*(Q) we have

2,2
u e Vy ().

Then assuming more regularity for f € VOO 2(&'2) we apply Theorem . to our

problem ([1.4). Using Lemma [6.3 E we may consider three different cases:

Vit(Q), k=0,5>F,
fedwh@), k=1,
Wk2(Q), k>0,



EJDE-2009/47 REGULARITY FOR A CLAMPED GRID EQUATION 21

and obtain the following result (in order to describe all three cases and also for the
convenience we arranged this result as a table):

Theorem 5.2. Let f € L2(Q) and let u € W22(Q) be a weak solution to (T.4).

fisin ViR, k>0, 8>k | WR2(Q), k>1 | Wh(Q), k>0
v ‘;iall.ue Re()) = 0, Re()) = 0, Re()\) = 0,
i O . 1€es
i~ the-hnes Re(A) =k — 342 Re(A) = k + 2 Re()) = 2
while the strip |0 < Re(A\) <k —03+4+2 |0 <Re(A\) <k+2| 0<Re(N)<2

contains AL, A2, oy AN
(J)
u=w+x(r) XN, Y e uy
where w is in /a(®) W’“+472(Q) W’“+472(Q, |22k dp)

and x € C§° [0,¢) is a cut-off function such that x = 1 in the neighborhood of r = 0,

k) < 2 is the algebraic multiplicity of A; and u(]) are the solutions of the problem
@1 in K., given by formulas ([.23), ([4.24)), (4 25|).

Remark 5.3. The first column gives the optimal regularity in the sense of Kon-
dratiev’s spaces. The second and third column shows two corollaries with the more
commonly used Sobolev spaces. Away from the corner also these results are opti-
mal. Of course the optimal regularity near a corner can not be stated using just
the standard Sobolev spaces W2((Q).

Proof of Theorem Theorem2. The first column is just a representation of the previ-
ous theorem in the case that f € L(Q) and a weak solution u € W22(Q) is known
to exist. Additional regularity in the sense of Kondratiev’s weighted Sobolev spaces
for f implies the representation as stated for the solution u. In the second and third
column the most common special cases are listed independently. For the second
column one uses the imbeddings
WE2(Q) € Vg*(Q) and V' 2(Q) ¢ whH2(Q),
and for the third
Wh2(Q) € VP(Q) and ViH2(Q) ¢ WEHS(Q, |2 dp).
O

As the last step of our analysis we derive the regularity in € for the singular part
e )
P i1 Dge "t euY) of the solution u given in Theorem

5.1. Regularity for the singular part of w. The first term of the summation
Zj 1 Z A1 gj)ué]) in the solution w defines the regularity of the whole sum.
From formulab (4.23), (4.24), (4.25) we know that depending on the algebraic mul-
tiplicity of A\ it reads as

D) or rMHL(W(0) + log(r)®(0)),

where \; € C is the first eigenvalue of (4.4) such that Re(\;) > 0 and ®(0), ¥(0) €
C*0,w], 0 < w < 27.
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Lemma 5.4. Let ®(0) € C*[0,w] be nontrivial and 0 < w < 2w. Let also A € C\Z
with Re(X) > 0. Suppose that k € {0,1,2,3,...}. Then the following are equivalent:
(1) PM1@(0) € Wk2(Q),
(2) r* ! log(r)®(0) € WH2(9),
(3) Re(\)+1>k—1.
Proof. If X is not an integer, then the first item and second items are equivalent with

an integrability condition for the k*® -derivative that reads as 2Re(A+1—k) +1 >
—1. (I

Remark 5.5. To restrict the already heavy technical aspects we have not consid-
ered (weighted) Sobolev spaces with non-integer coefficients k& and Holder spaces.
A similar result will hold for k is noninteger. Concerning Holder spaces:

ro(9) € CF(Q)  for Re(\) + 1> k++ with k € N,y € [0,1).
For the second function it holds that
M og(r)®(0) € CH7(Q)  for Re(\) +1 >k + v with k € N,y € [0,1).

A useful consequence of the above lemma is that for every fixed A\ € C with
Re(A) > 0 we deduce

{T)‘H(IJ(G), rAtl log(r)®(0)} € W ReNT+1.2(Q) (5.2)
where [-] stands for the ceiling function (defined as [z] = min{n € Z : x < n}).

Remark 5.6. In the particular cases, namely, w = %7‘(‘ and w = m we know that

each term u((f) of the singular part Z;V=1 ZZ:JO ! cgj)ugj) is a polynomial in z,y of

order A; + 1 (see Appendix [9). That is, for every A;, j € N* we have
PN (9) = Py, 41 (2,y) € O (Q). (5.3)
For non-polynomials the result in Lemma [5.4] even holds for A € N.

Now, in order to use the result of Lemma we proceed with Figure [§| where
we plot the Re(A1) as a function of the opening angle w on the interval w € (0, 27].
The two cases are compared: the plots of Re(A1) of the boundary value problem
for L related to L = ;—; + g—; and L = A2, In Figure [9| we split the plot of
Figure [§] into two: a plot of Re(A1) on w € (0, 7] and w € [, 27].

Based on the numerical approximations to A\; and partly on the analytical esti-
mates for A\; we conclude the following.

Claim 5.7. (0,27] 3 w — Re(A;(w)) is a continuous function and

1 1
for w e (0,&11)/{577} :Re(M\) >3, forw= Sl Re(A1) = 3,

for w € [wi,w2) : 3> Re(A1) > 2, forw € [wa,m):2>Re(N) > 1,

1
for we [m,27] : 1 > Re(M\) > 3

Here wy,ws are respectively the solutions of P(w,3 +i§) = 0 on w € (%7‘(, %TF)

and of P(w,2+ i) =0on w € (%71’, %W), where P as in formula 1) for £ =1

. The approximation are wy/m & 0.555... (in degrees wy &~ 99.9...°) and wq/7 ~
0.720... (in degrees wo &2 129.7...°).
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Gri‘d operator

Bilaplacian

N
I\
BN
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Re (Lambda)
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FIGURE 8. The plot of eigenvalue A; in (w,Re(A)) € (0,27] x
[0,7.200] of problem ( . For L related to 8‘9—; + g—;, A1 is
represented by the red line and for £ related to AZ, by the blue
line. Dashed lines depict the real part of Ay € C, solid lines are for
purely real A; the vertical lines mark out {4, 7, 37,27} on w-
axis.

5.2. Consequences. For the numerical results from Claim it holds by Theo-
rem [5.2] that:

Corollary 5.8. Let u € VT/2’2(Q) be a weak solution of problem (1.4) with f €
L2(2). Then

forw e (0,ws) :u € WH2(Q),  forw € (wa,m) : u € WH2(Q),
forw=m:uecW*?(Q), forwe (m,2r]:ucW?3Q).
Here wy is as in Claim[5.7

Remark 5.9. For the opening angle w = wy we have Re(A;) = 2 and hence
Theorem [5.2{ does not apply. Nevertheless, assuming f € L?(Q) to be more regular,
e.g. in V5 °(Q) or Wh2(€2), we may show that

for w = wy : u € W32(Q).

Proof. By Theorem if f € L?(), the solution u of problem (1.4) reads as
k) _1
u=w+ x(r) Z Z c(gj)ugj), (5.4)

0<A;<2 =0

with w € W42(Q). Due to we see that the sum in ( has no terms when
w € (0,ws) and hence for w € (0,ws) we have u € W42(Q).
For w € (wg, m)U(m, 27] the first term of sum in (5.4)), depending on the algebraic

multiplicity of A, reads as u((]l) = T)‘1+1(I)((]1)(9), or as a linear combination of
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FIGURE 9. The plot of Figure [§ rescaled. The curves for the grid-
operator and the bilaplacian intersect four times. Three of these
points (we obviously exclude w = 7) seem to be special: It looks
like the curves intersect at w = %71’, w= %71’ and w = %7‘(’ (the inter-
section points are marked by cross). The numerical approximation
shows however that the first values A1 grig and A1 Bilgpiace at those

points only coincide up to three digits.

ulV = pn+19l (9) and wP) = i+l (@gl)(Q) + log(r)fbél)(@)). By 1) we have
that {u(()l),ugl)} € WIReT+1.2(Q)) | where due to Claim [5.7] we may deduce that
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[Re(A1)] +1 =3, when w € (ws,7) and [Re(A\1)] + 1 = 2, when w € (,27]. This
results in u € W*?(Q) for w € (wy,7) and u € W?(Q) for w € (r, 27].
Finally, for w = 7 due to (5.3) the singular part is of C°°(Q2) and hence u €
W42(Q) in this case. O
6. COMPARING (WEIGHTED) SOBOLEV SPACES

6.1. One-dimensional Hardy-type inequalities.

Lemma 6.1 (A higher order one-dimensional Hardy inequality). Let w be a func-
tion in C§°lx1,xa]. For every k > 1 it holds that

P w@ ) 4k " (k) 2
/z ((x—zl)k) dx:(2k—1)2(2k—3)2,,.3212/x (“’ (37)) de. (6.1)

1

Proof. Tt holds straightforwardly that

xTo 9
/z ) ((:;i(;;))k> dx
1 2 1-2k| |22 2 w2 / 1-2k
= o [ @ e 2+ s [ e @)@ - ) e

<qor(f) () e) ([ (=) )™

and the first step in the proof of (6.1) follows. Repeating the argument for w’ and
k — 1 etc. will give the result. (I

Remark 6.2. Since W*2(zy, 25), k > 1 is the closure of @i [x1,72] in the WH2-
norm, one can use the results of Lemmaﬂ for every w € Wk 2(zy,29), k > 1.

