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COMPARISON RESULTS FOR SEMILINEAR ELLIPTIC
EQUATIONS VIA PICONE-TYPE IDENTITIES

TADIE

ABSTRACT. By means of a Picone’s type identity, we prove uniqueness and os-
cillation of solutions to an elliptic semilinear equation with Dirichlet boundary
conditions.

1. INTRODUCTION

The aim of this work is to provide some comparison and uniqueness results for
semilinear Dirichlet problems in a smooth, open and bounded domain G C R"™,
n > 3. The problems are related to the elliptic operators

lu = Z % (aij(x)é)u + flz,u) + c(z)u. (1.1)

ij=1 J

The notation in this article is as follows:

Dil}i= (b= (s

n
VY,W € R" and a € Myyp, a(Y,W):= > aiY'W,
i,j=1
where M, «, denotes the space of n x n-matrices. The hypotheses on the coefficients
are:

(H1) The functions a;; € C'(G;R,) are symmetric and continuous with

n

Z a;; ()€€ >0 Y(z,€) e GXR™ (>0if £ #0).

ij=1

(H2) The function ¢ € C(G;R); f € C(R™ x R;R) is non constant; Ry := (0, c0)
and Ry := [0,00). The (classical) solutions for belong to the space
CLG) N ().
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2. PRELIMINARIES

For the (smooth) functions u,w, as in [I], from the expressions D;{ua;;D;u —

(u?/w)a;; Djw} and ulu we have that if w # 0,
n u2
Z Di{uaij(:c)Dju — E aiijw}
j=1 (2.1)
2
= w%(V[g], V[E]) by — bw + u?{ fla,w)  flz,u) }
w w w w

u
and if u # 0, then

n 2

Z Di{waij(x)Djw - % aiiju}
i,j=1 (2.2)
= uQa(V[%], V[%]) + wlw — %2€u + w?{ f(q;’ w _ f(i’}w) s
also for A # 0 if fu = 0, then
L) = fz,du) — Af(x,u). (2.3)

Remark 2.1. Most of the results will be established by the means of integrating
over G (which is a regular domain) allowing the integration by parts along its
boundary OG; this in cases like the left side of say, , and many other
cases makes the left side of the integral to be zero when u|sg = 0.

Lemma 2.2. If u; and wy are classical solutions of

tv= i Di(aij(z)Dj)v+c(z)v=0 inG; v|,, =0, (2.4)
i7=1
then ’
Z Di{ulaiijul - Zjaiijwl} =w? Z aijDi[Z)—ll]Dj[Z—ll
e ij=1 (2.5)
= wia(V[ "L V).

The proof of the above lemma follows from the identities — where f = 0.
Lemma 2.3. If u,v € C? with v # 0 then
u u " u?
v2a(V[;], V[;]) + Z Dl-(?aiijv)
ij=1 (2.6)
¢ 2
= a(Vu, Vu) + uz%’ — c(x)u? — M .
Proof. As in [6], for all u,v € C? with v # 0,

u? 2u U\ 2 u?
Di{aij ? Dj’U} = jaijDiuDjv — (;) aijDiva + 7Di(aijvj)

oo (2)0,(2)

2
= aijDiuDju — %aij(DiuDjv + Djqu ) + (%) aijDiva;

and

(2.7)
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thus
n 2
PR IR LIORACRED)
n 2
= ’UQCL(V[%]’ V[%]) + i]zz:l D; (%aiijv)

n 2 n
u
= E aijDiuDju—F? E Di(aiijv)

ij=1 ij=1

2
= a(Vu, Vu) + uz%j — e(zx)u? — M .

Then ([2.6]) follows. O

To ensure that solutions can be extended in the whole R™ we set the hypothesis
(H3) for all z € R™ and all ¢ € R\ {0}, it holds ¢tf(z,t) > 0.

Lemma 2.4. Assume (H1)—(H3) hold. Let u and v be respectively solutions of

Vv = —a; (.’ﬂ)i v+ C(l’)v + f($,'l)) =0 Ga (28)
ijzzl 6$i ( J 81‘]>
=1 (91‘1 ( 61‘]>
U‘BG =0; u>01nG andv >0 somewhere in G. (2.10)

Then v has a zero inside G. The same conclusion holds in the case where the
inequalities are reverse in (2.10). Consequently any component of the support of u
or that of —u contains a zero of and vise versa.

Proof. Assume that v > 0 in G. The integration over G of (2.1) where v replaces

w , gives
oz/G[UQa(V[z],V[Z])M?W}dx (2.11)

which cannot hold as the second member is strictly positive. If the inequalities in
(2.10) are reverse we get the same conclusion by applying the result to —u and
—0. (I

2.1. Oscillatory solutions.

Definition. A function u is said to be oscillatory in R™ if for all R > 0, u has a
simple zero in Qg := {z € R" : || > R}. Equation is said to be oscillatory if
it has oscillatory solutions.

For the equation

"0 0 .
Lu = ijgl oz (a”(x)a—%)u +c(r)u=0 inR (2.12)
and for r > 0 and I,, :={(i,5) : 4,5 € 1,2,...n.}, define

A(r) := {In‘la‘)i }{aij(a:)}, C(r):= | |£n c(x),

p(r) := r”flA(r) , q(r) = r"ilC(r)
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and the associated equation

(p(r)y')l +q(r)y=0 inR,. (2.13)

For some 7y > 0, define

P(t) ::/ pc(l:) if 12}1117(25) = o0

and

II(¢t) ::/ pc(i:) if lirgp(t) < 00.

