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NONNEGATIVE SOLUTIONS TO AN INTEGRAL EQUATION
AND ITS APPLICATIONS TO SYSTEMS OF BOUNDARY
VALUE PROBLEMS

IOANNIS K. PURNARAS

ABSTRACT. We study the existence of positive eigenvalues yielding nonnega-
tive solutions to an integral equation. Also we study the positivity of solutions
on specific sets. These results are obtained by using a fixed point theorem in
cones and are illustrated by application to systems of boundary value problems.

1. INTRODUCTION

In this paper we study the existence of positive eigenvalues that yield nonnegative
solutions to the integral equation

1 1
u(t) = )\/ kl(t,s)a(s)f(u/ Ra(s,)b(r)g(u(r))dr)ds, 0<t<1,  (11)
0 0
under the following assumptions:
(A) f, g €C([0,00),[0,00)),
(B) a,b € C(]0,1],[0,00)), and each does not vanish identically on any subin-
terval of [0, 1],
(C) k;i(t,s) : RT x Rt — RT, i = 1,2 are continuous functions and there are
points &, n € [0, 1] with £ < 7 for which maxe<,<y[ming<;<, k;(¢,7)] > 0,
1 = 1,2, and positive numbers ~;, ¢ = 1,2 such that
min k;(r,s) > yki(t,s) for (t,s) € [0,1]%, i =1,2.
§<r<n

Throughout this paper we will use the notation

v = min{y1,72}.

Clearly from (C) we have 71,72 E (O 1] and so v € (0,1].
A (nonnegative) solution of (1.1)) is a function w in C([0, 1], [0, c0)) that satisfies
(L) for all t € [0,1]. A solutlon u will be called positive on the set J C [0,1] if

()>0f0rallt€J

The present work is motivated by some recent results on the existence of pos-
itive solutions to systems of boundary value problems (BVP, for short) (see, [2] -
[12], [26], [30], [31], [34], [35]). The study on the existence of positive solutions
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to BVP was initiated mainly by the work of II'in and Moiseev (see, [16]). Since
then, existence of positive solutions to boundary value problems have attracted the
attention of many researches resulting in the publishing of a considerable number
of papers on problems concerning differential equations. For some recent results on
BVP for differential equations we refer to [19], [22], [27], [29], [32] (for second order
equations), to [I5], [21], [23] (for third order equations), to [25] (for fourth order
equations), to [I], [13], [I8], [20], [33] (for higher order equations), while for some
results on BVP concerning equations on time scales we refer to [24] and the refer-
ences cited therein. However the majority of the results obtained concern mainly
BVP refering to a single differential equation along various types of boundary con-
ditions and only very recently this study has been expanded to systems of BVP.
In this paper we investigate the existence of positive eigenvalues yielding nonneg-
ative solutions to an integral equations which includes, as special cases, a variety
of systems of BVP (see, the applications in Section 4). Thus, we may apply our
results to a variety of systems of BVP to obtain generalizations and extensions of
several known results as well as to establish new results for systems of BVP which
have not yet been considered as, for example, a mixed system considered in Section
4. For some existence results concerning integral equations and which are close to
the results of this paper we refer to [I7]. The main tool in this investigation is a
fixed point theorem in cones and the technique used may be viewed as an extended
version of the one developed in [28§].

The paper is organized in six sections. Section 2 consists of some preliminary
results needed for the proof of the main results of the paper which are given in
Section 3. In Section 4 we discuss the positivity of a solution on a specific set (this
notion has already been introduced in this section) and make comments concerning
the main results of the paper as well as the assumptions posed on the functions
involved . Section 5 is devoted to the application of the main results of the
paper to systems of boundary value problems. Some of the results obtained in
Section 5 are new while some others extend and generalize already known results.
The last section of the paper, Section 6, contains a generalization of the main
results of the paper to an integral equation which is more general than , and
an application of these results to a system of n boundary-value problems.

2. PRELIMINARIES

For our investigation we consider the set B = C([0,1],R) equipped with the
usual supremum norm || - ||, and its subset BT = C([0,1],R"). Furthermore, we
define the set P C B by

P={zeB:z(t)>0o0n0,1] and trr[lgin]x(t) > yllzll}- (2.1)
e 777

Clearly, (B,] - ||) is a Banach space and P is a cone in B. Let 7 : Bt — B be the
integral operator defined by

1 1
Tu(t) = )\/ kﬂt,s)a(s)f(,u/ kg(s,r)b(r)g(u(r))dr)ds, ueP. (2.2)
0 0
Now we state a useful observation concerning the image of the operator 7.

Lemma 2.1. Let A\, p be positive numbers and P be the cone defined by (2.1).
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I Bt and 0,1] — [0, d d b
1) If u € and v : |0, 00) is defined by

1
= u/o ko(t g(u(r))dr, te]0,1], (2.3)

then v € P.
(i1) If T is the integral operator defined by ([2.2), then T (B*) C P. In particular,
T(P)CP.

Proof. Let u be a positive number, u be an arbitrary element in BT and v be defined

by (2.3).
(i) By the nonnegativity of ks, b and g it follows that v(¢t) > 0, ¢ € [0,1]. In view
of (A), (B), we have

ka(s,r) > min ko(s,7), seln],rel0,1]
s€[€,n]

and
1 1
| ralsmbigurydr = [ min ka(sb)gutr)dr, s €
0 0 s€ElEm]
from which we take
1 1
Sg}égﬂ /0 ka(s,m)b(r)g(u(r))dr > ; sgﬁ] ka(s,m)b(r)g(u(r))dr.

Consequently, employing (C) we have for ¢ € [0,1] and s € [£, 7]
1

1
/ ks, P)b(r)g(u(r))dr = [ min ka(s,r)b(r)g(u(r))dr
0 0 s€l&m]

> / Yok (£, 7)b(r) g (u(r)) dr,

hence, in view of the fact that vo > min{~v;,v2} =~ and g > 0 we take

1 1
i [ kel bng(ur)dr = o [kt bgtutdn2)
0 0
for s € [€,n], and t € [0, 1].
Since (2.4)) is true for any s € [¢,7] and any ¢ € [0, 1], it follows that

min v(s) > yv(t) te[0,1],
s€[&,n]

and so mingeje , v(s) > v[|v||, which proves our assertion.
(ii) From (i) we have that v € P, and so, as ki,a, f and v are nonnegative and
A > 0, following arguments similar to the ones used for the proof of (2.4)), one has

min / (5, 7)a(r) f (v (r))drz7{/01kl(t,r)a(r)f(v(r))dr}, teo,1],

s€[gm]
that is,
min_ Tu(s) > ~Tu(t) fortel0,1],
s€[€m]
and so,

min Tu(s) > 1|/ Tull,
s€[€,n]

which shows that 7u € P and completes the proof. (Il
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From Lemma [2.J] and the definition of 7 we have immediately the following
result.

Lemma 2.2. A function u € C([0,1],[0,00)) is a solution of (1.1)) if and only if u
s a fized point of the integral operator T in the cone P.

Proof. If u is a solution of (1.1)), then by the definition of 7 we have that v = T u,
and by Lemma [2.1] it follows that 7u € P. O

We close this section by stating the well-known Guo-Krasnosel’skii fixed point
theorem [I4] which is the basic tool for establishing our results.

Theorem 2.3. Let B be a Banach space, and let P C B be a cone in B . Assume

Q1 and Qs are open subsets of B with 0 € Q1 C Q1 C Qq, and let
TZPQ(QQ\S-h)—)/P

be a completely continuous operator such that, either

) |1Tu]| < |lull, we PN, and ||[Tul| > |ul|], v € PNOQs, or
(i) |Tull > ull, w € PN, and ||Tul| < |ull, u € P NONs.

Then T has a fized point in PN (Qa \ Q).

3. MAIN RESULTS

Throughout this paper we adopt the notation

%:hmsupM, g0 = limsupM,
u—0+4 (% u—0+4 u (31)
foo = liminf f(u)’ Joo = liminf =——= 9(w)
U—00 u U— 00 u
and
fo = lim inf M, go := liminf M,
- u—0+ U - u—0+ U (3 2)
E:limsup%, O = limsup£5).