6.2. Imbeddings. As mentioned e.g. in [12, page 240] or [I3, Chapter 7, sum-
mary|, the family of weighted spaces Vé’g does not contain the ordinary Sobolev
spaces without weight. More precisely: W2 ¢ {Vé72}l 5 for £ > 1. We will prove
the imbedding results for bounded Q that satisfy Condition

Lemma 6.3. Let S € R andl € {0,1,2,...}. Then the following holds:
(a) V52(Q) € Wh(Q) if and only if B <0,
(b) Wh2(Q) € V5*(Q) if and only if B> 1,
(c) V*(2) € W'(Q) if and only if § <0,
(d) W2(Q) C Vi*(Q) if and only if B > 0.

Corollary 6.4. Forle {0,1,2,...} one has
Wh(Q) = Ve ().

Proof of Lemma[6.3 Let © be as in Condition and Q C Bj(0), where By (0)
is an open ball of radius M > 0. The statement in a) goes as follows: for (x,y) € Q
one has 0 < 7 < M and hence r2(8=!+lah) > pr2(8=t+lel) if and only if f—14|a| < 0.
Since 0 < |a| < I, we obtain § < 0. This enables us to have the estimate

1/2
lullyr2ga = ( 3 [ e aray)

|e|=0



26 T. GERASIMOV, G. SWEERS EJDE-2009/47

: 1/2
> ( Z LM2(B71+|Q‘)|DQU|2d$dy)

| ] =0
L 1/2
> min(l,Mﬁ_Z)( Z / |Dau|2dxdy)
la|=0"¢
= min(l, MB_Z)HUHWZ,Q(Q),
which is the result in (a).
To prove the statement in (b) we notice that r2(P=t+lel) < pr2(B=i+lal) if and

only if 8 —1+ |a| > 0. Due to 0 < |a| <, we obtain 8 > [ and then the estimate
holds

! 1/2
2y = ( 3 /Qrz<6—z+|a\>|Dau|2dxdy)

|a|=0

l
< ( $ /Q Mz(ﬁfl+|a\)|Dau|2dxdy)1/2

|a]=0

!
Smax(l,Mﬁfl)( Z / |Do‘u|2dxdy)1/2
Q

|a|=0
= max(1, M) Juflwiz()-
This is the result in (b).
To prove the statements in (c) and (d) we set § = Jw where the opening angle

w € (0,2m). We also use the fact that for our domain there exists ¢ > 0 such that
r > cp(x,y), where p denotes the distance from a point (x,y) on the lines

£:y=tan(f)z + T,
with 7 € R to the point (21,y1) € 09Q. In particular, it holds that
p* = (z — z1)%(1 + tan*(h)).

We may integrate along the lines £ and use the one-dimensional Hardy-inequality
to find that there exist C; € Rt with

||u||VOz,2(Q) < C~'lHu||Wz,z(Q) for all u € C°(Q). (6.2)

On the other hand, using the same trick as in proof of a) we find C; € R such
that

ClHuHWz,z(Q) < ||u||VOz,2(Q) for all u € C°(Q). (6.3)
Estimates (6.2)), (6.3) yield
WH(Q) = V().

Due to imbedding VéIQ(Q) c VI3 Q) c Vﬁlf(Q) when (1 < 0 < 33 one obtains the
result in (¢) and (d). O
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(%1,¥1)

FIGURE 10. Domain 2 with a concave corner w intersected by ¢

7. A FUNDAMENTAL SYSTEM OF SOLUTIONS

7.1. Derivation of system S). Let us find the fundamental set of solutions to
equation

L0, L NP =0, (7.1)
with £(6, je,)\) as in formula (4.3). For this £ it seems to be hard to derive a set

of functions solving (7.1)) explicitly. The following approach applies in this case.
For L = 88—; + 68—;1 we find L (7“/\“‘1(1)) = A 3L (9, d%, )\) ® and hence instead of
L (6,45, X) ® =0 we may consider the equation
L(rt'e) =o. (7.2)

Operator L admits the decomposition

2 2
_ o ot _
L‘W‘*‘W‘H( p@w)H(6y+Tp8z>

p=1

with 7 = g(l +i), o = g(l —1) and hence every function of the form F(z+7,y)
solves (7.2). Therefore, we have that

2
TM_I(I)(Q) = Z o fp(T + TpY) + prafpra(z — 7py),
p=1
and after translation {f,, fo42}2_; into polar coordinates we set

fp (rcos(8) + 7,7 sin(6)) := (r cos(#) + prsin(6))*
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Foi2 (rcos(0) — T,rsin()) := (rcos(d) — mprsin(0) M
So, the set of functions

©1(0) = (cos() + 71 sin(0)*,  pa(8) = (cos(0) + o sin(0) M (7.3)

03(0) = (cos(0) — mysin(0)*',  a(0) = (cos(0) — mosin(0)™',  (7.4)
is a set of solutions to (7.1). The Wronskian for {¢,,}2 _, reads as

50 58 o8 o

_ ¥ ¥ ¥ ¥

w (901(0)7 P2 (0)7 903(9)7 4)04(9)) = det (,0/11/((9) 90/22/(9) 8021(9) (pi/(e) ) (75)
o' (0) 5’ (0) @3'(0) ©i'(6)

and by straightforward computations one finds

W=16(A+1>*X2(1-1) (cos*(6) + Sin4(9)))\_2 ,

which is non-zero on 8 € (0,27 except for A € {£1,0}. Hence, except for these
values {¢y, }2 _; given in (7.3), (7.4)) is a fundamental system of solutions to (7.1)).

7.2. Derivation of systems S_1, Sy, S;. Here we find the fundamental systems
of solutions to equation £ (6, 2, A) ® = 0 when A € {+1,0}. We will go into details
in solving the corresponding equation for every A € {£1,0}.

7.2.1. Case A = —1. For A = —1 the equation reads as
1 (34 cos(46)) " — 3sin(40)®"" + (3 — 11 cos(40)) " + 12sin(46)®" = 0. (7.6)
First we set ®(0) = [ F(6)df and obtain the equation for F:
1 (34 cos(46)) F""" — 3sin(40)F" + (3 — 11 cos(40)) F' + 12sin(46)F = 0.
The first integral of the above equation reads as
1 (34 cos(46)) F" — 2sin(40)F' + 3(1 — cos(46))F = co.

We use the change of variables F(6) = (3 + cos(46)) " G(6) and get

G" 4+ 4G = 4cy.
Solution of the last equation reads as

G(0) = ¢ sin(20) + ¢ cos(26) + co.

and then

_ in(20) (20) 1
F(e) =G 3icos(40) +c2 3i0CZS(40) +c3 3+cos(40) -

As a result, ® that solves ([7.6)) will read as

(13(9) - Al + AQ / %da + A3/ 3—(4:—0050(92(?1)9) do + A4 / 3+cols(49) de’

and then the candidates that may form the fundamental system of solutions to ([7.6)
will be the following:

901(9) =1,

wa(0) = 74/ Sji:(ff(i)e) df = arctan (cos(26)),

w3(0) = 4\/5/ 3121(52&)9) df = arctanh (@ sin(29)) ,
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arctan (% tan(29)) + b, O € (%%ﬂ, 2247+17T) ,

20 0 =2n

¢a(0) = 4\[2/ 3+cols(49) db = {

with £ = 0,...,4. Formula for ¢4 is given on the interval 6 € (*%7‘(,271’ + i’/T) in
order to have the concise explicit form.

)

The Wronskian W of ¢y, ..., ¢4 is proportional to (cos*() + sin4(6‘))73 and is
non-zero on § € (0,27]. Hence, {¢y, }2 _, defined as above is a fundamental system

of solutions to (7.6]).

7.2.2. Case A=0. For A = 0 the equation ([7.1)) reads as:
1 (34 cos(46)) """ — 2sin(40)®"" + 1 (3 — T cos(46)) @
— 25in(46)®’ + 2 (1 — 5cos(46)) @ = 0,

and can be split as follows:

(% + 1) (i (3 + cos(46)) ((1%22 + 1)) ®=0.

