Electronic Journal of Differential Equations, Vol. 2009(2009), No. 48, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXISTENCE RESULTS AND APPLICATIONS FOR GENERAL
VARIATIONAL-HEMIVARIATIONAL INEQUALITIES ON
UNBOUNDED DOMAINS

ILDIKO-ILONA MEZEIL LIA SAPLACAN

ABSTRACT. In this paper we give an existence result for a class of variational-
hemivariational inequality on unbounded domain using the mountain pass the-
orem and the principle of symmetric criticality for Motreanu-Panagiotopoulos
type functionals. Next, we give two applications of the obtained result.

1. INTRODUCTION

Let O € RY (N > 2) be an unbounded domain with smooth boundary, and
p €]1, N[ a real number. Let F': Q x R — R be a Carathéodory function, which
is locally Lipschitz in the second variable and satisfies some conditions (F1)-(F4),
presented in section 3.

We denote by (X, ||-]|) a separable, uniformly convex Banach space with strictly
convex topological dual (X*, || ||.) and by (-, -) the duality pairing between X* and
X. We assume that X is continuously embedded in L?(2) for every p €]1, N[ and

(E) X is compactly embedded in L"(Q2), for some r €|p,p*[, where p* =
pN/(N —p).

We consider the duality mapping J : X — X* corresponding to the weight
function ¢ : [0, +o0o[— [0, 400 given by (t) = tP~1. We assume it is also given
a functional « : X — [0,4o00] which is convex, lower semicontinuous, proper (i.e.,
# +00) whose effective domain dom(a) = {z € X : a(z) < +oo} is a (nonempty,
closed, convex) cone in X and satisfies the conditions (A1), (A2) from section 3.

Our aim is to study the following variational-hemivariational inequality

(P) Find u € dom(«) such that

(Ju,v —uy + /Q FO>z,u(z);u(z) — v(z))de + a(v) — alu) >0

for all v € dom(a), where F° is the general directional derivative of F' (see

Definition .
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The Problem (P), where © is a bounded domain of RY and « is the indicator
function ¥k associated to the convex, positive cone K; i.e.,

() = {0’ vek (1.1)

400, otherwise.

has been intensively studied; see e.g. the monographs of Motreanu, Radulescu
[10], Motreanu, Panagiotopoulos [9] and the references therein. The study of hemi-
variational inequalities, when € is an unbounded domain, started with the work by
Gazzola, Radulescu [3], followed by the papers by Kristaly [4], [5], Délyai and Varga
[2] and Varga [12]. On unbounded domains problems of kind (P) with « = ¢k,
were studied by Kristaly, Cs. Varga, V. Varga in [6] and Lisei, Varga in [§].

Motreanu, Radulescu [10, example 9.1] study a hemivariational inequality, when
the function « is not the indicator function, but the considered domain is bounded
only.

The goal of this article is to extend these results for unbounded domains. In
section 3 we prove the main result of the paper, the Theorem [3.5] what ensures the
existence of a nontrivial solution of the problem (P). Then using the principle of
symmetric criticality proved by Kristdly, Cs. Varga, V. Varga in [0], we present in
Corollary [3.6] a consequence of our main result, which can be applied in the case,
when the embedding condition (E) is not satisfied.

In the last section we present two applications. In the first one, the condition
(E) is satisfied, so we can use the Theorem but in the second one, (E) is not
fulfilled. In this case we use the Corollary

2. PRELIMINARIES

Let 2, X, F and J be the spaces and functions introduced in the previous section.
We denote by || - ||, and || - ||, the norms on LP(2) and L"(2), respectively, i.e.

full = ( [ luteraz) "

The symbols C(p) and C(r) stand for the best embedding constants satisfying
lull, < C(p)|lull and [Ju|, < C(r)||lul| for all v € X. We recall the following

properties of the duality mapping J:
[Jull = e(llull),  (Ju,u) = [|Jull|lu] for all u € X,

as well as that J = dy, where dx denotes the Gateaux differential of the convex
and Gateaux differentiable functional x : X — R defined by x(u) = %||u||p. For
these properties of the duality mapping we refer to [1].

Now, we give definitions and basic properties from the theory of generalized

differentiation for locally Lipschitz functions; see [11 [9].

