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REMARKS ON A 2-D NONLINEAR BACKWARD HEAT
PROBLEM USING A TRUNCATED FOURIER SERIES METHOD

DANG DUC TRONG, NGUYEN HUY TUAN

ABSTRACT. The inverse conduction problem arises when experimental mea-
surements are taken in the interior of a body, and it is desired to calculate
temperature on the surface. We consider the problem of finding, from the
final data u(z,y,T) = ¢(z,y), the initial data u(z,y,0) of the temperature
function u(z,y,t), (z,y) € U = (0,7) x (0,7), t € [0, T] satisfying the nonlin-
ear system
ut — Au = f(z,y,t,u(z,y,t)), (z,y,t) €U x(0,T),
u(0,y,t) = u(m y,t) = u(z,0,t) = u(z,m 1) =0, (z,9,t) €U x(0,T).

This problem is known to be ill-posed, as the solution exhibits unstable de-
pendence on the given data functions. Using the Fourier series method, we
regularize the problem and to get some new error estimates. A numerical
experiment is given.

1. INTRODUCTION

In this paper, we consider the following two dimensional problem in an rectangle
U=(0,7) x (0,7)

ug — Au = g(z,y, t,u(x,y,t)) (x,y,t) €U x(0,T), U= (0,7) % (0,m) (1
u(0,y,t) = u(m,y,t) = u(z,0,t) =u(z, 7 t) =0 (x,y,t) € U x[0,T] (1.2
w,y, T) = ¢(e,y) =yl (1.3

where we want to determine the temperature distribution w(.,.,t) for 0 <t < T
from the data ¢(x,y) . The problem is called the backward heat problem (BHP),
the backward Cauchy problem or the final value problem. This is a typical ill-posed
problem. In general no solution which satisfies the heat conduction equation with
final data and the boundary conditions exists. Even if the solution exists, it will not
be continuously dependent on the final data such that the numerical simulations
are very difficult and some special regularization methods are required. In the
context of approximation method for this problem, many approaches have been
investigated. In the mathematical literature various methods have been proposed
for solving backward Cauchy problems. Such authors as Lattes and Lions, Miller
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have approximated BHP by quasi-reversibility methods (QR method for short). In
1983, Showalter, in [16], presented a different method called the quasiboundary
value (QBV method) method to regularize that linear homogeneous problem which
gave a stability estimate better than the one of disscused method. The main ideas
of the method is of adding an appropriate “corrector” to the final data. Using the
method, Clark and Oppenheimer, in [5], and Denche-Bessila, very recently in [7],
regularized the backward problem by replacing the final condition by u(T")+eu(0) =
g and u(T) — eu'(0) = g respectively.

Although there are many papers on the linear homogeneous case of the backward
problem, we only find a few papers on the nonhomogeneous and nonlinear cases of
BHP. We can notably mention the method of QBV and modified quasi-reversibility
to solve the one dimensional nonlinear backward heat problem (NBHP), such as
[20). Moreover, the two dimensional case of NBHP is very scarce and it is not
considered by QR or QBV methods. To the authors’s knowledge, in some recent
papers on the nonlinear backward heat, the error estimates of most regularization
methods are the form Ce*/”. Tt makes difficult to solve the error in the time ¢ = 0.
To improve this, we develop a new regularization method which is called Fourier
method for solving the Problem —. As far as we know, there are not
any results of Fourier series method for treating NBHP until now. Meanwhile, we
will establish faster convergence results via improved error estimates. Especially,
the convergence of the approximate solution at ¢ = 0 is also proved. This is an
improvement of known results in [I5], 20, 22].

Informally, problem — can be transformed to an integral equation

oo

2
(E y7 Z ( (t=T (n +m )Sanm
nm=1 (1.4)

T
_ / e g () (5)ds ) sin(na) sin(my),
t

where

o(z,y) Z ©nm sin(nz) sin(my),
n,m=1

o0

g(u)(z,t) = Z Inm (1) () sin(nx) sin(my),

n,m=1

are the expansion of ¢ and g(u), respectively. Since ¢t < T, we know from that,
when m? +n? becomes large, exp{(T —t)(m?+n?)} increases rather quickly. Thus,
the term e~ (#=T1)(m*+1%) ig the cause of the instability. So, we hope to recover the
stability of problem by filtering the high frequencies with suitable method.
The essence of our regularization method is just to eliminate all high frequencies
from the solution, and instead consider only for m? + n? < ag, where ag is
an appropriate positive constant satisfying limg_.gag = co. We note that ag is a
constant which will be selected appropriately as regularization parameter. Then, we
get a stable and convergent iteration scheme. We have the following approximation
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problem
m,n>1
m2+4+n2<ag (15)
T 2 2
_/ e(s=t)(n+m )gnm(vﬁ’aﬁ)(s)d3> sin(nx) sin(my)
t
where

= 5 (2, ), sin(n) sin(my),

Gun (0)() = 5 (9(, ., (), sinn) sin(my),

and (-, -) is inner product in L?(U).