(7.7)

So, ® solves

_ sin(0) cos(0)
o + o= A3+Cos(49) + B3—i—cos(49)7

and after integrating this equation we obtain

()

0o,
= A;sin(f) + Ay cos(6) + Az (% sin(6) arctan (cos(26)) + 4 cos(0) / %dy)
0

o 2
+ Ay (% cos(#) arctan (cos(26)) + 4 sin(6) /0 %dy).
The candidates that may form the fundamental system of solutions to (7.7)) will be
the following;:

p1(0) = sin(0),  2(0) = cos(0),

0
¢3(0) = 1 sin(0) arctan (cos(26)) + 4cos(0)/ ;%S(&L)dy,
0

6
¢4(0) = L cos(6) arctan (cos(26)) + 4sin(0)/ %d@/.
0

The Wronskian W of ¢1, .. ., ¢4 is proportional to (cos*(6) + sin*(6)) % and is non-
zero on 0 € (0,2n]. Hence, {p,}2 _, defined as above is a fundamental system of

solutions to (7.7).
7.2.3. Case A =1. For A\ =1 the equation reads as:
1 (34 cos(46)) @ — sin(46)®" + (3 + cos(46)) ®” — 4sin(46)®" = 0.  (7.8)
We set ®(0) = [ F(0)df and obtain the equation for F:
1 (34 cos(46)) F"”" — sin(40)F" + (3 + cos(46)) F' — 4sin(46)F = 0.
It holds that
(3 + cos(40)) F"" — 4sin(40)F" = —2¢(0),

(3 + cos(40)) F' — 4sin(46)F — %g(@).
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and we obtain, respectively,

F”(Q) _ _4fg 0)d6+Cy

_ (6)do+C:
3+cos(40) F(e) - Ly :

3+cos(40) -

Comparing the expressions for F”(0) and F(6) we deduce that F solves
Co

F'44F = ———
* 3 + cos(40)

The solution of (|7.9) reads as
F(0) = c1sin(20) + c2 cos(20) + ¢o (i cos(20) arctan (cos(20))
+ % sin(20)arctanh(§ sin(29))>,
which being integrated yields

D(0) = Ay + As cos(26) + Az sin(26)

0
+ Ay / (cos(Zy) arctan (cos(2y)) + ‘f sin(2y)arctanh (\2[ bm(2y)>) dy
0

(7.10)
The candidates that may form the fundamental system of solutions to (7.8)) will be
the following:

e1(0) =1, p2(f) =sin(20), 3(f) = cos(20),
0
w4(0) = /0 (cos(?y) arctan (cos(2y)) + \2[ sin(2y)arctanh (\[ sm(?y))) dy.

The Wronskian W of ¢1, ..., ¢4 is proportional to (cos*(6) + sin*(9)) ~! and is non-
zero on 0 € (0,27]. Hence, {®,,}2 _; defined as above is a fundamental system of

solutions to (|7.7).
7.3. The explicit formulas for P_y, Py, P;, For A € {£1,0} we obtain:

P (w)=-22 sm(Qw)/O 3_T_%S((?g)d@ + (1 — cos(2w)) (1 — 2 arctan (cos(2w))) ,

Py(w) = Tarctan (cos(2w)) — 2 arctan? (cos(2w))

© sin“(0) cos”(0)
+ 128/0 3+cos( 46 d9/ 3+cos(46)
Pi(w) = —sin(2w) (sin(2w) — p4(w)) + (1 — cos(2w)) (cos(2w) — L4} (w)) ,

where ¢4(0) is given by corresponding formula from the case A = 1.

8. ANALYTICAL TOOLS FOR THE NUMERICAL COMPUTATION
8.1. Implicit function and discretization. Consider a rectangle U = [a,b] x
[c,d]. Forn,m e Nt andi=0,...,n,j=0,...,m we set
r; =a+iAx, y; =c+ jAy,
where Az = M , Ay = d’c
Let F € C’l(U R) buch that F(z;,y;) >0foralli=0,...,nand j =0,...,m

The question to resolve is how fine should we take the dlscretization of U in order
to be sure that F' > 0 on U. The following result holds.
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Lemma 8.1. Supposemin,, , yev F(xi,y;) > 0. If

min(wuyj)EU F(xiayj)
supy |DF (z,y)| ’

max {Az, Ay} < V2 (8.1)

then F' is strictly positive on U.

Proof. For every (z,y) € U there is (z;,y;) with [z —2;| < 1Az and |y—y;| < $Ay.
By the mean value theorem there exists (£1,&2) € [(x,¥), (x;,y,)] such that
The following chain of estimates then holds
> min F(x;,y;) —sup |[DF(z,y)||(z — 25,y — y;)|
(wi,y;)€U U
. V2
> min  F(z;,y;) — — sup|DF(z,y)| max {Az, Ay}.
(zi,y;)EV 2 v

This last expression is positive if (8.1) holds. O

8.2. A version of the Morse theorem. Let V C R? be open and bounded,
F € C*(V,R). For the gradient of F' we use DF and D?F is the Hessian matrix.

Definition 8.2. A point a € V is said to be a critical point of F' if DF(a) = 0.
Moreover, the critical point @ € V is said to be non-degenerate if det D*F(a) # 0.

To study the level set I defined in subsection we need the Morse theorem.
The original version of the theorem reads as (see [21]):
Let V be a Banach space, O a convex neighborhood of the origin
in Vand f: O — R a C*¥*2 function (k > 1) having the origin
as a non-degenerate critical point, with f(0) = 0. Then there is a
neighborhood U of the origin and a C* diffeomorphism ¢ : U — O
with ¢(0) = 0 and D¢(0) = I, the identity map of V, such that for
zeU, f(¢(x)) = 5(D*f(0)z, ).
Below we give our formulation of the theorem. This formulation is more conve-
nient for our purposes. We will give a constructive proof that allows us to find an
explicit neighborhood of a critical point where the diffeomorphism exists.

Theorem 8.3. Let V. C R? be open and bounded, F € C>(V,R). Suppose a =
(a1,a2) € V is a non-degenerate critical point of F. There exists a neighborhood
W, C V of a and a C®-diffeomorphism h : W, — Uy, where Uy C R? is a
neighborhood of 0, such that F' in W, is representable as:

F(z) = F(a)+h(z) (3D*F(a)) h(z)T, (8.2)
where T stands for a transposition. Moreover, the neighborhood W, is fized by
W, C {x €V :detB(z) >0 and bii(z)+ 2+/det B(z) + baa(x) > O} .

where

B(z) = (gig; Z;zgg) — (AD?F(a)) " /01/01 SD2F (a +ts (¢ — a)) dt ds.
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Proof. Let a € V be such that DF(a) = 0 and det D?>F(a) # 0. First, for every
x € V we have

ds

Fla) = Fla) = Fla+ste=a) = [ £F(a+st@—a)ds

and due to %F (a+s(x—a))=DF (a+s(x—a))(z—a)T it will follow that

1
F(x) = F(a)Jr/ DF (a+ s(z — a))ds(z — a)T.
0
Analogously, we obtain
DF(x) = DF(a)+ /1 D?F (a + t(z — a)) dt(x — a)¥,

0

where by assumption DF(a) = 0. As a result, for every x € V, F is representable
in terms of D?F as:

F(x) = F(a)+(x — a)/o /0 sD*F (a+ts(x —a)) dtds(z — a)T,

or shortly
F(z) = Fla)+(z — a)K(x)(x — a)”. (8.3)
Here K(x) = fol fol sD?F (a +ts(z — a)) dtds is a symmetric matrix. With this
definition, K(a) = 1D?F(a) is symmetric and invertible (det D*F(a) # 0 by as-
sumption).
Let us bring some intermediate results.
(1) For every = € V, there exists matrix B such that

K(x) = K(a)B(x). (8.4)
Indeed, since K (a) is invertible, the matrix B(z) = K(a) 'K (z) is well-defined.

We write
bii(z) 512($)>
B = ’
(aj) (b21 (l‘) 522 (.Z’)

Since F € C*(V,R), so are b;;, 1,7 = 1,2. Note that B(a) = I.

(2) Since x — B(x) is C* in a neighborhood of @ and B(a) = I, B(z) is positive
definite in a neighborhood of a, and hence allows a square root. In particular, it
holds that

C(a) = VB@) = 5= f Vz(Iz - B(z) ' dz, (85)

where 7 is a Jordan curve in C which goes around the eigenvalues A1, Ao € C of
B(z) and does not intersect Re(z) < 0, Im(z) = 0.
One may check that C, defined as follows

511($)+\/(m bia(z)
Clr) = Vo11(@)+20/det B(e)+baa(x)  \/br1 () +2+/det B(@) +baa(x)
N ba1 () b22($)+\/m ’

Vbr(@)+2y/det B(z)+boa(x)  1/br1(@)+2¢/det B(a)+baa(x)

is indeed such that
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With this definition, C'(a) = I and C(a)? = I = B(a) as required. Also, matrix C
is well defined when

det B(z) >0, by (x) + 2v/det B(z) + baa(z) > 0. (8.7)
(3) For those z one finds
K(a)B(z) = K(z) = K(2)K(a) ' K(a)
— K(2)" (K(a)™)" K(a)
— (K(a)"'K(z))" K(a) = BT (2) K (a).
Due to this equality, we deduce the following
(Iz = B(x)) K(a) ™" = K(a)™* (Iz — B(x))",

and hence

—1 —1\—1 —1 T -1
K(a) (Iz = B@) ™" = ((Iz = B@)) K(a) )" = (K(&)" (12 = B))")

= (== B@)") T K(a) = (= - B(x))_l)T K(a).
Applying the integration to the last identity we find
K(a)O(x) = C(z)" K(a). (8.8)
Combining , and we have
K(x) = K(a)B(z) = K(a)C(2)? = C(2)T K(a)C(x),

and therefore for those x results in

F(x) = F(a) + F(a)+h(x)K (a)h(x)T, (8.9)
where K (a) = £D?F(a) and

h(z)" = C(z)(z —a)T.