Definition 2.1. Let h : X — R be a locally Lipschitz function. The generalized
directional derivative of h at the point © € X in the direction v € X is
h tv) —h
hO(u,v) = limsup M
z—u, t—01 t

The generalized gradient of h at u € X is the set
Oh(u) = {u* € X : (u*,v) < h%(u,v), Yve X}
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Lemma 2.2. Let h,g: X — R be locally Lipschitz functions. Then for all u € X
we have
(i) h%(u,-) is subadditive, positively homogeneous;
(i) h%(u,v) = maz{(&,v) : € € Oh(u)}, Vv e X;
(i) (h+9)0(u, 0) < BO(u,v) +g°(u,0), Vo€ X;
(iv) (=h)°(u,v) = hO(u, —v), Yo € X.

Let T : X —] — 00,40}, T = h+ ¢, where h : X — R is a locally Lipschitz
function and ¢ : X —] — 00, +00] is convex, proper and lower semicontinuous. Z is
a Motreanu-Panagiotopoulos type functional, see [0l Chapter 3].

Definition 2.3. An element u € X is a critical point of Z = h + ¥, if
RO (u, v —u) + h(v) —(u) > 0,Yv € X.

Definition 2.4. Let X be a Banach space and Z : X —| — 00,400, Z = h + ¢
a Motreanu-Panagiotopoulos type functional. 7 is said to satisfy the Palais-Smale
condition at level ¢ € R (for short (PS).)), if every sequence u, in X satisfying
Z(un) — ¢ and

RO (s v — ) + () — Y(up) > —€nllv — unl|, Vv € X

for a sequence ¢, in [0, 00) with €, — 0, contains a convergent subsequence.

We recall now the nonsmooth version of the Mountain Pass Theorem, [9, Corol-
lary 3.2].

Theorem 2.5. Assume that the functional T : X —]—o00, +00| defined by T = h+1),
satisfies (PS), Z(0) =0, and
(i) there exist constants a > 0 and p > 0, such that Z(u) > a for all ||u|| = p;
(ii) there exists e € X, with |le| > p and I(e) <0.
Then the number

c=inf sup Z(f(t)),
jof b (f(t))

is a critical value of T with ¢ > a, where
I'={feC(0,1],X): f(0) =0, f(1) =e}.

In the sequel we introduce the definitions used in the principle of symmetric
criticality.

Let G be a topological group which acts linearly on X, i.e., the action G x X —
X : [g,u] — gu is continuous and for every g € G, the map u +— gu is linear.
The group G induces an action of the same type on the dual space X™* defined
by (gz*,u)x = {(z*,g7'u)x for every g € G, u € X and z* € X*. A function
h:X — RU{+o0} is G-invariant, if h(gu) = h(u) for every g € G and u € X.
Aset K C X (or K C X*) is G-invariant, if gK = {gu : u € K} C K for every
g€ G. Let

X% ={ue X :gu=ufor every g in G}

be the fixed point set of X under G.

Now, we are in the position to state the Principle of Symmetric Criticality for
Motreanu-Panagiotopoulos functionals (see [6] [§]), which is a very useful tool in
studying the solutions of variational-hemivariational inequalities.
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Theorem 2.6. Let X be a reflexive Banach space and T = h+1p : X — RU{+o0}
be a Motreanu-Panagiotopoulos type functional. If a compact group G acts linearly
on X, and the functionals h and 1 are G-invariant, then every critical point of
T|xc is also a critical point of T.

3. MAIN RESULT
Let F: Q2 xR — R be a Carathéodory function, which is locally Lipschitz in the
second variable and verifies the following conditions:
(F1) F(z,0) = 0 for a.e. = € Q and there exists a constant ¢; > 0 such that
€] < e1(|s[P~t +|s|"7 1) whenever £ € OF (x, s) with (z,s) € Q x R.
(F2) limg_omax{|¢|: £ € OF (z,s)}/]s|P~ = 0 uniformly for = € Q.
(F3) There exists a constant v €|p, p*[ such that
vF(x,8) + F°(x,s;—s) <0 forall (z,s) € Q x R.
(F4) There exists a constant R > 0 such that
cgp =:inf{F(z,s): (z,|s]) € Q2 x [R,+0)} > 0.

Here we have denoted by OF(z, s) and F°(x,s;-) the generalized gradient and the
generalized directional derivative of F(z,-) at the point s € R, respectively.
Arguing as in [4, Lemma 4], we have the following result.

Remark 3.1. If F': Q@ x R — R satisfies (F1)-(F2), then for every € > 0 there
exists ¢(e) > 0 such that
(i) €] < els[P~t +c(e)]s|" ! for all £ € OF (z,5) with (z,s) € Q x R;
(i) |F(x,s)| <els|P +c(e)|s|]” for all (x,s) € 2 x R.
For a later use we state an other preliminary result.