Before we state and prove the main results of the paper, we note that by (C) it
follows that

n
/5 €r<ntl£1n k1 (t, r)a(r)dr > 0, min ko(t, r)b(r)dr > 0

¢ E<t<n

and so f ming <<y k1(t,r)a(r)dr]™' and | fE ming<;<, ko (¢, 7)b(r)dr] ! used in
stating Theorems and |3 - below are well defined positive real numbers (see,
also, the dlscussmn in Section 4).

For our first result, we assume that

%7% € [0,00) and fﬁ?gﬁ € (0,00], (3.3)
where fo, Go, foo» 9o are defined by (3.1), and set
- ['ylfﬁfg’ ming <<y, k1 (¢, 7)a(r)dr] ™!, if foo € (0,00),
0, if foo = o0,

LY = thﬁ fgﬂ ming<¢<y ko (tv T)b(r)dr]ilv if 9o € (07 00)7
=10, i g oo,

L

e
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and

11 o Jy maxoze<y ki (k. r)a(r)dr] =", i o € (0,00),
27 | oo, if Fo = 0,

(3.5)

Lo . 130 Jy maxosi<t kot rb(r)dr] !, i g € (0,00),
277 ) 400, if go = 0.

For our convenience, we will use the notation Iy = (LY, L]) and I, = (LY, L%).

Theorem 3.1. Assume conditions (A), (B), (C), (3.3) are satisfied and define
L{,L’f by (3.4) and Lg,Lg by (3.5). Then, for A\, p with (A, p) € Iy x I, there

exists a nonnegative solution u of (1.1)).

Proof. Let (A, ) € (LY, L) x (LY, LY) and consider the integral operator 7 : BT —
B defined by (2.2). In view of Lemma all we have to prove is that there exists
a (nonzero) fixed point of 7 in the cone P. We note that by Lemma we have
TP C P while, by using standard arguments, it is not difficult to show that the
integral operator 7 is completely continuous.

By the definition of Lg , LY and the choice of A and u, we may always consider
an € > 0 such that

1

A< [(%—l—s) ; Orgzagxl kl(t,r)a(r)dr} (3.6)
< [(%m) /O max k:g(t,r)b(r)dr}il. (3.7)

We note that the assumption fo, go € [0,00) yields that for the positive number &
considered, there exists an H; > 0 such that

0§@<%+5 and O§%<%+s, for all z € (0, Hy]

from which, in view of the continuity of f, g at 0 we find
0< f(x) < (fo+e)x and 0<g(x) < (go+e)r, forallxel0,Hy

Consequently, we have

) < (fo+e)t < (fo+e)x foranytel0,z] CI0,H] (3-8)
g(t) < (go+¢e)t < (go+e)x foranyte|0,z] C[0,Hy]
Setting
f*(x)= sup f(t), = €]0,00),
te(0,z]
from it follows that
flx) < f*(x) < (fo+e)x forxe[0,Hyl (3.10)

Set Q1 = {x € P: ||z|| < H1}, and let u be an (arbitrary) element in 9Q;. Then
u(r) < ||u|| = Hy for any r € [0,1] and taking into consideration (3.9)), (3.7) and
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the choice of ¢ we have for s € [0, 1]

1 1
i / ka(s, 7)b(r)g(u(r))dr < p / max k(s r)b(r)g(u(r)dr

<u ; [ax ka(s,7)b(r) (g0 + €)u(r)dr

1

<pu Omsax ka(s,7)b(r)dr(go + €)|[ul|

< HUH = Hy,
and so

1
4 max / ka(s,m)b(r)g(u(r))dr € [0,H], for all s € [0,1].
0<s<1 Jgy

Consequently, in view of (3.6]) and (3.10]) and employing the nondecreasing character
of f*, we obtain, for ¢ € [0,1],

Tu(t) :)\/1 ko (¢, 8)a(s )f(,i/1 ko (5, 7)b(r) g (u(r ))dr)ds

<>\/ kv (t, )a /kgsr ())dr)ds

< )\/ max ki(t, s)a / max ka(s,r b(r)g(u(r))dr)ds

0<t<1

<A ; Oglfg(lkl(t s)a(s)f*(Hi)ds

1

<A max k1(t, s)a(s)(fo + €)Hyds
o 0<t<

1
= (A rg?gxlkl(t ,8)a(s)(fo + €)ds| Hy

which implies
(| 7u| < |lu|, foruePno. (3.11)
Now let us note that, in case that f. and g, are positive real numbers, then

by the definition of L{ and LY and the choice of A, u it follows that there exists a
positive number € with 0 < € < min{fs, goo } such that

K -1
[71/5 k1(§,r)a(r)(fﬁ_e)dr] <A
[%/5 ko (&,7)b(r) (g — e)dry1 <
Set

1

Ay fg ming <<y k1(t,r)a (r)dr}7 , if foo = 00,

[M’YQ fg ming<;<y ka(t, r)b(r)dr]_l, if goo = 00.
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Clearly, fo\o and goo are well defined and they are both positive real numbers regard-
less of foo and goo being finite or not. Having in mind the way that e is considered,
we observe that

- n
foo {)\%/5 grgntlgnkl(t,r)a(r)dr}

- A1 fg’ ming<i<y k1(t, r)a(r)dr](foo —€) > 1, if foo € (0,00).
Consequently,

n —
< i .
1<y [/g Join. k1 (t, r)a(r)dr] foos (3.12)
and, by similar arguments,
1< pys / min ko (t,r b(?“)dr}gi.} (3.13)
E<t<n

In view of the definitions of fo, goo, and foo, oo, it follows that we may always
find an Hy > 2H; such that

flx) > fo\ox for any = > Ho, (3.14)
9(z) > gox  for any x > Ho. (3.15)

Set Hy = max{2H;, %}, and consider an arbitrary u € P with ||u|| = Hs. Then,
by the way that the cone P is constructed we have

u(r) > min u(t) > vyllul| > Hy for r € [¢,7)],
te(€,n]
and so, by (T5)
g(u(r)) > goou(r) for r € [§,n].

Using once more the fact that u € P implies u(r) > ~v||lu|| for r € [, n], in view of
the last inequality we take for s € [£, 7]

1 n
p / o, P)b(r)g(u(r))dr > p /5 Fa(s, P)b(r)g (u(r))dr

> g Er<nsm ka(s,7)b(r)geou(r)dr

i.e.,

,u/ kg(S,T’)b(T)Q(U(T))dTEﬂ[ ! mm ka(s, r)b(r)dr}g/;o'yHuH, (3.16)
0

¢ €<s<n
for s € [£,7], and so, as v||u|| > Ha, by (3 , we obtain
1
u/ ko(s,7)b(r)g(u(r))dr > Hy for s € [¢,7)]. (3.17)
0
Employing (3.17) and the fact that Ho > Ho, by (|3.14) we find that

f(“ /01 kz(s,r)b(r)g(u(r))dr) > foo {“/01 k2(5?’”)b(r)9(“(r))dr} for s € [&,m]
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In view of this inequality and by (3.16)) we have
Tu(§)

2 [ ey ()f(ﬂ [ ket <v~>>dr)ds

> A/ k1 (€, 5) / ko (s, 7)b(r) g (u(r ))dr)ds
> /\/é F1(€, 8)a(s) foo / ka(s,7)b(r)g u(r)dr | ds
> [ ke <>foo{ ([ min ots, r>b<r>dr}mnun}ds

¢ €<s<m

- {m[ /5 (e ate)ds] o} o [ i s rptrsar] Y

Pl g%kl shas)ds| Foo e | min koo, )] g ol

which, by (3.12)) and (3.13]) gives
Tu(§) = [Jull = H

Consequently, we may infer that |7 u| > |ju|| for u € P with ||u|]| = Hs. Hence,
setting Qo = {x € B : ||z|| < Ha}, it follows that

|7ul| > |lul]| for ue PN oQs. (3.18)

In view of and 7 from Theorem it follows that the operator 7
has a fixed point in P N (2 \ 1) i.e., the integral equation has a solution in
the cone P. It is clear that this solution u is nontrivial as u € P N (Qa \ Q1) implies
that 0 < Hy < |Ju||. The proof is complete.