Note that by (8.7)) the representation for F' in holds on a set W, C V which
is star-shaped with respect to a and such that

W, C {z €V :det B(z) > 0 and by (z) + 2/det B(z) + boa(z) > 0}.  (8.10)
O

Remark 8.4. For each pair (F,a) one can obtain an explicit estimate for W, in
(8.10). We will do this in the next subsection for the pair we are interested in.

8.3. The Morse Theorem applied. Let P be the function given by formula

(4.10) and which is defined on
V= {(w,A): [{557, Taom] x [2.900,5.100]} .

Let us recall it here:
Plw,A) = (1 — § sin(2w))>\ + (1 + sin(2w)))\
A {2 cos ()\ (arctan (§ tan(2w)> + 7'l'>> (8.11)

— 4cos (Aarctan (tan®*(w))) ]

IS

N

+ (3 + 4 cos®(2w))
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The point a = (3, 4) is such that P(a) = 0 and DP(a) = 0. Theorem [8.3| gives us
the tool to study P in the vicinity of a. In particular, the following holds.

Proposition 8.5. Let a be as above. There is a closed ball Wgr(a) CV of a radius
R centered at a such that on Wg(a) we have:

P(w,\) = —Lhy(w, A) (16\/§h1(w,)\) n whg(w,)\)) : (8.12)
Here hy,hy € C®° (Wg(a),R) are given by:
h1 w )\ (w — *71') Cll w )\) ()\ - 4) Clg(w, )\), (813)
ho(w, A) = (w— 37) ca1(w, A) + (A — 4) coa(w, A), (8.14)
with ¢;; € C* (Wg(a),R), i,j = 1,2 are the entries of matriz C:
by +Vdet B bio
_fc1 a2 _ | Vout+2v/det B+b Vb11+2vdet B+b
C(W’A) o <621 022) (w’ )\) o by ” bao+V/det B > (W’A%
V/b11+2v/det B+bas  \/b11+2v/det Btbos (5.15)
8.15
while b;; € C(V,R), i,j = 1,2 are as follows
Blon = (1 12) @)
ba1 b2
(8.16)
= / / sD?P (a +ts ((w,\) — a)) dt ds.
Note that B(a) = I and C(a) = I. The ball Wg(a) is fized by
Wr(a) = {(w,N) €V : | (w—imA—4)| < R}, (8.17)
with R = ,ﬁﬁ — iw + mﬂ\/ﬂ'Q + 4—30\@77 + 159ﬁ ~ 0.078... (In w-direction
we have that R~ 4.5...°).
8.3.1. Computational results I. 1t is straightforward for a = (3m,4) that
gi]; (a) =0, aajg,\(a) = —8v/2r, 227123(“) = - (8.18)
and hence
det D*P(a) = —12872. (8.19)

To simplify the notation, we use z instead of (w, A\) when (w, \) stands for a argu-
ment. Now let us bring two alternatives representations for the entries of matrix B
given by (8.16]), which we will use later on.

Representation I. We will need the explicit formula for the coefficients b;;, ¢,7 = 1, 2.
Let us find them in a straightforward way from (8.16)). We write down the integral

term fol fol sD?P (a+ts(z —a))dtds in as follows
11
sD?P (a+ts(x —a))dtds = r(z) 72(2) , (8.20)
o Jo ra(z)

o= |, [,

x):/o /o s%(a—l—ts(x—a))dtds, (8.22)

where r;, j = 1,2,3 read as:

))dtds, (8.21)
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1
= / / sgz)\f (a+ts(x — a))dtds. (8.23)
0o Jo

Then the entries b;;, 4,7 = 1,2 of matrix B in terms of r;, j = 1,2,3 and due to

(18.18), (8.19) will read:

bt (2) = aerpbrr (55 (@i () — 25 (a)ra(@)) = dri(2) - Lra(), (824)
bi2(7) = g phpy (S5 (@r2(e) — fax(@)rs(2)) = ra(e) — Lra(a), (3.25)
b21(2) = g phrgey (55 (@Ora(@) = gax(@n(@)) = —En@),  (8.26)
bs(2) = qerir (58 (@rs(@) — £ (@ra@) = —Ln@.  (8.27)

Representation II. On the other hand, let us obtain for r;, j = 1,2, 3 the following
representations:

ri(@) = 355 @) + a0, ) = 55550 + @), @) = 3555 @) + @),
where
83
/ / / (55 +tso (o — ) s (0t tsol@—a))) o
(z —a) Tdadt ds,
/ / / tS sza)\ a + tSO'( ))7 Bwa)\z ((l + tSO'(x - a))> (829)
(z —a) Tdodt ds,
/ / / ts? (325 (a + tso(w — a), 338 (a + tso(z — a) ) (8.30)
X (x — a) dodtds.
This will yield another representation formulas for b;, 7,j = 1,2 of matrix B,
namely,
2 2
bu(@) = 1+ grpbr (55 (@a @) - 25 (@ae) =1+ Ha@ - La)
(8.31)
2 2
b12(2) = qerre ey (?,T’;(a)qz(x) - %(cﬂ%(@) = fi0(@) — Las(x), (8.32)
2 2
bar(@) = e (55 (@06 - 2 @a@) = ~La@. (639
baa(z) =1+ #’ﬂvm) (ngf(a)qg(x) - %(a)qg(m)) =1- £q2< ). (834)

This representation, together with the estimates from above for |¢;|, j = 1,2,3 on
V given below, will be useful in the proof of Proposition

Estimates for |g;|, j = 1,2,3 on V. Let ¢;, j = 1,2,3 be given by (8.28) — (8.30).
We will need the estimates for |g;|, 7 = 1,2,3 on V. Let us also use the notations

aSP BSP . . . . . .
BT BN for the corresponding differentiations in each ¢;, j = 1,2,3. For
3 3 3
example for ¢ it will be 8(3,5% = gwlg and (a Sﬁj = 82215» etc. For every g;,
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7 =1,2,3 we then in general have:

g, (x |—|///ts s (at ts0(z — ), 528 (a + tso(w - a)))

(x —a) Tdadt d5|

3 3
/ / / ts? sup| 8(375% (z), 8(3,)1\3)f’j (x)) |dodt ds|x — al

d
= 5w | (53 (@), 5 @)l —al < Myl —al.

(8.35)
where M is an upper bound for function 6| ( o 5 (z), 6(33£Bj (x)> | on V. In
particular, one shows by explicit and tedious computations that for M; = 180,

My = 75, M3 = 30, the estimate for the corresponding |¢;|, j = 1,2,3 holds
true. We depict the results in Table

|q1(x)| < 180[z —al | |ga(x)| < 75|z —a] | |gs(x)| < 30|z —a

TABLE 3. Estimates from above for |¢;|, j = 1,2,3 on V

Now we proceed with a proof of Proposition
8.3.2. Checking the range for Morse.

Proof of Proposition[8.5. Representation is a consequence of Theorem
It is straightforward for a = (37,4) that P(a) = 0. We also find that DP(a) = 0,
meaning « is a critical point of P. Due to ( we conclude that a is a non-
degenerate critical point of P.

By Theorem in a vicinity W, C V of a which is defined in , we obtain

P(z) = (i (x), ha(x)) - $D*P(a) - (1 (x), ha(x))"
= —1hy(2) (16\/§h1(x) n ﬂhQ(x)) :

where hy, hg € C® (W,,R). Their explicit formulas read as , (18.14).

We show that W, in our case can be taken as a closed ball Wg(a) centered at a
of radius R and the numerical approximation for its range is given by . We
will do this in two steps.

(1) Let us solve the inequality det B(z) > 0 on V. Due to - we will
get

(8.36)

det B(IIZ) = bll(x)bQQ(x) — blg(’x)bgl(l’)

=1 L) + La1(2) — 5201 (2)a3(2) + 5263 (2)

>1- Lle@)] - glo @) - gl @les@)] > .
we use estimates for |g1(z)|, |g2(x)| and |g3(z)| from Table [3] to get

21— T2y g — 1805 q| — 3400

The above expression is positive for all z € V such that |z — a| < Ry, with

R, = _ﬁﬂQ - iﬂ'"‘ ﬁﬂ\/’TTQ"F %\/iﬂ'-’- %

|z — al?.
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The numerical approximation is R; ~ 0.078... . Hence, the first estimate for a
range of W, is |z — a| < R1
(2) Let us solve by1(x) + 24/det B(x) + baa(z) > 0 on V. We have

bll +2\/detB +b22 > bll( ) +b22($) =
due to formulas (8.31), (8.34)) we obtain
2= La) + o) 22 - Llo@) - Flo@] > ..
we use the estimates for |g1(z)| and |g2(x)| from Table [3|to get

-22—7%‘7{5\x—a|—180|x al.