Lemma 3.2. If the function F : Q x R — R satisfies (F1), (F3), (F4), then there
exist positive constants cg,cs such that

F(z,s) > ca|s|” —cs|s|P  for all (z,5) € 2 xR.

Proof. For a fixed (z,s) € Q x R we consider the locally Lipschitz function g :
[1,400[— R defined by g(t) = t ¥F(z,ts). Given any t > 1, by applying the
Lebourg’s mean value theorem for the locally Lipschitz function g on the inter-
val [1,t] and using condition (F3), we obtain the estimate F(z,ts) > tYF(z,s).
Combining with (F4) we obtain the following inequality

F(z,s) > %|s|” for all (z,s) € Q x [R, +00]. (3.1)
On the other hand, (F1) yields

F@@z{ww+mw

Y

Cc c C
(L s el + sl — LR
p p b

C1

sl %(1 +R™P + RUP)|s|P for all (z,5) € Q x [0, R).

v

Taking into account (3.1)) we get the desired conclusion. [



EJDE-2009/48 EXISTENCE RESULTS AND APPLICATIONS 5
Due to the growth condition (F1), the functional F : X — R defined by
Flu) = / F(z,u(z))dx forallue X
Q

is locally Lipschitz and the generalized directional derivative (—F)? of —F satisfies

(=F)°(u,v) < /(—F)O(x,u(x);v(x))dz for all u,v € X; (3.2)
Q
see [1].
Let @ : X — [0,400] be a functional which is convex, lower semicontinuous,
proper, whose effective domain dom(a) = {x € X : a(z) < 400} is a cone in X. In
addition, we assume that the following conditions hold:

(A1) a(0) =0 and there exist constants o, a1, az such that

1 1
(1+ ;)oz(v) — ;a(2v) > —a1||v]|” —ag for all v € dom(a),
where either 0 < o < p and ay,as € [0,400), or 0 =pand 0 < a1 < % -1
as Z 0.
(A2) There exists ug € X N L”(Q) such that

Consider the functional 7 : X —] — oo, +00] given by

T(u) = %Hqu ~ F(u) +alu) Yue X.

The next lemma points out the relationship between its critical points and the
solutions of Problem (P).
Lemma 3.3. Every critical point of the functional T is a solution of Problem (P).

Proof. Let v € X be a critical point of Z, then using the definition and the
properties of the duality mapping J, we get

(Ju,v —u) + (=F)(w;v — u) + a(v) — a(u) >0, Yo X.
In view of (3.2)) and using the lemma [2.2{iv), we deduce the result. O

Proposition 3.4. Assume that F : Q X R — R satisfies the conditions (F1)-(F3)
and o : X — [0,+00] is a convex, lower semicontinuous proper function which
fulfills (A1). Then T satisfies the (PS). condition for every c € R.

Proof. Fix ¢ € R and let (uy,) C dom(«) be a sequence such that
1
T(upn) = ];||un||p — F(un) + au,) — ¢ (3.3)
and for every v € dom(«) holds

(Jumv—unH—/Q FO>2,un (2); tun (2) —v(2))dzda(v) —a(u,) > —enllv—un], (3.4)

with a sequence
en V0, asn — oo. (3.5)
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Setting v = 2u,, in (3.4), we get
(Jtn, up) + /Q FO>2,un (2); —un(2))dz + a(2uy) — a(un) > —epllunll.  (3.6)
We infer from that for large n € N one has
c+1> %Huan — F(un) + afuy). (3.7)

Combining the inequalities (3.6) and (3.7), and using the conditions (F3) and (A1),
we get

41+ Ll 2 (3= Dl - 222+ (14 afun)
- / [ () + L2, un); —un ()
> (= D)l = e s,

This estimate ensures that the sequence {u,} is bounded in X. Since X is reflexive,
it follows that there exists an element u € dom(«) such that {u,} has a subsequence
(denoted also by {u,} ) such that u, converges weakly to u in X. Using the
embedding condition (E), namely that X is compactly embedded in L"(Q), we
have that u,, — w in L" (), which is

llun — ull, — 0, asn— oo. (3.8)

Replacing v = u in (3.4]), we have
(Jun,u—unH—/ FO>2,un(2); un(2) —u(2))dz4a(u) —a(u,) > —en|ltn—ul|. (3.9)
Q