\ \%

For our second result, we assume that
Jfo,90 € (0,00] and oo, Gos € [0,00), (3.19)
where fo, go, foo, Goo are defined by |i and set
1

= {hl fgn ming<¢<y kl(t,r)a(?")@dr]f , if fo € (0,00),
3=

0, if fo =00
19 .— ) 72 )¢ MiNg<t<n 2(t,7)b(r)godr| ~, if go € (0,00),
S if go =
and
o1 U maxocicr kit ra(r)Faodr] it Fc € (0,00),
L Hoo, it fo =0,
) (3.21)

1o Ly maxozet bt r)b(r)gsedr] ,if s € (0, 00),
4 op ——
00, if goo = 0.

Theorem 3.2. Assume conditions (A), (B), (C), (3.19) are satisfied and define
Lg,Lg by (3.20) and L{,LZ by (3.21). Moreover, assume that g(0) = 0. Then, for
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A, 1 with (A p) € (Lg,Lf:) x (L§, LY) the integral equation (L.1)) has a nonnegative
solution.

Proof. Let (A, u) € (L}, L) x (LY, LY) and T be the integral operator defined by
. By Lemma it suffices to prove that 7 has a fixed point in the cone P. We
note that completely continuity of the operator 7 follows by standard arguments
while by Lemma [2.1] we have 7P C P.

We observe that if fy, g are positive real numbers then by the definition of Lg,:
and Lj and the choice of A, p it follows that there exists a positive number € such
that 0 < ¢ < min{fo, go} and

n —1
[71 /§ i k(1 r)a(r) (fo - e)dr] <A (3.22)
[ ;s?tiéln Ra(t,7)b(r) (g — £)dr = (3.23)
Set
foz{(fo—a), if fo € (0,00),
A1 fg ming<¢<y k1 (¢, 7)a(r)dr] =, if fo = oo,

(9076)7 if@G(0,00),

go = . -1 .
{[/WQ f: ming<i<y ka(t, r)b(r)dr] , if go = o0,

and note that ﬁ) and go are positive real numbers regardless if some (or none) of

fo, go are finite or not. In view of (3.22)) and (3.23) and by arguments similar to
the ones used in Theorem one may see that

n ~

1< [/5 Join k1 (t,r)a(r)dr] fo, (3.24)
n

1< vy [/5 Join ko (t, ’I“)b(?“)d’/‘} Jo- (3.25)

By assumption (3.19) it follows that for the ¢ chosen we can always find an Hz > 0
such that for any z < Hs it holds

M> (fo —e), if fo € (0,00)
T P"Yl fgn ming<¢<y k1 (t, r)a(r)dr] o Jfo =00,

@> (@_5)7 if@é((loo)
r [WY? fgn ming<¢<y ka(t, ’I“)b(’l“)d?“] “if go = o9,

hence, in view of the definitions of the positive numbers fo and go we have
f(z) > fox for any z € [0, Hs), (3.26)
g(z) > goxr for any = € [0, H3). (3.27)
As g is continuous at zero with g(0) = 0, it follows that there exists an Hz < H3
such that
H
I fg] ming <4<y ko (¢, 7)b(r)dr

g(z) < for all x € [0, Hs). (3.28)
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Let uw € P with ||u|]| = Hs. Clearly, u(r) < ||ju|| = Hs for all € [0,1] and so by
(13.27) we take

g(u(r)) > gou(r), re€l0,1], (3.29)
while, by it holds
Hj
g(u(r)) < for all 7 € [0,1]. (3.30)

w fg ming <<y, k2(t,7)b(r)dr
Consequently, for s € [0, 1], we have
H;

1 1 o
p / ka(s, 7)b(r)g(u(r))dr < p / O e W

which, in view of (3.26)) implies

f(u /01 kz(sm)b(r)g(u(r))dr) > fo [M /01 kQ(sm)b(r)g(u(r))dr}? (3.31)

for s € [0,1]. Hence, taking into consideration (3.31)), (3.29), and the facts that
Y172 < v <1 and u € P, we have

s)aln

> )\/ kl(f,s)a(s)fo [u/; kg(s,r)b(r)g}u(r)dr} ds
Al [ et rptr i i
[

> /\/ k1(€,8) fo u/ Emlnnkg s, T b(r)gf)(fyyyg)dr}dsHuH
13 ¢ £<s<

= {fyl [)\/5 kl(f,s)a(s)ds] fo}{’)/g [u ! min ko (s, r)b(r)dr}g’]ﬁ}”u”,

¢ €<s<m

thus, by (3.24) and (3.25]) we obtain Tu(€) > |lu||. Consequently, we may conclude
that for u € P with |ju|| = Hs it holds ||7u|| > ||u||, so by setting Q3 = {z € B :
|lz|| < Hs}, it follows that

(| 7u| > |lu|, forue P nos. (3.32)

Since foo, Joo € [0,00) by the choice of A and p it follows that there exists a
positive number € such that

1 p—
A= {/0 01235}(1 ka(t,r)a(r)(foo + E)dr] 17
1

-1
p| ] g ke o) g +e)dr]
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Set
o= (foo + ), if foo € (0,00)
> [A fol maxo<<1 k1(t, ra(r)dr]™t, if foo =0,
iz = (T + ), if o € (0, 00)
> [u fol maxo<¢<1 ka(t, r)b(r)dr] T Too = 0,

and note that f; and g, are always positive numbers for which it holds

1

)\[ Orgtaé(l ki(t,r)a (T)dr} fo <1,

Joo < 1.
/ Jmax, ka(t,r b(r)dr} Joo <1

We consider the functions f*,g* : Rt — R defined by

fH(z) = sup f(t) and g"(z)= sup g(t),
0<t<z 0<t<zx

and observe that, these two functions are nondecreasing and such that
flz) < f*(z) forx >0 and g(z)<g*(xr) for z>0.
In addition, it is not difficult to verify that

lim sup M = fo and limsup

T—00 x T—00

_9007

g (@)

11

(3.33)

(3.34)

and so, by the definition of f; and ¢oo, it follows that we can always find an

H, > 2Hj3 such that

F*(2) < foowr for any x > Hy,
9" (z) < gox  for any x > Hy.

(3.35)
(3.36)

Let u € P with |Ju| = H4. Taking into consideration the nondecreasing character

of g* and employing (3.36)), for s € [0,1], we have

u / ko, DP9 u(r)dr < p [ max ka(s, r)b(r)g(u(r))dr
0

009
1

<p | ona, ka(s,7)b(r)g" (u(r))dr

1

< Joax, k2 (s,m)b(r) g™ (|lull)dr
0

< N
<o [ s s i)l
1

=yl max, k(s r)b(r)drlg ]

which by (3.34) implies

o [ ks, m)gtulryir < ful, s € [0.1).
0
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In view of the above inequality and the nondecreasing character of f*, we may
employ (3.35)) to obtain for ¢ € [0, 1],

Tu(t) = )\/01 k1 (¢, s)a(s)f(u /01 k:g(sm)b(r)g(u(r))dr) ds
< )\/01 k1(t,s)a(s)f* (u /01 kg(s,r)b(r)g(u(r))dr) ds
<3 [ g a1 Gl

1 —
<AL s (e s)a) Fts]

which by implies
Tu(t) < |ul|, foralltel0,1],

and so ||[Tu|| < ||u||. Therefore, by setting Q4 = {x € P : ||z|| < H4}, we have
17wl < u|l, forue P nNoy. (3.37)

In view of (3.32)) and (3.37), from Theorem it follows that the operator 7 has
a fixed point in P N (24 \ 23), and so ([1.1)) has a solution in the cone P. The proof
is now complete. ([

4. DISCUSSION

In this section we discuss the positivity of the (nonnegative) solutions yielded by
Theorems and [3.2]in Section 3. We, also, present some remarks on the intervals
where the eigenvalues A and p may belong. Noting the similarity of the results in
Theorems and [3.2] we will focus our discussion mainly on the results of Theorem
We, also, note that a large part of the discussion below is closely related with
the remarks in [28].

Though Theorems and yield the existence of a (nontrivial) nonnegative
solution to 7 however it is not guaranteed that such a solution is positive on
the whole interval [0, 1]: indeed, if for some ¢y € [0,1] it holds ki (¢p,r) = O for
all » € [0,1], then u(tg) = 0. Thus, if there exists a subset J; C [0, 1] such that
ki(t,r) = 0 for (t,r) € J1 x [0,1], then u(t) = 0 for all ¢ € J;. Consequently, a
necessary condition so that a solution w is positive at some point ¢y (respectively,
on some set Ji) is that max,cjo 1) k1(to,7) # O (resp., max,cpo1) k1(t,r) # 0 for
all t € Jp). Similarly, as one can easily verify by the definition of v by , a
necessary condition so that the function v is positive at some point to (respectively,
on some interval .J;) is that max,cjo 1) k2(to,7) # 0 (resp., max,cp,1] k2(t,7) # 0
for all t € Jp).