The above expression is strictly positive for all x € V' such that

. _ 321
|z —a| < Ry with Ry = oovarasn)’

and this is the second estimate for W,,.
Comparing the approximations to R; ~ 0.078... and Ry ~ 0.178... we set
R:= Ry and W, := Wgr(a) ={z € V : |z — a| < R}. Result (8.17)) follows. O

Remark 8.6. Let the rectangle U C Wg(a) containing the point a = (%71‘,4) be
defined as follows:

U:={(w,\): [3m— 1357, 7 + 7557 X [4 —0.060,4 + 0.060] }. (8.37)
Proposition [8.5] holds true for the given U.

8.4. On the insecting curves from Morse. Here we consider hy(w,\) = 0 and
16v/2hy (w, \) +Tha(w, \) = 0 in U with h;, i = 1,2 as in Proposition - Consider
in U given by ([8.37 - ) the two implicit functions:

ha(w, \) =0, (8.38)

16v/2h1 (w, \) + Tha(w, ) = 0. (8.39)
At (w, ) = a it holds that hy(a) = ha(a) = 0; that is,
h2(a) = 0,

16v/2hy (a) + mha(a) = 0.

Below, by means of Lemma and some numerical computations, we will show
that the following holds on U:

92 (w, \) > 0,

16\[%1 (w, \) +7r‘9h2 (w,A) >0,

and hence we can apply the Implicit Function Theorem proving that every function
(8.38]) and (8.39) allows its local parametrization w +— A(w) in U. This fact is used
in Lemma Now some preparatory technical steps are required.
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8.4.1. Computational results II. Upper bounds for |rj|, j = 1,2,3 on U. Let rj,
j = 1,2,3 be given by - - We will find the upper bounds for |r;|,
,3 on U. Setting again W for the corresponding differentiations in

2,3, we in general deduce that
1,1
2
@l =1 [ [ s (attae —aaas

11
§/ / ssup\%(m)\dtds
o Jo =zeU

1 2*p
2 8up 5y ()] < Q5

7 =12
each rj, j =1,

where Q;, j = 1,2,3 is an upper bound for the function % \W( x)| on U.
2 2 2?
In an analogous way we find the upper bounds for | 52|, |5 | and |5-55|. 12 57
7=1,2,3 on U, we will need later on. Explicit bounds are glven in Table [d] Note

that we skip the derivatives 88:5 since there will be no need for them.

TJ|
i

r(2)] <5 | |22 (2)] < 43, |2 (2)| < 25 | | Lo (2)] < 175, |25 (2)] < 65
ra(@)] < 19 | |22 (2)] < 25, |22(x)] <6 | | Lz (2)| < 65, |Za2(x)] < 33
Ir3(@)] < 6 | |22 (z)] < 6, |2 (x)] < 4 Dy (2)] < 33, |25 (x)] < 16

TABLE 4. Estimates from above for the absolute value of r;, j =
2,3 and some higher order derivatives on U

Upper bounds for|q;|, j =1,2,3 onU. Let ¢;, j = 1,2, 3 by given by - .
Earlier we found the estimates for |g;|, j = 1,2,3 on V of the type |¢;| < M|z —al,
j = 1,2,3 (see Table [3). Here, we will obtain the constants which are the upper
bounds for |¢;|,  =1,2,3 on U.

o°p P for the corresponding differentiations in each ¢;, j =

Settlng a(w N ,W

1,2, 3, analogously to (8.35]), we have that

mwa///w

(z — a)Tdodt d5|

2°p

ro—ser (@ + tso(x — a))

gﬁwm(cm)<mwg;%w0h%Mx—wsm@qyu—am
8.40
where M; is an upper bound for the function | (8(33)\) (z), 8(3?55]. (z)) | f)n U).
In particular, it holds that
m[z}x|x—a| = |z — aHaU
-1+ - D] rmhe 2 s o0m (8.41)
=/ (55m)% + 0.0602,
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and
My, =44, My =27, M;=11.
The explicit upper bounds are given in Table

g1 (z)| < 3.1 |g2(x)] < 1.9 | |gs(x)| < 0.8
TABLE 5. Estimates from above for |¢;|, 7 =1,2,3 on U

Lower bounds for F(x) = det B(z) and G(x) = byi(x) + 2+/det B(z) + baa(x) on
U. Let us set
F(z) = det B(z),

G(I) = bll(ﬂj) + 2\/ det B(.’,E) + bgg(l‘)
bij, i,j = 1,2 are given in 7 and find the lower bounds for F' and G
on U. By construction of the ball Wgr(a) D U from Proposition we know that
F >0and G > 0 on Wg(a). More precisely, for every z € Wgr(a) (and hence for
every © € U) it holds that

F(z) 2 1= Lax(2)] — gila(@)] — gz |01 (2)g3()],
G(a) 2 2 = Llga()] - Flar (@)
Due to results of Table [5| we finally obtain that on U,
F(x) >0.730--- > 0.7,
G(x)>1.738--- > 1.7.
Upper bounds for |b;;|, i,j = 1,2 on U. Let b;j, 1,5 = 1,2 be given by -
, namely,

(8.42)

(8.43)

by (z) = ggri(z) — ¥2ra(x),
bia(z) = gyra(x) — f 3(2),
bor(z) = —L2r1(z), baa(z) = —Lry(2),

with r;, 7 =1,2,3 as in (8.21)—(8.23)).

Using the results of Table [4] we will find the following upper bounds for the
absolute values of b;;, ¢, j = 1,2 and some higher order derivatives on U (see Table

).

by ()] < 1.2 | |2 (2)] < 2.1, \Bb (2)] < 0.8 | |2hs(z)| < 6.4, |20 (2)] < 2.9
lbra(2)] < 0.7 | [222(x)| < 0.8, |22 (2)| < 0.4 | |2z (2)] < 2.9, | 202 (2)| < 1.5
|bo1 (z)] < 0.3 | |22 (z)| < 2.5, \3”21 (@) < 1.5 | |2k (2)| < 9.9, |21 ()| < 3.7
|baa ()] < 1.1 |6b22( )| <15, |22 (2)] <04 | 282 () < 3.7, |20 ()] < 1.9

TABLE 6. Estimates from above for the absolute value of b;;, %, j =
1,2 and some higher order derivatives on U

Upper bounds for F(x) = det B(x) and G(x) = b11(z) + 2+/det B(z) + baa(z) on
U. Recall that F' and G are given by (8.42)). They are positive functions on U
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with lower bounds as in (8.43)). Here we find their upper bounds together with the
upper bounds for some higher order derivatives.
2
| | oO°F

In particular, in order to obtain the estimates for F, |9E |, |2£| and |2 9D )\| Fov
on U, we use the results of Table[6] The estimates found are prebented in the first
row of Table [7

To find the estimates for | =1} | | and |8w3>\| |2 aAz ¢ | we use

e the lower bound for Fon U, namely, F(z) > 0.7,
e the results of Table [6] and
e the results from the first row of Table [1

E.g., for |g—g| we will have that on U

oG _ | 9byy ?Ti(l) dbas
|5 (@) = |5 (2) + + F2 ()|

VF(z)

0Obyy SuPU'dw )| Obaa
<bup| s @)+ e T up| 22 ()|
<21+\/—+1.5~10.891~“<11.

The other estimates on U for the derivatives of GG listed above are obtained in an
analogous way and presented in Table [7]

or

F(z) < 1.53 ‘g%(x” < 6.10, Bwa)\( T)| < 23.52,
155 ()] <253 | |2E (2)] < 10.35

_ I§§< o) <11, | |8 (@)] < 514,
93 (0)] <43 0A2()\<227

TABLE 7. Estimates from above for F and G on U

Upper bounds for |c;|, 4,7 = 1,2 on U. Let ¢;;, 4,5 = 1,2 be given by given by
(8.15). It is convenient for further computations to set

cij(w) = S
where F' and G are as in (8.42) and

A {1 if (3,5) = {(1,1), (2.2)},
0 if (4,5) ={(1,2), (2,1)}.

8%¢i; 8%ci; ..
To obtain the estimates for | %% and ‘awcai , ﬁ ,i,7=1,2 on U we use

e the lower bound for F' and G on U, defined by formula (8.43),
o the results of Table [l and
e the results of Table [T

C77

dcij 8c,J

)

on U is found in the following way:

aby
() (@) ; K@)
=[-2 \/W \/GT:\\/W QG%/>2(J:) ( x) + AVE ) |

|Supu |W(m)\ 1 supy Iﬁ(m)\

E.g., the estimate for |

Ocu

+ A
infy \/G(x) 2 infu(,/c(w),/F(m))
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sup | ( )|
+ VR (s )]+ Asup V) ) |

The other estimates on U for the derivatives of ¢;;, ¢,j = 1,2 listed are obtained in
an analogous way and listed in Table [8| below.