Using the inequality (3.9), the Remark (i), the Holder’s inequality and the
continuity of the inclusion X — LP(Q), for any € > 0 we derive
(St un —u) <eC(p)|un — u”Hunllg_l + c(e)|lun — UHT”unH:_l
+ a(u) — a(uy) + enl|u, — ull.
Due to the sequentially weakly lower semicontinuity of «, to the arbitrary choice

of € > 0, to the convergence (3.5)) and (3.8]), we deduce that

lim sup(Juy,, u, —u) < 0.

n—oo

Taking into account that the duality operator J has the (S.) property (see[ll]
Proposition 2.1]), namely

If {uy, } converges weakly in X to w and limsup,,_, . (Jtp, tp —u) <
0, then u, — u in X,

we conclude that u,, — u in X, which completes the proof. O

Now we state the main result of this paper.

Theorem 3.5. Assume that the condition (E) holds and the functions F : QxR —
R and o : X — [0, +00] satisfy (F1)-(F4), (A1)-(A2). Then the Problem (P) has a
nontrivial solution.
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Proof. According to Lemma [3.3] it is sufficient to prove the existence of a critical
point of functional Z. For this, we check if the functional Z satisfies the conditions
of the Mountain Pass Theorem in order to apply it.

First, we note that Propositionguarantees that Z satisfies the (P.S). condition
for every c € R.

We claim that there exist constants a > 0 and p > 0 such that Z(u) > a for all
|lull = p. In order to justify this, let us fix some ¢ €]0, W[. By Remark ii),
by the continuity of the embedding X < LP(Q2) and because o > 0, we have

IM=%MW—AW%WWM+MW

! P_¢ u(x)|Pdx — c(e u(x)|"dx + a(u
>l = [ fu@)lPde =) [ fula)lds -+ atuo)
> (5 = =C)) [l = dE)CE) Jull” for all u € X,

Using the notation A = % —eC(p)? and B = ¢(e)C(r)", we see that the function
g : Ry — R given by g(t) = AtP — Bt" attains its global maximum at the point

ty = (%)ﬁ. The claim follows taking p = t); and any a €0, g(ta)[-

Now, we have to check if there exists an e € X with |le]| > p and Z(e) < 0. Using
the element ug € dom(«) supplied by assumption (A2), from Lemma it turns
out that for every ¢t > 0 we may write

1
Z(tuo) = 2;||U0t||p — F(tuo) + o(uo)

1

— ol It = | P, tun())do + afuo)
p Q
1

< uolPlt? — | (caltuo@)l” = caltuo@)l”) da + afu)

Q

1
= S llollPt” = eaftl”l[uolly + et lfuoll; + a(uo).

Now, using the continuity of the embedding X — LP(Q), we obtain
a(tug)
tl)

It is known from (A2), that a sequence {t,} can be found, such that ¢, — +o00 and

1
Ztuo) < (o + esC)) ol + 5 —eslluolly)  (3.10)

1
lim —a(thuo) < calluoly- (3.11)
n—00 tn

Now, setting e = t,up for any n sufficiently large, we obtain that Z(e) < 0, since
the inequalities , hold and v > p.
The above claims ensure that Theorem can be applied to the functional Z,
and so the number
c=inf ti%?l] Z(f(t)),
is a critical value of 7 with ¢ > a, where I' = {f € C([0,1], X) : f(0) =0, f(1) = e}.
The desired conclusion is thus established. [

In many situations the condition (E) is not satisfied, but if G is a compact topo-
logical group which acts linearly on X, then the following embedding is compact:
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(EG) X% < L"(Q) for some r €]p, p*|.
Now, let G be the compact topological group O(N) or a subgroup of O(N). Suppose
that G acts continuously and linearly on the Banach space X and the following
conditions hold:
(FG) F(gx,s) = F(z,s) for every g € G,x € Q and s € R.
(AG) a(gu) = a(u) for every g € G,u € X.
By combining Theorems [3.5 and [2.6] we obtain the following result.

Corollary 3.6. Let G be the compact topological group O(N) or a subgroup of
O(N). We suppose that G acts continuously and linearly on the separable and
reflexive Banach space X. If the conditions (EG), (F1)-(F4), (A1)-(A2), (FG),
(AG) hold, then the problem (P) has a nontrivial radial solution.

4. APPLICATIONS

In this section we give two applications. In the first one, we state an existence
result for a general variational-hemivariational inequality using weighted Sobolev
spaces and the Theorem In the second application we apply the Corollary [3.6]
for a variational-hemivariational inequality on strip-like domains.