From [3, Lemma 3.1 and Theorem 3.1], we have the following result.

Lemma 2.5. Let rg > 0,
(i) f:}o q(r)dr = oo or

/ q(r)dr < oo and h/m inf{P(r)/

T0 T

(ii) II is bounded and frzo (r)?q(r)dr = oo, or

oo

q(s)ds} > i

> 2 . 1 o 9 1
/ II(r)°q(r)dr < co and 711/1{)10 1nf{m/r I1(s) q(s)ds} > 1

To

If either (i) or (ii) holds, then (2.13)) is oscillatory, and so is (2.12)).

From [3| Remark 3.3], Lemma 2.4 also holds when A(r) and C(r) are replaced,
respectively, by

1
a(r) .= maxi{a;(v)}ds,
) [ masta)

w,ﬁ‘"*l n

— 1
C(r):= ot /|w|—7-C(x)dS

where w,, denotes the area of the unit sphere in R"™.

3. MAIN RESULTS

Theorem 3.1. Consider the problem

"9 0 )
Lu = Z; oz (azj(l')aim])u +ce(x)u=0 inG (3.1)
with either
u|8G:0; u>0 inG (3.2)
or
Vulspa =0; u>0 inG. (3.3)

Under the hypotheses (H1)-(H2), any two solutions u and v of the problem (3.1),
(3.2) or the problem (3.1), (3.3) must satisfy u = kv for some constant k € R.

Proof. If u and v are two such solutions then after integrating both sides of ([2.5)),
we get the right side strictly positive while the left one is zero (see Remark
This is absurd unless V[#] =0 in G. O
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Theorem 3.2. Assume that (H1)-(H2) hold. For the problem

"\ 0 0 ‘
lu = ij::l pr (a”(x)a—x])u + flz,u) +c(z)u=0 inG (3.4)
with either
u|8G:O; u>0 inG (3.5)
or
Vulog =0; u >0 in G. (3.6)

(1) Iff (z, t r L@t g decreasing in t > 0 for any x € G then any of the problems

, , or ‘, P of (1.1) has at most one positive classical solution.
171

(2) Moreover if t — = is monotone in t > 0 uniformly for x € G then any
two solutions u and v of must intersect in the sense that each of the sets

wi={z € G:ulx)> ()}andG ={z € G :u(x) <v(x)} has a non zero
measure.

Proof. Let u and v be two such solutions.

1) From —

0:/ 1}2(1(V[E E
G v v
Oz/GUQa(V[%],V% 2{f nv) _ f(a;’u)}dx

2{f377} —f(zu)}dﬂc

whence

0= [ [oPavI4) V4 +w2a(VILL VI + o - oy L) B0 g,
a v v u u v u

(3.7)
and the conclusion follows from the fact that in any of the cases, the left hand side
of is zero and the right Strictly positive.

From , with X (z f(x v) f(az,u)

Oz/G{an(V[%] VI + X () b
= [ {#a(VELVED - X (@) o
whence
0= /G [Pa(VIEL VD + 2a(VIEL V) + (0 — )X @)dz. (39)

Ift— @ is increasing and u — v does not change sign in G then (3.8)) cannot
hold as its second member would be strictly positive. Thus to have two distinct

solutions in this case none of G,, and GG, must have zero measure. O

Theorem 3.3. Assume that there is A\g > 1 such that for all (A, z,t) € (Ag,00) X
G x (0,00),

Az, t) — f(x, At) > 0. (3.9
Then if for all x € G, t — f(f’t) is strictly increasing in t > 0, (L.1) has at most
one positive solution.
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Proof. Let u and v be two distinct solutions; for G, := {z € G : u(x) > v(x)}, we
have V{u — v}|aq, # 0; otherwise from (2.2,

O:/G [uQa(V[%],V[ ])_i_vz{f(zau)_f(z,v)}}dx

v
u

which would not hold as the second member would be strictly positive.

Let W € C(G) be defined by W(z) := (u V v)(x) := max{u(z), v(z)}. Then
W is a weak subsolution of (L.I). We chose Ao > 1 such that for all (z,)) €
G x (Ao, 00) W(z) < Au(z) := V(z). By (8.9), V is a supersolution for and
there is a solution w, say, such that W <w <V in G , by the super-sub-solutions
method. This conflicts with the fact that any two solutions of must intersect
by Theorem 3.2. In fact such w would not intersect u nor v in the sense of Theorem
3.2. O

Theorem 3.4. Assume that (H1)—-(H3) hold in the whole R™. If in addition (i)
and (ii) of the Lemma 2.4 hold, then

"9
tu = ”Z::l E (aij(fr)aij)u + f(z,u) + c(z)u =0
is oscillatory in R™.

The proof of the above theorem is a mere application of Lemmas [2.4] and

Theorem 3.5 (Wirtinger-type inequalities). Assume that (H1)—(H2) hold. Let v
be a classical solution of and u be a function in C*(G) such that u’aG = 0.
Then
9 u u
va(V[=],V[=Ddz < | a(Vu,Vu)dz
G v v G
and

/G {e(@)u® + %f(x,v)}dm < /Ga(Vu, Vu)dz.

The proof of the above theorem follows from the integration over G of both sides
of (6).

Concluding remarks. Some of these results can be extended to more general
quasilinear equations including the p-Laplacian equations; see [§].
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