9%c1y

21 (2) < 4.2 | 2503 (7) <3£5)9.4
<

5era | B (z)]

ot (@) < 24| [oak(@)] < 187

TR <1 | |%8@) <81
9% ca1

%3 (2)] <15 lgazucaxgzi: <82f.1
e (@)] < 8.

12222 ()| < 9.8 | |22 (x)| < 944

8822 3.8 | [9%ca

8 (@)l <38 | |55 (@)] < 38.7

TABLE 8. Estlmates from above for the absolute value of some
higher order derivatives of ¢;;, ,7 =1,2 on U

Upper bounds for |h;|, i = 1,2 on U. Let h;, i = 1,2 be given by formulas (8.13]),
(8.14)). First we compute the following derivatives of h;, i = 1,2 we will need below:

9 () = cra(2) + (%5t (2), B2 (@) (w —a)" (8.45)

P (@) = %2 (2) + %54t (2) + (S (), 5% (@) (x—a)T, (8.46)
Phy (x) = 2242 (z) 4 ( Pep (), Lepe (x)) (z—a)T, (8.47)

92 (3) = o (@) + (%2 (2), 282 () (2 — a) ", (8.48)

2l (2) = %2(2) + 23 (0) + (354 (2), 552 (2)) (2 — @), (8.49)
Th (@) = 2% (2) + (%8 (2). 58 (@) (@ - ), (8.50)

where ¢;;, 4,5 = 1,2 are as in 1-) and a = (17r 4)
Using the results of Table a we find the estimates for |[‘)w8A| |2 a,\2 ‘], i =1,2 on
U. E.g., for |gzgi\ it holds that on U:

2 c1 c 2c 2cq T
Pl (@) = 1282 (2) + %1 (2) + (394 (@), 53 (@) (@ - )" |

< St&plagf( )| +Sup\ac“( |

)
9%c11 8 C12
+ Sllljp | (&08)\ (r), 523 (1‘)) \ max |z —al <...
for maxy |x — a| see formula (8.41) and then

L <24+ 4.2 +/99.4% 11872/ (&7)” +0.0602 ~ 13.621 - - < 13.7.

Analogously, the other estimates on U are obtained (see Table E[)
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2 2
Dhi(2)) <13.7 | |2ha(x)| < 18
2 2
1%k ()| < 4.5 | |5 (2)| < 104
TABLE 9. Estimates from above for the absolute value of some
higher order derivatives of h;, i = 1,2 on U

8.4.2. Strict positivity of the functions % Ohg 2 (w, A) and 16\f8h1 (w,\) + aahf (w,A)
on U. Let us fix the notations which are common for two 1emmas.

Notation 8.7. Let U be as in (8.37)), namely,

U:={(w,A): [$m, 2] x [3.940,4.060] } .

By {(wi,Aj)}i=o0,....n we mean a discretization of U which is defined as follows
j=

.,

w; = S8 +iAw, Aj =394+ jAN,
with
4
Aw= 1807 A) =012

Then we deduce the following two results.

Lemma 8.8. It holds that
Ohoy
oA

Proof. Fix n = m = 2 and consider the discretization {(w;, A\j)};; of U given by
Notation By straightforward computations it holds that

—(w,A) >0 onU. (8.51)

912 (wy, Aj) > 0, (8.52)
forallt=0,...,2, j=0,...,2 and, moreover,
(wir,r/\lir)leU G (wiy Aj) = 8)\ 2 (wp, Ao) = 0.952... . (8.53)

Next to this, we compute

4
a1 = max {Aw, A\} = max {%Oﬂ 0121 — 0.2 — ().060,

' m

and, by taking into account the results of Table |§| and , we also find
V3 min,, x;)ev %(wzy Aj)
supy | (285 (w, 0), G (@, 1)) |

Since a; < ag, by Lemma [8.1] - we conclude that the constructed discretization
{(wi, A )}z 0.2 of U to be appropriate in the sense that condition (8.52)) yields a

~0.065....

ag =

strict p081t1v1ty of 92 (w, A) on U. O

Lemma 8.9. Let U be as in . It holds that

Ohy 8 2
16\@5(%)\) o\ —(w,\) >0 onU. (8.54)
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Proof. Fix n =7, m = 12 and consider the discretization {(w;, A;)}, ; of U given
by Notation By straightforward computations it holds that

16V228 (wi, Aj) + 722 (wy, Aj) > 0, (8.55)
foralli=0,...,7,j=0,... 12 and, moreover,
min 16\[‘9}“ Wit Ni) 4 T2 (W, N
(wiA))EU ( (i, 4g) 753 ( j)) (8.56)

B 16f6h1 (wo, Xo) + ﬂ%(wo’ Ao) = 2.936....

Next to this, we compute

by = max {Aw, AA}_maX{wO” 0121 — 012 — (10,

’om
and, by taking into account the results of Table |§| and (8.56] , we also find
by — /3 min,, x,)ev (16\[8}“ (wiy Aj) +7r%(wi,)\j))
5 =
supy | (16V2Z5% (w, ) + w585 (w, 1), 16v2 50 (w0, \) + 7502 (w0, 1)) |
~ 0.011....

Since by < by, by Lemma we conclude that the constructed discretization
{(wi, Aj)}i,; of U to be approprlate in the sense that condition (8.55) yields a strict

positivity of 16\[8’“ (w,A) + ‘9h2 2 (w,A) on U. O
8.5. On P(w,\) =0 in V away from a = (37,4). Recall here function P defined
on V= {(w,\) : [{&%, fso7] x [2.900,5.100] }:

P(w,\) = (1 — g sin(2w))A + (1 + % Sin(2w))/\
+ (5 + 3 cos (Zw)) {2 cos ()\ (arctan (? tan(2w)> + 7r>> (8.57)
— 4cos (Aarctan (tan’(w))) ]

8.5.1. Set of Claims I. In a set of claims below we describe some properties of the

first derivatives 92 and 2 on V away from the point a = (3m,4) which are used

in Lemma 111

Claim 8.10. Let Hy C V be Hy = {(w, ) : [, 257 x [4.030,4.970]}. It holds
that g—f(w,/\) < 0on H;.

Proof. First we find the following estimates:

02P
|(9 S (w, \)] < 162, 81;}

Then we fix n = 14, m = 120 and consider the discretization {(w;, A;)}; ; of Hy
such that

(w,\)| <45 on Hj. (8.58)

w; = S +iAw, Aj =4.030 + jAN,
with
6
Aw = 1800 A\ = 094
By straightforward computations it holds that
—98(w;, Aj) > 0, (8.59)



44 T. GERASIMOV, G. SWEERS EJDE-2009/47

forallt=0,...,14, 7 =0,...,120 and, moreover,

i op P
5w Wis Aj)) = =55 ,Ao) =~ 1.022.... 8.60
(wifiljl)%Hl ( Ow (U) ])) Ow (aJ9 O) ( )

Next to this, we compute
6
¢1 = max {Aw, A)\} = maX{ 1807 0.94% — 6.9 ~ (.00783.
and, by taking into account | and -, we also find

\/i min(wi,,\j)ng (72—5((4)1‘, )‘j))
2p
b | (225 ), 228 (V)|

Since ¢; < c¢g, by Lemma we conclude that the constructed discretization

{(wi; Aj)} i=0,...,14 of Hq to be appropriate in the sense that condition (8.59) yields
§=0,...,120

a strict p081t1V1ty of —9F(w,\) on Hy, or, in other words, 4&(w,\) <0 on Hy. O

~ 0.00860... .

Cy =

Claim 8.11. Let Hy C V be Hy = {(w, A) : [$557, 1957 * [4.750,5.100] }. It holds
that g—f(w,)\) >0 on Hs.
Proof. First we find the following estimates:

awa)\ D (w,\)] < 48, ?;Tf(w,)\ﬂ <25 on Hs. (8.61)
Then we fix n = 40, m = 55 and consider the discretization {(w;, A;)}, ., @ =
0,...,40, 7 =0,...,55 of Hy such that

w; = 1807? +iAw, A =4.750 4+ jAN,

4,37

with
14
_ 180”™ _ 035
Aw = 18—, AN = p

By straightforward computations it holds that

92 (wi, Aj) > 0, (8.62)

forallt=0,...,40, 7 =0,...,55 and, moreover,
(%glji)%Hz 92 (Wi Aj) = 2L (wp, o) & 0.245... . (8.63)
Next to this, we compute
1 = max {Aw, AN} = max{@, O;Rﬁ = % ~ 0.00636... ,

and, by taking into account (8.61)) and (8.63[), we also find

3 min(, ,)eH, %(wm Aj)

Ca= Ve 2°p o°p

supy, | (505 (W: A), Gar (w, M) |

Since ¢; < ¢z, by Lemma [BI] we conclude that the constructed discretization

{(wi, A )}2 0 .40 of Hs to be appropriate in the sense that condition (8.62)) yields
55

.....