As max¢< <py[ming<¢<y k1(t, 5)] > 0 by (C), employing the continuity of k; we
see that there exists an interval J C [, 1] such that

min kq(¢,s) > 0 for all s € J,

g£<i<n
which, in view of (B), implies that minge<;<, k1(t,7)a(s) > 0 on some interval
J' C J, thus

)\/§ k1(s,m)a(r)dr > 0
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hence | fg ki(s,r)a(r)dr]=! is a well defined positive real number.

We note that if for some s; € [0, 1] there exists some t1 € [£, 7] with k(¢1,51) = 0,
then ming<;<, k1(t,s1) = 0, and so from (C) it follows that k;(t,s1) = 0 for all
t € [0,1]. Clearly, if ming<;<, k1(t,s) = 0 for all s € [0, 1], then k; = 0. Therefore,
if we are looking for some suitable interval [£,n] C [0, 1] such that (C) is fulfilled,
then [£, n] should be selected so that there exists an s € [0,1] such that ky(¢,s) > 0
for all ¢t € [£, 7).

Now let us suppose that zf(x) > 0 for  # 0, and let up be a (nontrivial)
nonnegative solution of belonging to P. Then there exists a constant H > 0
such that |Jug|| = H. As u € P by Lemma 2.2] we have

up(t) > lEr<nrignuo(r) > v||uo|| > ~vH for any t € [£,7],

and so
~vH <wug(r) < H forall re [, n].

In view of Lemma[2.1] we see that for the function vy : [0,1] — R* with

volt) = / ka(t, )b(r) g (o () dr, ¢ € [0,1],

we have vy € P and so there exists an H’ > 0 such that
yH' <wy(s) < H' forall s € [¢,n].

Employing the continuity of f and the assumption that f is positive on (0, c0), we
may see that there exist some my, My > 0 such that

my < f(w) < My forallwe [yH', H'],
and so

my < f(vo(s)) < My for all s € [€,7)].
Then for ¢ € [0,1] we have

1 1
uo(F) = A / ka(F s)as)f (u / Fa (s, r)b(r)g oo (r))dr ) s
— /6 " ka(F 5)a(s) (w0 () ds,

hence,
uo(t) > [)\/5 k1 (1, s)a(s)ds} my.

In view of assumption (B) and Lemma from the last relation it follows that if
for some given t € [0, 1] there exists some § € [, n] such that ki (¢,5) > 0, then the
continuity of k; implies that ug(t) > 0. Consequently,

max kq(t,s) >0, forteJ; (4.1)
§<s<n

is a sufficient condition for ug(t) > 0, for all ¢ € J; C [0,1]. We, thus, have the
following result.

Assume that xf(z) > 0, x # 0. Then (4.1)) is a sufficient condition
for a nonnegative nontrivial solution u € P of the integral equation

(1.1) to be positive on J.
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In other words, if the kernel k; is not identically zero on each {t} x [£,n] for
t € J; C [0,1], then any (nontrivial) solution u € P of is positive on J.
Concerning the function v defined by 7 by similar arguments we may obtain
the following result.
Assume that zg(x) > 0 for x # 0. If u € P is a nonnegative
nontrivial solution of , then

max ko(t,s) >0 forte Jy C[0,1] (4.2)
£<s<n

is a sufficient condition so that the function v defined by (2.2)) be
positive on Js.

We note that by (C) and the continuity of k; (i = 1,2) it follows that (4.1)) and (4.2))
3.1] (

are always fulfilled on [¢,7]. In view of the above, from Theorem respectively,
Theorem we have the following proposition.

Proposition 4.1. Assume conditions (A), (B), (C), (3.3) (resp,. Theorem|[3.9) are
satisfied and define L{,Lf by (3.4) and Lg,L‘g by (3.5) (resp. L§7L§ by ([3.20) and

sz,ng1 by (3.21))). Furthermore, assume that xf(x) > 0 for x # 0. If (4.1) holds
true on some subset J C [0,1], then, for X\, p with (\,p) € Iy x I, there exists a

nonnegative solution u of the integral equation (1.1 which is positive on J.
It is not difficult to see that (C) is satisfied if we assume that

ki(t,s) : Rt xRt — Rt i = 1,2 are continuous functions and there
are points &, n;, 7; € [0,1], (i = 1,2) with £ = max{&;,&}F < rq,
ro < min{ni,n2} = 0, for which [mine<;<, ki(t,7;)] > 0, i = 1,2,
and positive numbers ;, i = 1,2 such that

min  k;(r,s) > viki(t,s) for (t,s) €[0,1]%, i=1,2.
&i<r<m;

Obviously, in order that the result of Theorem makes sense, it is necessary that
the intervals Iy and I, are nonvoid, i.e.,
LI <L} and LY <LY.

In view of (3.3), L{ and L¢ are nonnegative real numbers while L and L may be
positive real numbers or co. We briefly discuss the case of L{ , Lg, LY, L being
positive real numbers and the case where some of L{ , Lg and some of LY, L§ are
not positive real numbers. Conclusions for the other cases may be easily deducted.

Clearly, if fo, = 0o then L] = 0 < L} while if fo = 0 then L] < oo = L}. Hence,
if foo = 00 or fo = 0, then If #0. As foo = oo implies limm_,oo% = oo and
fo = 0 implies lim,_.o @ = 0, from Theorem we have the following corollary.
Corollary 4.2. Assume conditions (A), (B), (C) are satisfied.

(i) If

lim M:oo or limM:O, and lim Mzoo or limM

r—oo I z—0 I T— 00 €T z—0 X

=0

then there exist positive numbers A and p such that (L.1)) has a nonnegative solution.
(ii) If
f(z) g(z)

lim —= =0 = lim =——=
r—oo I r—oo I z—0 I z—0 X

lim f(@) =00 = lim M and

then (1.1) has a nonnegative solution for any positive numbers X and p.
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In the case that L, L], L9 LJ are positive real numbers, then the inequality
L{ < Lg may equivalently be written
n -1 __ -1
{’ylfoo/ min kl(t,r)a(r)dr} < [fo max ki (¢, r)a(r)dr] ;
— Je E<t<n 0

0<t<1
i.e.,
1 _ n
[ ; Jmax, kq (t,r)a(r)dr] fo<m [/5 Join k1 (t,r)a(r)dr} foos (4.3)
and so .
1< fO maxogtgl kl(t,r)a(r)dr fi.o

= - <mM=.
f; ming<s<,, k1 (¢, r)a(r)dr fo
Hence, a necessary condition for Iy and I, to be nonvoid is

Jo 90
f%oo <7 and gj < 2. (4.4)
On the other hand, from (C) we have k;(t,s) < %Er<ni£1 k;(r,s) for (t,s) € [0,1]?,
i e<r<n

i=1,2, and so
1
max k;(t,s) < — min k;(r,s) fors,te€l0,1], =12,
te(0,1] itys) < Yi €<r<n i(r;s) [0,1]

from which we take
1 1

1
; Org?%clkl(t,r)a(r)dré A ggltignh(t,r)a(r)dr.

Hence from (4.3) and the last relation it follows that a sufficient condition for the
inequality L] < L} to hold is

1 [t o '
[% 0 £I§Ilt1£nk1(t’r)a(T)dT} Jo <71[/E Egltlélnkl(tyr)a(r)dr S

or, equivalently,

fol ming<¢<y, k1 (t, r)a(r)dr <ty )ng

f; ming<¢<y, k1 (t, r)a(r)dr YR
Therefore, a sufficient condition for Iy and I, to be nonvoid is
fol ming <<, k1 (¢, r)a(r)dr
fg’ ming <<, k1 (¢, r)a(r)dr

ofoo o minecicy kot DYDY g
fo o Jd ming<i<y ka(t,m)b(r)dr g
' (4.5)
In view of the above discussion, from Theorem 3.I]we have the following corollary.

Corollary 4.3. Assume that conditions (A), (B), (C) hold and that fo, fs. G0,
Joo are real numbers. Moreover, assume that (4.5)) is satisfied. Then there exist
positive numbers A and p such that (1.1) has a nonnegative solution.