4.1. Weighted Sobolev spaces. Let Q be RY or an unbounded domain in RV
(N > 2) with C! boundary, F : © x R — R a Carathéodory function, which is
locally Lipschitz in the second variable and satisfy the conditions (F1)-(F4).

Let V : Q2 — R be a continuous potential satisfying the following conditions:

(V1) infqV > 0;
(V2) for every M > 0 the set {x € Q: V(z) < M} has finite Lebesgue measure

(note that in particular, condition (V2) is fulfilled whenever V is coercive).
For p €]1, N[ we introduce the space

X = {uewhr(Q): /Q(|Vu(a:)|p V(@) u(@)P)de < 0o}

endowed with the norm
p p 1/p
Jull = ( /Q (IVa(@)|? + V(@)lu(z)|)dz) .

We denote by K = {u € X : u >0} and let a : X — [0, +0o0],

P, vek
alv) = {—l—oo, v K (4.1)

be a function, which is convex, lower semicontinuous and dom(a) = K. With the
definitions above, our Problem (P) becomes

(P1) Find u € dom(«) such that
/Q (IVu(@) P2 Vu(2)V(v(z) — u(@)) + V(@) |u(@) P~ (v(z) — u(z))) d

Jr/ FOx, u(z); u(z) — v(x))dr + a(v) — a(u) >0, Yo € dom(a).
Q
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The conditions (V1), (V2) guarantee that the space X is compactly embedded in
L™(Q) for every r €]p, p*[.

It is easy to check, that if N < p(2P —1)/(2” —p — 1), then the number v from
the condition (F1) is less than p*. If we suppose in addition that v > 2P — 1,
then o satisfies the conditions (A1), (A2). So using Theorem we can state the
following existence result:

Corollary 4.1. Ifv > 2P —1, N < p(2? —1)/(2°P —p— 1) and the conditions (V1),
(V2), (F1)-(F4) are fulfilled, then the problem (P1) has a nontrivial nonnegative
solution.

4.2. Variational-hemivariational inequality on strip-like domains. In this
section we consider stripe-like domains of the form Q = w x RY~™ where w C
R™(m > 1) is an open bounded set, and N —m > 2. For p > 2 we consider the
Sobolev space Wy*(€) endowed with the norm |ju|| = (Jo IVul?) "/P and the cone
K of positive functions, i.e. K = {u e Wy () :u > 0}.

Let a : X — [0, +00] be the function defined by relation (4.1)). « is convex, lower
semicontinuous and dom(«) = K.

Now, the problem (P) becomes

(P2) Find u € dom(«) such that

/|VU P2 V(@)Y (v(z) ~ U(ﬂf))der/QFo(fC,u(w);u(x)*U(l’))dx
v) —a(u) >0, Vovedom(a),

where F': 0 x R — R is the Carathéodory function from in section 3.

In this case the Sobolev embedding Wy*(Q) < L"(Q) for r € [p,p*] is only con-
tinuous. So, Theorem cannot be applied. For this, we consider the compact
topological group G = id™ x O(N — m), where O(N — m) is the orthogonal group
of RN=™. An element u € WyP(Q) is axially symmetric if u(z,gy) = u(z,y)
for all z € w,y € R¥"™ and ¢ € O(N — m). We introduce the action of
G =id™ x O(N —m) on W,**(Q) as

gu(z,y) = u(z, g~ y)

for all (z,y) € Q,9 =id™ x go € G and u € Wol’p(Q). Moreover, the action G on
WolvP(Q) is isometric, that is ||gu|| = ||u|| for all g € G,u € Wol’p(Q). Let us denote
by

Wo () = {u e WyP(Q) : gu=u for all g € G}.

The embeddings WO;G(Q) — L"(Q), r €]p,p*[ are compact (see [7]), therefore the
condition (EG) is satisfied. The function « is G-invariant, so the condition (AG) is
fulfilled.

If we suppose in addition that N < p(2P —1)/(2P —p — 1) and v > 2P — 1, then
the conditions (A1), (A2) are satisfied too. Hence using the Corollary we have
the following result:

Corollary 4.2. If v > 2P — 1, N < p(2P — 1)/(2°» — p — 1) and the conditions
(F1)-(F4), (FG) are fulfilled, then the problem (P2) has a nontrivial nonnegative
solution.
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We remark that the corollaries [I.1] [£:2] are the first applications for variational-

hemivariational inequalities defined on unbounded domain, where the function « is
different from the indicator function of the convex cone K.
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