~ 0.00641... .

a strict p051t1V1ty of ﬁ(w, A) on Ho. U

Claim 8.12. Let H3 C V be H3 = {(w,)\) : Hggﬂ', % } X [4.000,4.850]}. It holds
that g—f(w,)\) >0 on Hs.
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Proof. First we find the following estimates:
0P 9*P
|(9 5 (W, A)| <166, |7 55x(w,A)| <37 on Hs. (8.64)
Then we fix n = 10, m = 60 and consider the discretization {(w;, A;)}, ; of Hz such
that
wi =107 +iAw, A; =4.000 + jAN,

180
with .
Aw= 1807 A) =085
By straightforward computations it holds that
92 (Wi, Aj) > 0, (8.65)
forallt=0,...,10, 7 =0,...,60 and, moreover,
. P _opP ~
(wigljl)%Hg %(wi, )\J) = 67((4)0, )\11) ~ 1.885.... (866)

Next to this, we compute

¢1 = max {Aw, A/\} max{ Feoid 0821 — 085 ~0.0142.
and, by taking into account | and -, we also find

\f min(w“A YEH3 g—f(wi,)\j)
o°pP o°pP
supy, | (357 (@, A, gops (0, V)]
Since ¢; < ¢y, by Lemma we conclude that the constructed discretization

{(wiy Aj )}, 0,...,10 of Hs to be appropriate in the sense that condition (8.65)) yields
§=0,...60

a strict positivity of g—i(w, A) on Hs. O

~0.0157....

Coy =

Claim 8.13. Let Hy C V be Hy = {(w, A) : [ 257, 1227 x [3.950,4.100]}. It holds
that g—lj(w,)\) < 0 on Hy.

Proof. First we find the following estimates:

LP (w0, 0] <38, [Z2E(w,\)| <11 on Hy. (8.67)

Then we fix n = 50, m = 36 and consider the discretization {(w;,A;)}; ;, @ =
0,...,50, 5 =0,...,36 of Hy such that

w; = 1807r +iAw, Aj =3.950 + jAN,
with
Aw = 1807 A) = 215

n )

By straightforward computations it holds that

— 28 (w;, Aj) >0, (8.68)
foralli=0,...,50, 7 =0,...,36 and, moreover,
min (=% (w;, A;)) = =25 (wo, Ao) ~ 0.118...... . (8.69)

(wi,A\j)EH,

Next to this, we compute

Lo
1 = max {Aw, AN} = max {180— 0154 — 025 — 0.00416.. . ,

' m
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and, by taking into account (8.67) and (8.69)), we also find

. oP
g = /2w e (Cox @A) o iaas

o°P 2P
SuPm, ’(awax (@, A), Gz (@, )]
Since ¢1 < ¢z, by Lemma [B1] we conclude that the constructed discretization
{(wi, A )}2 0 50 of H, to be appropriate in the sense that condition (8.68)) yields

eeey 3

a strict p051t1V1ty of —Z28(w, \) on Hy, or, in other words 22 (w,\) <0 on Hy. O

Claim 8.14. Let Hs C V be Hs = {(w,\) : [$557, 1057 x [3.030,3.970]}. It holds
that 2 (w,\) > 0 on Hs.
Proof. First we find the following estimates:

0?P

|a 5 (w, A)[ < 105, awm(w A)| <37 on Hs. (8.70)

Then we fix n = 11, m = 94 and consider the discretization {(w;,A;)},; ;, @ =
0,...,11, 5 =0,...,94 of H5 such that

w; = 1807? +iAw, Aj =3.030 + jAN,

with .
Aw = @W, AN = 294
By straightforward computations it holds that
92 (Wi, A\j) > 0, (8.71)
forall¢=0,...,11, 7 =0,...,94 and, moreover,
: P _ aP ~
(wigljl)%Hs G5 (Wi, Aj) = 5 (wo, Ao) = 0.807 ... . (8.72)
Next to this, we compute
c1 = max {Aw, A)\} max { 1807r, 0941 — 094 ~ 0.0100,

and, by taking into account | and -, we also find

\/> min(Wu)\ )EHS g%(wiv)‘j)
%P
SuP g |(6w2 (@, 2), 2 EFEN 5w, /\))’

Since ¢; < c¢g, by Lemma we conclude that the constructed discretization

{(wi, Aj)}i=o,...,11 of Hs to be appropriate in the sense that condition (8.71]) yields
§=0...,94

a strict positivity of ap —(w, ) on Hs. O

co = ~ (0.0102....

Claim 8.15. Let Hg C V be Hg = {(w,\) : [1a57, 7| x [2.900, 3.230]}.
It holds that 2E(w,\) < 0 on He.

Proof. First we find the following estimates:

w, )| <33, |ZE(w,\)| <21 on Hg. (8.73)

(?wBA ( N2

Then we fix n = 33, m = 41 and consider the discretization {(w;,A;)},; ;, @ =
0,...,33,7=0,...,41 of Hg such that

w; = 1807 +iAw, A; =2.900+ jAN,
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with s
Aw= 1800 A) =033
By straightforward computations it holds that
— 9B (w;, \j) >0, (8.74)
foralli=0,...,33,7=0,...,41 and, moreover,
: oP
-2 (Wi, Aj)) = ,A\q1) = 0.227.. 8.75
o i (=95 (Wi Aj)) = =55 (ws3, Aa) (8.75)

Next to this, we compute

ﬁw
1 = max {Aw, AX} = max {180— 0331 — 033 — 000805 .. ,

m

and, by taking into account (8.73|) and (8.75)), we also find

V2 min(wi»AJ)EHG (7?971):\)((“)“ )‘j))
2 o’pP o°P

SUPH, ’(awax (W, A), Gz (w, )‘))‘
Since ¢; < ¢z, by Lemma we conclude that the constructed discretization

{(wi, Aj) }i=o,...,33 of Hg to be appropriate in the sense that condition (8.74) yields
]—0 .41
a strict positivity of —m(w A) on Hg, or, in other words 3—P(w A) <0Oon Hs. O

C2 = ~ 0.00820... .

Claim 8.16. Let H; C V be Hy = {(w, ) : [{&7, 27| x [3.150,4.000] }. It holds
that g—i(w,)\) < 0 on Hy.
Proof. First we find the following estimates:

82

|a 2(w N <115, |22 (w, )| <21 on Hr. (8.76)
Then we fix n = 5, m = 30 and consider the discretization {(w;, A;)}, 5 8=0,....5

7 =20,...,30 of H7 such that

w; = 178207r +iAw, Aj =3.150 + jAN,
with g
Aw= 180" A) =085
By straightforward computations it holds that
— 98 (w;, \j) > 0, (8.77)
foralli=0,...,5, j=0,...,30 and, moreover,
: aP _ _oP ~
(Wi’I)I\ljl)IéH7 (—%(w% )\J)) = —%(u}& /\27) ~ 2.663... . (878)

Next to this, we compute

c1 = max {Aw, AN} = max{—L 0851 — 085 ~0.0283.
and, by taking into account (8.76) and -, we also ﬁnd

/3 ming,, x)e, (—?Tf(wi, Ai))
SUPH, |(8w2 (@, A), & 80.)8)\ o (@, )‘))|

Since ¢; < ¢g, by Lemma we conclude that the constructed discretization

{(wi, Aj)} i=0,...,5 of Hy to be appropriate in the sense that condition (8.77) yields
J=0,...,
a strict positivity of f—(w \) on Hy, or, in other words, 2 92 (w,\) <0on Hy. O

~0.0322....

Cy =
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Claim 8.17. Let H3 C V be Hg = {(w A): [1807r, %ﬂ [3.900,4.050]}. It holds
that g—f(w,/\) >0 on Hg.

Proof. First we find the following estimates:

DL (0,N)] <36, |ZE(w,A\)| <10 on Hg. (8.79)

Then we fix n = 40, m = 30 and consider the discretization {(w;, A;)}ij, @ =
0,...,40, 7 =0,...,30 of Hg such that

w; = 1807r +iAw, Aj =3.900 + jAN,

with
1

Aw= 1807 " A) = 015

m

By straightforward computations it holds that

92 (wi, Aj) > 0, (8.80)
forallt=0,...,40, 7 =0,...,30 and, moreover,
min 22 (w;, \j) = 2L (wa0, A30) ~ 0.134. (8.81)

(wi,)\j)GHg
Next to this, we compute
11
c1 = max {Aw, AN} = max{ 18,5’ 0153 = 845 = 0.00500,
and, by taking into account (8.79)) and , we also ﬁnd

. P
ming,, o Z—,)\-
V2 (i Apetis ox (i Ay) ~ 0.00508 .. . .
SUp g1 SuP’(awa,\ (@, ), % axz 5 (w, )‘))’

Since ¢; < c2, by Lemma [B.I] we conclude that the constructed discretization

{(wi, A )}2 0....10 of Hg to be appropriate in the sense that condition (8.80)) yields
.30

a strict p051t1V1ty of BP 1 (w, A) on Hg. (]

8.5.2. Set of Claims II. Let Hy C V be as follows
Hy = {(w,\) : [&m, 7] x [2.960,3.060]} .

Consider a function G : Hy — R given by
G, N) = =5F ) [, N] 7 +225 @, VWA [Fw )]
= 500 [35 0 ] [F @]
where P is as in .
Claim 8.18. It holds that G(w,A) > 0 on Hj.