<(n)

Having in mind that 71,72 € [0,1] we may see that in case that at least one of
the functions f and g is linear then the condition is violated, hence Theorem
cannot be applied. Obviously, if f = ¢g # 0 then (|1.1) has always a (positive)
solution obtained by a simple integration u(t) = Aco [, k1(t, s)a(s)ds, 0 <t < 1.
For such a case, we have fy = oo and foo =0, and so Theorem does not apply.
However, as fo = oo and fs = 0 we may consider that g is any appropriate function
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that satisfies (3.19) thus existence is yielded by Theorem [3.2] Next, let us suppose
that f is a polynomial of first degree, i.e.,

f(x) =ciz+b, x€][0,00)

where ¢; > 0 and b; > 0 are real numbers. Having in mind that Theorem may
be applied provided that fo,go € [0,00) and fuo, goo € (0, 00], we find

- f(w) c1u+ by +oo, ifb >0
=fo= lim — = lim ——— = 4.6
fO fO u~>%1+ u uﬁr(()lJr u c1, if by = 0, ( )
and ,
P e AC) B U L (4.7)

U— 00 u uU— 00 u
Hence, in order that Theorem [3.I] may be applied we must have b; = 0 and in this
case foo = €1 = fo, and so

-1

—1
i : ;o
L= [%cl/g 52?”]‘:1(7577“)@(7“)657"} v Ly = Cl/ max ki(t,r) (r)dr}

It follows that Lf < Lf is equivalent to

-1

1c1/ mlnkltr)( cl/ maxkltr ()dr} ,

or

max ki (t,r)a(r)dr <71/ mln k1 (t,m)a(r)dr.

o 0<t<1

This inequality cannot hold even if £ =0, n =1, vq = 1 and maxg<i<1 k1(¢,7) =
ming<s<p k1(¢,7) = k(r), r € [0,1]. Hence, in case that f is polynomial of first
degree, then Theorem cannot be applied, and by similar arguments, neither
does it in the case of g being a polynomial of first degree. Therefore, we may
conclude that Theorem [3.1] cannot be applied in the case that some of the functions
f, g is a first degree polynomial

Now let us see if Theorem can be applied. In order that hold, we must

have fo, go € (0,00] and oo, Too € [0,00). As ¢; > 0, in view of 1) and 1 we
find that

1l — [eim J¢ ming<i<y ka (t,7)a(r)dr] b =0
S ) if by > 0,

1
r -1
L, = [01/0 Jnax ki(t,r)a(r)dr] " > 0.

Consequently, if ¢1b; > 0 then Lg =0< LZ and so (Lg;Lff) is not void, while if
b1 = 0 then in order that Lg < L] it is necessary that

1 n
Cl/o [max, kl(t,r)a(r)af?“<C171/5 élgntléln k1(t,m)a(r)dr,

which contradicts the fact that v, € [0,1]. It follows that for ¢; > 0 Theorem
applies if and only if b; > 0, and in this case (Lg,Lf:) # (). Observe that if
g(x) = cox + ba, © > 0 then employing similar arguments we see that gy € (0, o0]
and Gso € [0,00) only if ¢; > 0 and by > 0, which contradicts the assumption
g(0) = 0 posed in Theorem Therefore, in case that ¢; > 0, Theorem cannot
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be applied when both f and g are first degree polynomials. In conclusion, Theorem
can be applied if f(x) = ciz + by, * > 0 with either ¢; = 0 or with ¢167 > 0,
and ¢ is a nonlinear function for which it holds L§ < L.

The next few lines are devoted to giving some weaker, but easier to verify alter-
natives of Theorems and by introducing the following assumption:

(K) There exist functions k" : [¢,7] — [0,00) i = 1,2 and kM : [0,1] — [0, ),

1=1,2 with
m < i ; r | = :
k™ (r) ggltlgn ki(t,r) forallrel[tn], i=12, (4.8)
. < M r r ) = . .
Orgfgcl ki(t,r) <k;"(r) forall re[0,1], i=1,2 (4.9)

Assuming that (K) holds true, we may consider the positive numbers K:{ , K and
KI, K defined by

K = {“ J2 P (r)alr) ] o € (0.50)

0, if foo = o0,
—1 .

o § 2 JE RS r)b(r)gasdr] ™, if goo € (0, 00)
1 - O7 1f9ﬁ = 00,
it o LU R @)a)Todr] it Fo € (0,00)

7 | oo, if fo=0,
o LUy BT )b(rgadr] ™, i 50 € (0,00)

Then it it is not difficult to see that L{ < Kif and LY < K? (i =1,2) and so from
Theorems [3.1] and [3.2] we have the following two results.

Theorem 4.4. Assume conditions (A), (B), (C), (3.3)) are satisfied. Furthermore,
assume that (K) holds and that

K{ < K] and K? <K, (4.10)

where K{, K{ and Kg, K3 are defined as above. Then, for \,u with (A, p) €
(K{,KI) x (K¢, K%) equation (L.1) has a nonnegative solution.

Theorem 4.5. Assume conditions (A), (B), (C), (3.19) are satisfied. Moreover,
assume that g(0) = 0 and (K) holds . If

K < K] and K{ <K, (4.11)

where K?{, KY and KA{, K9 are defined as above, then, for \,p with (A, u) €
(K{,K]) x (K¢, K9) equation (T.1) has a nonnegative solution.

In some cases it seems easier to use Theorems 4] and [£.5] than Theorems [B.1]
and respectively, as it is rather simpler to spot some functions k™, kM i =1,2
for which and hold than to calculate ming<;<, k;(¢,7), 7 € [€,n],i=1,2
and maxo<¢<1 ki(t,7), r € [0,1], i = 1,2. However, one may easily see that the
corresponding intervals (Kif, KifH), (K?,K? 1), 1= 1,3 get shorter or, in case that
some of or fail to hold, one or both of these intervals may not even

make sense, hence Theorems or do not apply.



18 I. K. PURNARAS EJDE-2009/58

Finally, let us deal with the relation between the constants ;, i = 1, 2, the kernels
ki, i = 1,2, and the intervals I; and I, in the case that fo, foo> G0, goo € (0,00).
Assume, ﬁrst that there exist positive numbers m; and M; (i =1,2) such that

m; < ki(t,s) < M; for (t,s) € [0,1], i=1,2, (4.12)
and set -
%:Mi, i=1,2 and £=0,7n=1.
Then
viki(t,8) < viM; =m; < ki(t,s) for (t,s) €[0,1]i=1,2,
and so,

. . < ~M: =ms < i . | =
i Orél%xl ki(t,s) <vyiM; =m; < grgntlél?7 ki(t,s) forall s€0,1], i=1,2,

from which it follows that for ¢ = 1,2 it holds

max k;(t,s) < — min k;(t,s) < — min k;(t,s) [0,1]
0<t m; 0<t<1 m; £<t<n
and so
1 M. [t M [
max k;(t,r)a(r)dr < — min k;(t,r)a(r)dr < — min k;(t, r)a(r)dr.
0 0<t<1 m; 0 0<t<1 m; 0 £<t<n

Having in mind that in case that fo, foo € (0,00) then L{ < Lg may equivalently
be written as

1
my .
/ nax k1 (t,m)a(r)dr < ), grgntlgn k1(t,r)a(r)dr,

it follows that a sufficient condition for L{ < Lg is

B (10" vzt w

foo \ 1 fol ming<;<1 k1(t, T)G(T)dr. .
Similarly, if g9, goo € (0,00) then a sufficient condition for L{ < L is

o 1.

I (M2> < o mingzizn halt U (4.14)

Joo \ M2 fO ming<;<1 ko (t,m)b(r)dr

We have the following corollary.

Corollary 4.6. Assume conditions (A), (B), (C) are satisfied and that fo, fso, G0,
Joo € (0,00). In addition, suppose that there exist positive numbers m; and M;

(i = 1,2) such that (£12) holds true. If [@13) and [@.14) are fulfilled then there
exist positive numbers X\ and p such that (1.1) has a nonnegative solution.

As ming<i<i1 ki(t,7) < ming<i<p ki(¢,7), 7 € [0,1] (i = 1,2), from Corollary
we have the following result which gives weaker but easier to verify sufficient
conditions for Iy and I, to be nonvoid.