2. FOURIER REGULARIZATION AND THE MAIN RESULTS

For clarity, we denote the solution of (1.1))-(1.3) by u(.,.,t), and the solution of
(T.5) by v%95(.,.,t). The main conclusion of this article is as follows.

Theorem 2.1. Let ¢ € L*>(U) and let g € L>=(U x [0,T] x R) satisfy
for a k > 0 independent of x,y,t,w,u. Then (L5) has a unique solution v €
C([0,T]; Hy (U)) N CH((0,T); L2(U)).
Theorem 2.2. The solution of ([L.5) depends continuously on ¢ in L*(U).
Theorem 2.3. Let ¢, g be as in Theorem . If %(m,y,t,z) s bounded on U X
(0,T) x R then (1.1)-(1.3) has at most one solution

u € C([0,T; Hy(U)) N CH((0, T); L*(U)).

Theorem 2.4. Let ¢, g be as in Theorem. Suppose that (1.1)-(1.3) has a unique
solution u(x,y,t) in C([0,T]; HX(U)) N C*((0,T); L*>(U)) which satisfies

T oo
/ S g2 (u)(s)ds < oo. (2.1)
0

n,m=1
Then

(., . t) — v®98 (., )| < VM TT=D)—tas (2.2)
for every t € [0,T], where

T oo
M=) 42T [ I () )i,
0

n,m=1

and v%% s the unique solution of (L.5) corresponding to 3. Moreover, if %1; €
L2((0,7); L3(U)), then there exists a tg such that

||7.L(., .,0) - Uﬁ’aﬁ(" 'atﬁ)” < \/§C \4/ 1/a )

where

T ou 5 \1/2
N = ([ 15 6nslPds) L €= max(a, ).
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Remark 2.5. (1) In the simple case of the function g(.,.,u) = 0 (it follows that
k=0), we have
s ) = w595 (. ) < 2, O) 5.

Choosing ag = 4 In(1/3), we obtain the error estimate
s t) = v (D)) < 2luls -, 0)]1.87T

This error is given in [5].

(2) In most known results, such as [I5 20, 22], the errors between the exact
solution and approximate solution can be calculated in the form Ce!/T. Notice that
the convergence estimate in this Theorem does not give any useful information on
the continuous dependence of the solution at t = 0. It is easy to see that if taking
t=0in , the error estimate is as follows

lu.,..,0) —v®2(.,.,0) < VMT’

does not tend to zero when 3 — 0. So, the convergence of the approximate is large
when ¢ — 0. In next Theorem, we will give a good estimate in which the error in
the case t = 0 is considered.

(3) In this Theorem, we ask for a condition on the expansion coefficient g, in
(2.1). We note that the solution u depends on the nonlinear term g and therefore
Inm, gnm (u) is very difficult to be valued. Such a obscurity makes this Theorem
hard to be used for numerical computations. Hence, we ask the condition as follows

o0
Z th("2+m2)| < ul(.,.,t),sin(nz) sin(my) > |* < oco. (2.3)
n,m=1
In this case, we only require the assumption of u, not need to compute the function
gnm(u). In the homogeneous case of problem —,i.e.7 g = 0, then the right
hand side of is equal to |lu(.,.,0)|*>. Hence, the condition is natural and
acceptable.

Theorem 2.6. Let p,g be as in Theorem . Suppose (1.1)-(1.3) has a unique
solution u(x,y,t) satisfying (2.3)). Then we have

luC., . t) = 0™ ()| < Q(B. ¢, u)e™"? (2.4)
for every t € [0,T], where

T 2 1/2
QB.t) = (2T T [P35, u)ds + T P(5 tw) (2.5)
0
and
T(n?4+m?) r s(n?4+m?) 2
PELw= Y (e nm — / e G () (3)ds )
m,n>1,m2+n?>ag t (26)
_ Z 62t(n2+m2)u72”n

m,n>1,m2+n?>ag

and v?% is the unique solution of Problem (1.5]).
Remark 2.7. If we let t = 0 in (2.4), we get the error at the original time,

T 2
u(., ., 0) — w38 (..., 0)|% < 2k2Te2k2T2/ P(B, s, u)ds + %P(ﬂ,o,u). (2.7)
0
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Noting that the right hand side of (2.7) tends to zero when 8 — 0.
For non-exact data, we have the following result.

Theorem 2.8. Let ¢, g be as in Theorem[2.1, Assume that the exact solution u of
(1.1)-(L.3) corresponding to ¢ be defined as in Theorem , Let o5 € L*(U) be a

measured data such that
les — el < 8.
Suppose the problem (LI)-(1.3) has a unique solution u € C([0,T]; H(U)) N
CH((0,T); L*(U)). Let us select ag = In ((%)UT(ln %)_a/(QT)).
(i) If u satisfies then for t € (0,T), there exists a function v*% satisfying

[0795 (., ) —uley . )] < (M +1)e TT=D5YT (In %) . (H (In %)%) (28)
and
Hvﬁ,ag(., ,0) _ u(.’ . O)H < W (2 eXp(k2T2) + \/50)
where

T oo
M = 3]u(.,., )| + 37T / S B0tm 2 ) (s)ds
0

n,m=1
and C' is defined in Theorem[2.4)
(i) If u such that the condition (2.3) then for allt € [0,T]