Coy =

-2

Proof. First we find the following estimates:
%G (w,\)] < 25000, |25 (w,\)| < 14000 on H. (8.82)

Then we fix n = 600, m = 300 and consider the discretization {(wiv)‘j)}ij’
0,...,600, j =0,...,300 of Hy such that

w; = S fiAw, A =2.960 + jAN,

i:

with
Aw= 180" A=

0.1
n m °
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By straightforward computations it holds that

G(wi7 /\J) > 0, (883)
foralli=0,...,600, j =0,...,300 and, moreover,
i G(wi, Aj) = G(wg, Ag) =~ 8.380... . 8.84
o i (wis Aj) = G(wo, Ao) (8.84)
Next to this, we compute
17077
¢ = max {Aw, AN} = max {180 &11 — OL ~ (.000(3),

and, by taking into account (8.82)) and (8.84)), we also find

NG ming, x,)eH, Gwi, Aj)
supg, | (55 (@, 1), 55 (@, V)]
Since ¢; < ¢z, by Lemma we conclude that the constructed discretization

{(wi,Aj)}; ; of Ho to be appropriate in the sense that condition (8.83) yields a

strict positivity of G(w, A) on Hp. O
Let H, C V be as follows

H, = {(w,)\) : [%w, %w] [3.030,3.600]}.

Consider a function F': H, — R given by

F(w,A) = =8 (@,0) [8(w, )] + 225 (@, VR (@, ) [32 (w, V)]
2 -3
— SR @ (BN (B N] T,
where P is as in (8.57)).
Claim 8.19. It holds that F(w,\) < 0 on H,.

~ 0.000414... .

Cy =

-2

Proof. First we find the following estimates:

9 (w,\) <180, |ZE(w,\)| <80 on H,. (8.85)

Then we fix n = 70, m = 1100 and consider the discretization {(w;, A;)}; ;, @ =
0,...,70, 7 =0,...,1100 of H, such that

wi = BBr +iAw, Aj =3.030+ jAN,

with

2
Aw = 180" A\ = 057
: :

n m

By straightforward computations it holds that

—F(wh )\]) > 0, (886)
forall¢=0,...,70, 7 =0,...,1100 and, moreover,
i —F(wi, \j)) =—F JA ~ 0.0773.... 8.87
(wi,rﬁl)%m (—F(wi, Aj)) (w70, A1100) (8.87)
Next to this, we compute
¢1 = max {Aw, AA} max{ T Ojj = 25T = (.000518.

and, by taking into account (| and , we also find

/3 min(w“ )EH*( F(wh)\j))

suppr, [(35 (@, V), G5 (@, )]

~ (0.000555. .. .

Cy =
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Since ¢; < ¢2, by Lemma [B.I] we conclude that the constructed discretization
{(wi7>\j)}ij of H, to be appropriate in the sense that condition (8.74)) yields a
strict positivity of —F(w, A) on H,, or, in other words F(w,\) < 0 on H,. O

9. EXPLICIT FORMULAS TO THE HOMOGENEOUS PROBLEM IN THE CONE WHEN
w € {27'( m, 7r 277}
Here we give the explicit solutions to the homogeneous problem (4.1)) in K, when

w€{271'7r 77271'}

9.1. Case w = %w. The eigenvalues A in this case are determined by the charac-
teristic equation (see subsection [4.1)):

2+ 2cos(mA) —4cos (37A) =0, A¢{0,£1}.
The set of positive solutions of the above equation reads as:
(N2 = {sj—2, Agjor, Asgbs, = {-144j, 4, 1+45}72,.

Here every values Azj_2, A3; has algebraic and geometric multiplicity 1, while Az;_;
has algebraic and geometric multiplicity 2.

L [N ][0 W =rtePe)

1 3 1 x2y?
23 | 4| 2 {zzzj

4 5 1 x3y3

5 7 1 x0y? — 22y8
67 | 8| 2 {x7y2 gxgyﬁ

J:2y7 — gac Yy
8 9 1 zTy? — x3y7
9 1] 1 210y2 — 1426y6 4 22410

10-11 | 12 2 2911 994647 ¢ 11 10 3

12 13 1 xlly37$ 7 7+I3y11

{ xllqy? 22$7y6+ 11 23y10

etc.

TABLE 10. The first three groups of solutions u(j) q=0,..., k00—
1 of problem (4.1)) in K, of measure w = 3.

In the table above we see that the functions that solve the homogeneous problem
(} in IC,, of measure w = %71' are given by polynomials in x and y, which makes
a difference to the case when the operator of the problem is the bilaplacian AZ.

9.2. Case w = m. The eigenvalues A in this case are determined by the character-
istic equation (see subsection 4.1)):

sin(m\) =0, \# =1,
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plus the values A = £1, which are determined by the conditions P_;(7) = Py(7) =
0. Hence, the set of positive solutions reads as

{)‘j }(])il = ja
where A\; = 1 has algebraic and geometric multiplicity 1, while A; for j > 2 has
algebraic and geometric multiplicity 2.

’ J ‘ Aj ‘ ) ‘ W = Pt ()

1 1 1 y>
2
X
2—-31] 2 2 Y
y3
$2 2
4-5] 3| 2 Y
IEyS
x3 2
6-71 4 2 v
x2y3
etc.
TABLE 11. Some first solutions u,(f), q=0,...,k9) —1 of problem

(4.1) in K, of measure w = 7.

Here, when the opening angle w of K, is 7, as well as in the case w = %71’, the
solutions (4.1)) in K, are given by polynomials in z and y. We can not achieve this
when the operator L of the problem is the bilaplacian AZ2.

9.3. Case w = %7‘(’. The characteristic equation P (%Tf‘, /\) =0, A # £1, where P is
given in subsection [£.1] can be factorized and the eigenvalues A are determined by
the system:

cos( 7r)\) =0, X#4]1,
1, A#41,
cos? (37)) +cos® (37N) — L cos? (3mA) — Lcos ($7N) + =0, A#=+L
The solutions with positive real part of the system above read, respectively,
Do bice = (23, Daadin = (na,
{Mnsdmamr = {1+ 203 + (=1)" (1 = pa)} o -y s

o0

{/\m}z:l ={-1+2n+ (=)™ (1~ .U2)}n4:1 )
M), = {_1 oy + (1) (1 — ) £ m}n :

5=

where pi1, 1o are the first two positive solutions of the equation
st+sP— 12 —1s+ L =0, (9.1)

with s = cos (%ﬂu), while (y1,72) is the first positive solution of 1’ with s =
— coS ( %7771) cosh (%7772) +1sin (%7‘("}/1) sinh (%7‘[”)/2). The numerical approximations
(up to three digits) are the following: p; =~ 0.536..., pus ~ 0.926... and v, =

0.345..., v2 ~ 0.179.. ..
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Note also that every A\,, = 4ng, no = 1,2.3,... has algebraic and geometric
multiplicity 2, while every A, , for each k = 1, 3,4,5 has algebraic and geometric
multiplicity 1. The set {A;}52, is the combination of the found sets above.

j ‘ by ‘ k(@) ‘ ) (0) ‘ u = rrit10l) ()

1,2,3-4,5-6 | ~ 0.536...,~0.926...,~ 1.655...£40.179... ~ 2.345... £40.179 ...

7 3 ‘ 1 ‘ sin?(0) cos?(6) ‘ x2y?
8,9 ~3.074...,~3.464...
10-11 4 9 {sinz(G) cos?(@) {x3y2
cos?(0) sin®(6) x2y3
12,13 ~4.536...,~4.92...,
14 5 ‘ 1 ‘ sin®(0) cos®(6) ‘ x3y3
15-16,17-18 | ~ 5.655...+£1¢0.179...,~ 6.345...£140.179...,
19 7 ‘ 1 ‘ sin?(6) cos?(0) (cos*(0) — sin*(0)) ‘ x0y? — 22y
20,21 ~7074...,~7.464...
99 _ 93 8 9 {sini(@) cc.)sj"’(G) (c.os4(9) - %sin“(@)) {ac7y2 — %x?’yﬁ
cos?(0) sin®(0) (sin(0) — %cos‘l(@)) 22y — %xﬁy

etc.

TABLE 12. The first solutions ()\j,CI),(]j)), g =0,....,6U —1 of
1} and the solutions u,(f) of lb in I, of measure w = %71'. The

situation without explicit formula is marked by “...”.

9.4. Case w = 27. The eigenvalues X in this case are determined by the charac-
teristic equation (see subsection [4.1)):

cos(mA) — cos?(mA) =0, N # +1,

plus the values A = =£1, which are determined by the conditions P_;(27) =
Py (27) = 0. The positive solutions are given by the set

where Ay = 1 has algebraic and geometric multiplicity 1, while A; for j = 1 and
j > 3 has algebraic and geometric multiplicity 2.
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