Corollary 4.7. Assume conditions (A), (B), (C) are satisfied and that fo, fso, G0,
Joo € (0,00). In addition, suppose that there exist positive numbers m; and M;

(i =1,2) such that (.12)) holds. If

fo (m1)2 9 ma\ 2
B () g B (M2
Joo M, Yoo My
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then there exist positive numbers A and p such that (L1.1)) has a nonnegative solution.
Now let us suppose that m; = 0 and that
there exists ¢ € [0, 1] such that ki (%, s) is nonzero for any s € [0, 1]. (4.15)

In view of the _continuity of the kernel k; it follows that there exists some 21,
m € [0, 1] with & < 71 such that k1 (¢, s) is positive on the block [£1,7;] x [0, 1] and

so there exist some real numbers my, M7 with [ max ki(t,s) = M; > 0 and
<t,s<1

my = min kq(r,s), forallse[0,1].
r€l&1,]

Thus, setting v1 = 7’7\11/1\//71, we have

viki(t,s) <y, My = iy = inf  ki(r,s), forallt,se[0,1]
r€[€1,71]
ie.,
min  ky(r,s) > yiki(t,s) for (t,s) € [0,1]2.
r€[€1,71]
Consequently, if (4.15) holds then Jnax [ming<;<, k1(t,7)] > 0. We conclude that
r<n

is a sufficient condition so that (C) is fulfilled. However, s not a
necessary condition for (C) to hold as it may happen that for any ¢ € [£, 7] we have
ki(t,s) > 0 for all s € [£,n] while k1 (¢, s;) = 0 for some s; € [0,1] \ [£,7)].

From the above discussion it follows that there may be more than one valid
choice of &;,n;,~; for each kernel k; (i = 1,2) for which assumption (C) is fulfilled.
This is an advantage of the results of the present investigation as we are allowed to
look for the best choice of these parameters that optimize the eigenvalue intervals.
However, this may not be an easy task since the longer we take the interval [£;, 7]
the smaller the positive constant ~; becomes.

Recalling the notation in , i.e., setting

v(t) = N/o ka(t, s)b(s)g(u(s))ds, 0<t <1,

one may see that (1.1) can equivalently be written as the system of integral equa-
tions

u(t) = )\/1 ki(t, s)a(s)f(v(t))ds, 0<t <1,
0 (4.16)

v(t) = u/o ka(t, r)b(r)g(u(r))dr, 0<t<1.

We say that a pair (u,v) of functions u,v € C([0,1],[0,00)) is a (nonnegative)
solution of if (u, v) satisfies for all ¢ € [0, 1]. As it concerns the notion
of positivity for solutions to the system of integral equations (4.16]), we will say
that a solution (u,v) of is positive on the (nonvoid) set I x J C [0,1)% if
u(t) > 0 fort € I and v(t) > 0 for ¢ € J. As it seems more convenient to work with
than with the integral system , we have chosen to establish our results
for and then show how these results may be applied on an integral system
such as . In particular, the next section contains applications of our results
to systems of BVP which may be formulated as systems of integral equations of the

type of (L10).
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Finally, we note that our results may easily be applied to the special case of (|1.1))
taken for A = p =1, i.e., the integral equation

1 1
ut) = [ kit ( [ als.rpg(urdr)as, 0<e<1 (47)

or to the system of integral equations

ut) = [ ha(t.s)a(s)fw0)ds, 01,
o (4.18)
v(t) = /0 ka(t, r)b(r)g(u(r))dr, 0<t<1.

As an example, we state the following result which is an immediate consequence of
Theorem [B.11

Theorem 4.8. Assume conditions (A), (B), (C), are satisfied and define
L, L9 by and L}, LY by B5). If

LI <1<L) and LI<1<Lf
then has a nonnegative solution u (or, equivalently, has a nonnegative

solution (u,v)).

5. APPLICATIONS TO SYSTEMS OF BOUNDARY VALUE PROBLEMS

This section is devoted to applying our results to systems of BVP concerning
differential equations.

The applications below bend on the observation that a large class of BVP con-
cerning differential equations may be converted to integral equations by the use of
Green’s functions and so a system of BVP can equivalently be written as system of
integral equations. In case that the integral system can be formulated as a single
integral equation such as , then results valid for may yield analogous re-
sults for the initial system of BVP. It is not difficult to see that the above argument
may still hold even in the case that the starting system consists of differential BVP
together with integral equations. In this section we show how existence results for
systems of BVP may be deducted from corresponding results obtained for .
It comes out that is general enough to include a variety of systems of BVP
and so the results of this paper include (and in certain cases extend or generalize)
several known existence results concerning nonnegative/positive solutions (e.g., see
[B] - [9] ). We note that in a large number of such problems the assumptions (A),
(B) are always fulfilled while condition (C) comes as a property of the Green’s
function(s) for suitable values of the constants v, £ and n. Hence, our results may
easily be applied to a large class of integral equations or systems of BVP for which
the corresponding Green’s functions satisfy conditions (A), (B) and (C).

The systems of BVP considered in the applications below have been selected
mainly for two reasons: to illustrate the routine by which existence of nonnega-
tive/positive solutions may be obtained and to underline the variety of BVP for
which the results of the paper are applicable.

The first application concerns a system of two multi-point second-order BVP
where the sets of points at which the boundary conditions are considered may
be different and the cardinality of these sets may not be the same. The second
application deals with a system of two-point BVP of third order with different types
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of boundary conditions. We note that in this BVP the choice of the constants ~,
¢ and 7 is not unique as &; and n; (¢ = 1,2) may arbitrarily be chosen. Finally,
in the third application we consider a system of two BVP that differ not only in
the boundary conditions but, also, in order. To the best of our knowledge, such
type of system has not been considered so far. The results obtained in the first two
applications improve known results.
5.1. A system of multi-point second-order bvp. Consider the system of BVP
consisting of the second order ordinary differential equations

u'(t) + Xa(t) f(v(t) =0, 0<t<1 5.1)
() + pb(t)g(u(t) =0, 0<t<1 ’

along with the multi-point boundary value conditions (m,n > 3 are positive inte-
gers)

m—2
w(0) =0, u'(1) =Y @ (G),

) (5.2)
0(0) =0, V(1) =3 aw'(G),

where 0 < @, (i = 1,...,m—2),0 < { < -+ < Cmz < o1 =1, 0; (j =
1,...,n—2),0= 50 < El << &_z < gn_1 = 1. We assume that the functions
f,g and a,b satisfy (A) and (B).

We will make use of the following lemma taken from [19].

Lemma 5.1. Let 0 < a;,(i = 1,...,k—2), 0=y < (g < -+ < (g2 < 1,
0< Zf;f a;¢; < 1 (k > 3 is a positive integer). The Green’s function Gy for the
BVP

—u"(t)=0, 0<t<l1

k=2
u(0) =0, (1) = Zaz‘u/(@)

is given by
Galt, s)
_ 8+%t 0<t<1, (o1 <s<min{Cy,t}, w=1,2,... . k-1
a %t 0<t<1, max{Cp_1,t} <8< (o w=1,2,...,k—1.

It follows that a pair (u,v) is a solution of the system of BVP (5.1))-(5.2)) if and
only if (u,v) is a solution of the system

1
u(t) = >\/0 G3(t,s)a(s)f(v(s))ds, 0<t<1,
v(t)=p ; G2(t,r)b(r)g(u(r))dr, 0<t<1.

i.e., if u satisfies (I.1) with k; = G} and ks = G3. By Lemma5.1] for ¢ € [¢4—2, 1]
and 0 < s < (x—o we have (—o = min{(x_2,t} and max{(y_o,t} = t, and so, in
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view of the convention Z?;g_l a; =0, we have for ¢t € [(;_2,1]
Zk _2i=1 @i
t, 0<s<t<1,te[Co 1]
Golt,s) ={ L=
1_216;12 a’it7 Ck—Q <t<s< 1)

from which we find

Z a;
S+ V= 1 Ck—Qa 0 S S S tv
min_ Gy(t,s) = - i
Cr—2<t<1 1_2.,7 o ————Cr—9, t<s<1,
hence
Zk 2 .
min  Gao(t, s 72 . 5.3
Cr—2<t<1 2( ) — Z 1 a; G2 (5:3)
On the other hand for ¢ € [0, 1], we have
s+ E;z%fat Coot < s <min{Co,thw=1,2,... k-1
Gz(t, 3) = 1-yk-2 ;%1 ‘
1—2?“??(1?’ max{(Cy-1,t} <s < (p, w=1,2,...,k—1
ik_aa_
t+ﬁt, Cw_lgsﬁmin{gw,t},w:1,2,...,k—1
i=1 @i
1_21_:12%75, max{Cy-1,t} << C(p, w=1,2,...,k—1
< 1
IRy =Y
i.e.,
1
Ga(t,s) < ——————t, for s, t €]0,1]. (5.4)
1- Ei‘:f @i
From (5.3) and (5.4), for s,t € [0, 1], we find
1
Go(t,s) < ——————t
-2 a
k—2
< ! 2z % Ch—2
Q2 Zf;f a; 1= a
—————— min_ Gs(t,s)
Ck 221 2 g, Croast<1
which implies
1
Ga(t,s) < ——————— min _ Gs(t,s) forall (¢,s) €[0,1]. (5.5)

Cro sz 12a Choa<t<1
From (5.5) it follows that
G3(t,s) <y _ min Gj(t,s) forall (¢,s)€[0,1],

Cm—2<t<1
G%(t,s) <vo _min G3(t,s) for all (t,s) € [0,1],
Cn—2<t<1
where
1 1
N=="mn2 = 2=

Cm 22 =1 a; Cn 22 1a7
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and so condition (C) is fulfilled with ¢ = max{(m_2,(n2}, 7 = 1 and v =

min{~yi,y2}.

From the definition of G5 in Lemmait follows that condition is satisfied
on the interval I = (0,1]. In connection to the discussion at the beginning of Section
3, we note that u(0) = 0 is yielded by the fact that G2(0,s) = 0, s € [0,1] while
u(1) > 0 follows from the fact that Ga(1,s) > 0 for s € [(m—2,1]. Applying
Corollary [£:2] we have the following Proposition.

Proposition 5.2. Assume conditions (A), (B) are satisfied. Moreover, assume
that fo, 0 € [0,00), foo, 9o € (0,00] where fo, Go, foo and goo are defined by (3.1))
and define 6}4’1, 6}4’2 and %‘1 and E?Q by

min{1->""7-2a;, leiij .
(1 foo M Z i B (1) ar] T if fo € (0, 00)

g?,l = 172777 12 aq '
0, foﬁ = o0,
fmax{l > % aj, Zz 1 Lag} -1 T
f . = E]"’ZIQ - fO a(r)dr] s Zf fo € (0, OO)
Zf fO = 07
mln{l*Z?;? a;, 20 a5} 1 -1 .
A= 72900 172171—12 a; fg b(T)d?“] ) ngﬁ € (0,00)
9,1 * .
a ng& = 00,
max{1l— Zzn 2a7 ZZ 1 a7} -1 e
£A2 - [90 Z]m 2a1 f ( )dr} ) ng() € (0,00)
9,2 " =t
+00, if go = 0.

Then, for any A € (fﬁl,ﬁﬁz) and p € (031,045) there exists a nonnegative solution
(u,v) of (6.1)-(5.2)). Furthermore, if in addition it holds x f(x) > 0 for x # 0 and
xzg(z) > 0 for x # 0 then u(zx) > 0 and v(z) > 0 for z € (0,1].

The existence of p031tlve elgenvalues for the spec1al case of the system
. ) taken for m = n and CZ = Q i =1,. — 1, has also been dlscussed in
[9]. However, Proposmon 2| (as well as the analogous proposition corresponding
to Theorem improves and generalizes these existence results discussed in [9]
not only by allowing the points in the boundary conditions to be arbitrarily chosen
(and not necessarily of the same number) but also by replacing lim by lim sup or
liminf.

5.2. A system of third order bvp. In this subsection we show how our results
may be applied to a system of BVP consisting of two differential equations of third
order but different boundary conditions concerning the same points (endpoints) of
the interval [0, 1]. It is interesting that the points £, 7 may arbitrarily be chosen in
the interval (0,1) (provided that & < n). More precisely, we consider the system
consisting of the third order differential equations

W)+ Xa(t) f(v(t) =0, 0<t<]1
V(1) + pb(t)g(u(t)) =0, 0<t<1
along with the two-point boundary conditions
' (0) = u"(0) = u(1) =0,
v(0) = v'(0) =v"(1) = 0.

(5.6)
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Concerning the BVP (5.6)-(5.7) we have the following lemma taken from [34].

Lemma 5.3. For any y € C([0,1],R), the boundary value problem consisting of
the third order differential equation

u"'(t )+y( )=0, te(0,1) (5.9)
along with the initial condition ) has the unique solution

1
u(t) = / Gé(t, s)y(s)ds, te]0,1],

0
where

oty a5z
» 28]

It is not difficult to verify (se that

Gi(t,s) < , for all (t,s) € [0,1]%.

M\H%
N

(see, [28])
(1-s)?<
(

t,s) where 0 < & < 11 < 1 we consider the two cases

L=

For estimating min¢c(e, ,,) G
below.
Case I. 0 < s <t <1. We have
1
min G3(t,s) = min 1—35)2—(t—s)?
tel&r,m] 3( ) tefer,m) 2 [( ) ( ) }

= 215~ (m — 9]

= %(1 —m)(1+m — 2s)

1(1 =) (1 +m —2m)

>
-2
1
> —(1—m)?
2 51 =m)
and so 1
min  G3(t,s) > —(1 —m)>G3i(t,s), for0<s<t<l1. (5.10)
te[€1,m] 2
Case II. 0 <t < s <1. We have
1
min Gi(t,s) = =(1—s)? > Gi(t,s), for0<t<s<I1. (5.11)
t€[§1ﬂ71} 2
By (5.10) and (5.11) it follows that
1
—(1=m)?Gi(t,s) < inf Gi(t,s), (t,s)€]0,1]> (5.12)
2 te(é1,m]

Concerning the BVP (5.9)-(5.8]) we have the next lemma taken from [21].

Lemma 5.4. For any y € C([0,1],R), the boundary value problem (5.9)-(5.8) has
the unique solution

1
u(t) :/ G%(t,s)y(s)ds, te€0,1]

0
where

1
G?&(tv 5) = 5

2, 0<t<s<l1
t2—(t—s)? 0<s<t<l1.
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It follows that

G2(t,s) <ts, forall (t,s) € [0,1]% (5.13)
For estimating [gnf ]Gg (t,s) where 0 < &3 < 12 < 1, we first note that
te(€2,m2
Lo
min G3(t,s) = =€, 0<t<s<1 (5.14)
te[€2,m2] 2

while for 0 < s <t <1, we have

1 1 1
min G = min =[t?—(#t—5)%= min =(2t—s)s> min -ts
te[€2,m2] a(t:9) te[€2,m2] 2[ ( /] t€[€2,m2] 2( s 2 te[€2,m2] 2

from which it follows that

min  G3(t,s) > fgs for0<s<t<1. (5.15)
te[2,m2]

By (5.14) and (5.15)) we have

min  G3(t,s) > fg min{&y, s} for s € [0,1],
tE[§2,m2]

from which in view of min{&s, s} > &35 we have

1
min G3(t, s —¢25, for s €10,1].
o 5(ts) 2 56 [0,1]

Combining the last inequality with (5.13), we take for (¢,s) € [0, 1]?,

1 5 1
—&5G5(t, <— ts < min Gz5(t,s 5.16
S-G9 < 5ot < min G3(t.s), (5.16)
thus
12G3(t,s) < min G3(t,s), (t,s)€0,1]? (5.17)
t€[§2,m2]

where 7, = ﬁ{% Setting & = max {&1,&2}, n = min{n1,n2} and

D SR < |
772111111{(1 m),nz},

from and (5.17] - we conclude that (C) is fulfilled on any nonvoid arbitrarily
chosen mterval [€,m] € (0,1), provided that & < n. Observing that ( is satisfied
on I = (0,1], from Corollary |4.2] - we have the next proposition, Wthh to the best
of our knowledge, is a new result.

Proposition 5.5. Assume conditions (A), (B) are satisfied. Moreover, assume
that fo,g0 € [0,00) and foo,goo € (0,00] where fo,go, and fuo,goo are defined by
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B.1) and define 5+, €51, 152 and 052 by
B {[(1 —m)? [ ming<iy Gh(tr)a(r) foudr] s if foo € (0,00)
1 =

07 foﬁ = 00,
€B1 — [fol maXo<¢<1 Gé (t7 r)a(r)%dr] _1a Zfﬁ S (Oa OO)
2 oo, if fo = 0,
/B2 (55765 J¢ ming<i<y G3(t,7)a(r) foodr] i fa € (0,00)
T i L = oo,
/B2 [ Jy maxo<i<1 G3(t,r)a(r) fodr] ", if fo € (0,00)
2 4o, if fo = 0.

Then, for any (A, u) € (6]131,6231) X (6?2,8232) there exists a nonnegative solution
(u,v) of ——. If, in addition, zf(x) > 0 for x # 0 and xzg(z) > 0 for
x # 0 then there exists a nonnegative solution (u,v) of —— such that
u(z) > 0 and v(x) > 0 for z € (0,1].

5.3. A system of mixed type. Here, we show that the results of this paper
can easily be applied to obtain eigenvalue intervals for systems of BVP where the
differential equations are not of the same order. For simplicity, we consider a system
of BVP consisting of types of BVP already mentioned, namely the differential
equations

u'(t) + Xa(t) f(v(t) =0, 0<t<]1 518
"' () + pb(t)g(u(t)) =0, 0<t<1 (5.18)
along the boundary value conditions
k—2
0)=0, «/'(1)= ' (G
W0 =0, (1) =3 an'(6) 5.0

v(0) = 2'(0) ="(1) =0,

where 0 < a;, (i=1,...,k—2),0=C < < - <Ca<1,0< Y a,( <1,
i.e., the boundary condition and the boundary condition .

Taking into consideration Lemma [5.1] and Lemma [5.3] it is not difficult to see
that (u,v) is a solution of the system (5.18)-(5.19) if and only if u is a solution of
the integral equation

1 1
u(t) = /\/O Gt s)a(s)f(,u/ G (s, b(r)g(u(r)dr)ds, 0<t<1, (5.20)

0
and v is given by

o(t) = / G2(t, )b(r)g(u(r))dr, 0<t<1,

with Go and G2 given in Lemma [5.1| and Lemma respectively.
Then for &,1 € [Cr—2,1] with £ < n, in view of (5.5) and (5.16) we may see that
(C) is satisfied with
1 1
—— 5 )
oo iy a; 21 )
From Theorem [3.1] we have the following result concerning the system (5.18)-(5.19).

'y:min{
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Proposition 5.6. Assume conditions (A), (B), are satisfied. Moreover, assume
that fo,90 € [0,00) and foo,goo € (0,00] where fo,Go, and fso, oo are defined by
B3). Let Zﬁl, 6?2 and (22, 132 be defined as in Proposition and Proposi-
tz’on respectively. Then, for any (A, p) € (5?1,6’472) x (652 05%) there exists a
nonnegative solution (u,v) of the system (5.18))-(5.19) (equivalently, a nonnegative
solution u of ) If, in addition, x f(x) > 0 for x # 0 and zg(z) > 0 for x #0
then there exists a nonnegative solution (u,v) of (5.18)-(5.19) with u(z) > 0 and
v(z) > 0 for x € (0,1] (equivalently, a nonnegative solution u of which is
positive on (0,1]).

The above result is a new one and maybe the first of its kind as systems of BVP
concerning differential equations of different order seem not to have been considered
before.

6. A GENERALIZATION

For the sake of simplicity, we have chosen to focus, in some detail, to nonnegative
solutions of (1.1) than to deal with the existence of positive eigenvalues A; (i =
1,...,n) yielding nonnegative solutions to the more general equation

u(t) = A\ /01 ki(t,s1)a1(s1)fr ()xg /01 k2(51,32)a2(32)f2<... o

frno1 ( /01 kn(Spn—1, sn)an(sn)fn(u(sn))dsn)dsn,l) .. .d52>d51,

where 0 <t <1 and n > 2 is a positive integer. We study this equation under the
following assumptions:
(An) f; € C([0,0),[0,00)), i =1,...,n;
(Bn) a; € C([0,1],[0,00)), i = 1,...,n, and each does not vanish identically on
any subinterval of [0, 1];

(Cn) ki(t,s) : Rt x Rt — R*, 4 =1,...,n are continuous functions and there
are points &;, n; € [0,1], ¢ = 1,...,n and positive numbers v;, i = 1,...,n
such that the kernels k; are nonzero on [¢;,n;], i = 1,...,n and satisfy

in  k;(t,s) > viki(t,s) for (t,s) €[0,1]%, i=1,...,n.
g Loin kit s) 2 viki(ts) for (t5) €[0,1]%, 4 n

Clearly, the equation (6.1) may equivalently be written as the system of integral
equations

1
ul(t) = )\1/0 kl(t7 S)al(S)fl(UQ(S))dS, 0 S t S 17

ua(t) = Ay /0 ks (t, 8)as(s) fa(us(s))ds, 0<t<1, 62)

1
un(t) = /\n/o kn(t, $)an(s) fn(ui(s))ds, 0<t<1.

It is not difficult to see that following the arguments used to prove Theorems 3.1
and one can obtain results on the nonnegative solutions to that are similar
to the ones obtained for ; these results also hold for the integral system .
Below we state only the generalization of Theorem [3.1] and leave the corresponding
one of Theorem [B.2] to the interested reader.
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Theorem 6.1. Assume conditions (An) (Bn), (Cn). Furthermore, we assume that

fie0,00), fi€(0,00, i=1,..,n, (6.3)
where
fTﬁzlimsupM, fl = limi fM, i=1,...,n, (6.4)
u—0+ U uﬂoo U

and define L{i and Lgi (i=1,...,n) by

[1f§ Ermn ki(t,m)a;(r )&dr}_ ,if fi € (0,00),

LI .= e (6.5)
Oa Zf& = 00,
— —1 L=
pp o [y masocec kit e fidr] ™ i e (0,00, oo
2 +00, if fi=0.
Then, for \; with \; € (L{",Lgi), i =1,...,n, there exists a nonnegative solution

u of (6.1) (or, equivalently, a nonnegative solution (uy,...,uy), of .)

We note that comments similar to the ones made in Section 3 for (also
valid for the integral system (4.16)) may easily be extended to (also valid for
©2)).

Working in a similar way as in the applications in Section 3, one can apply
Theorem to obtain existence results for the systems of BVP consisting of n
differential equations of arbitrary order. In particular, we may consider the system
of BVP consisting of n differential equations of second order

ui (t) + Niai(t) fi(uipa (1)) =0, te€(0,1)i=1,...,m,

U1 () =ui(t), tel0,1], (6.7)
along with the boundary value conditions
u;(0) =0=u;(1), i=1,...,n (6.8)
The Green’s function for the associated problem
—u"(t) =0, (0,1)
u(0) =0 =u(1)
is given by
G- {0 s s
(see, [20]). Tt is easy to verify that
Calt, s) < Ca(s,5) < i (t,5) € [0,1]2. (6.9)
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and that for s € [0, 1], it holds

r(l—s), if0<r<s<1
min Gz(r $) = min ]
relg,m] relen] |s(1—7r), f0<s<r<1
E(l—s), frenand<r<s<l1
s(l—n), ifrelfnand0<s<r<npy
L =n)(1—s)s
> £(1—n)Ga(s, s)
and so by we obtain

min Ga(t, s) > (1 —n)Ga(t,s), (ts) € [0,1]%
telg,n]

In view of the above inequality, applying Theorem we have the following result.

v

Proposition 6.2. Assume conditions (An), (Bn), (Cn) are satisfied. Moreover,
suppose that (6.3) (i = 1,...,n) hold, where f§ and fé (it =1,...,n) are given

by (6.4) and define L{i,Lgi by (6.5) and with v; = £&(1 —n) and k; = Go
(i=1,...,n). Then, for \;, i =1,...,n, with \; € (L{i,Lgf‘), i =1,...,n, there
exists a nonnegative solution (u1,...,u,) of (6.7)-(6.).

The existence of positive eigenvalues yielding nonnegative solutions to a BVP
concerning an iterative system of the type of on a time scale T has been
investigated by the authors in [2]. The results of this paper extend some particular
results in [2] taken for the special case T = R by replacing lim by lim sup or lim inf.
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