[ (., 8) = ul, )|

1 (2.9)

1 —a —t &
< 477 (In ) i (exp(k3 (T~ 1)%) + Q(B,t,u)(n E)a),
where w® @ be the solution of problem (I.5) corresponding to ©3-
Remark 2.9. (1) If we let a =0 in (2.8), we have the simple error

|07 (st) =l Bl < (M + 1) TTDGYT wee (0,7).  (2.10)

This error is similar to the one given in [20]. Notice that the right hand side of
(2.10) does not converges to 0. This is disadvantage point of the error (2.8]).
(2) In the error (2.9), if we let t =0, we get

07, 0) = a0 € exp(BTH(0 ) F + QA0 (211

Notice that if a > 0 then the right hand side of (2.11) converges to 0 and the
Theorem [2.§(ii) is a generalization of the result given in [20].

3. PROOF OF THE MAIN RESULTS

Proof of theorem[2.1 Put
GO) (.1

—vewn- Y ([

m,n>1,m?4+n?<ag t

T
els=0)(n? +m2)gnm (vP99) (s)ds) sin(nz) sin(my)

where
U(z,y,t) = Z e(T_t)(”2+m2)apnm sin(na) sin(my).

m,n>1,m24+n?<ag
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We claim that
IGP(072) (., ., t) = GP(w*)(., ., 1)|]?

— 1
< k2p62Tpag (T t')pcp |||yﬂ,ag _ wﬁ7a5|||2 (3 )
p!
for every p > 1, where C' = max{T,1} and ||| - ||| is sup norm in C([0,T]; L?(U)).

We shall prove the latter inequality by induction. For p = 1, we have
IG@™)(., 1) = Gw”) (., . )3

2

= % Z [e(s—t)(n2+m2)(gnm(vﬁ,ae)(s) _ g”m(wﬂ’aﬁ)(S))dsr

m,n>1,m2+n?<ag

<y et [ e

m,n>1,m2+n?<ag

= gam (W )(5))%ds

< % Z eQTag (T _ t) /t (gnm(vﬁ,aﬁ)(s) — gnm(wﬁaaﬁ)(g))zds

m,n>1,m?4+n?<ag

71-2 T
_ T 2Ta5(T t)/ Z (Grm (v B,GB)(S)—gnm(wﬁaaﬁ)(s))QdS

m,n>1,m24+n?<ag

275 (T /// (2,95, 07 (2,9, 5))

— gz, y, 5,0 (2,y,5)))? de dy ds

< k2e?Tas(T / / / [ (z,y, 5) — W (z,y, s)|* dv dy ds

< OB (T — 1) [l — wos||.

Thus (3.1]) holds. Suppose that (3.1]) holds for p = j. We prove that (3.1)) holds for
p=j+ 1. We have

G @9) 1) — G P9 (1)
T
=T X[ @t (g6 ot o))

m,n>1,m24+n?<ag

G (GO ))(5) )|
2 T ) .
ST S [ (@ 0R)(6) = g (G )) )

m,n>1,m2+n?<ag

< 7; 2T¢1ﬁ / Z |gnm(Gj(Uﬁ’a5))(S) _ gnm(Gj(wﬁ’“”))(s)Fds

n,m=1

< oo (T — )/t g s 8, GT(WH9) (0 8)) = g(sy 8, GT (W) (., 9)) | Pds

2

T
< ¢?Tap (T — t)kQ/ ||Gj(v5’a5)(., "S) — Gj(wﬁ’aﬁ)(.7 .7s)||2ds

t
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T )
< 2Tas (T — t)k2k2je2Tjag / (T _' s)’ dscjm,vﬁ,ag _ wBas |||2
t J:

) ) T —¢)J+1
< k2(3+1)e2T(]+1)a5 ( (] - ?l)' C]+1|||U[37a5 _ w51a5|||2.

Therefore,
T _ $)PCP
IGP ) ) = PP ) )P areToen L s s
for all v#es whes € C([0,T]; L?(U)). We consider
G : C([0, T} I3(W)) — C((0,T); LA(U)).

Tpag TP/2CP
p|

Since lim,_, kPe = 0, there exists a positive integer number pg, such

that GPo is a contraction. It follows that the equation GP°(u) = w has a unique
solution v#% € C([0,T); L?(U)). We claim that G(v?%) = v In fact, one has

G(GPo (v?e9)) = G(vPs).
Hence

G (G(v™8)) = G(v79).
By the uniqueness of the fixed point of GP°, one has G(v%%) = v%%  ie., the
equation G(v??) = v#% has a unique solution v* € C([0,T]; L*(U)). O

Proof of Theorem[2.3 Let u and v be two solutions of (L.5]) corresponding to the
values ¢ and w. We have

lu(, . t) —v(., . t)?

™ ) (n2+m?
- 3 ‘6<T DO+ (5 )

m,n>1,m24+n?<ag

T 5 2
[ g 0)(5) — g (01514

t

2

7T2 ) (n2+m?
<Y (@ — wm)?

m,n>1,m24+n?<ag

2

+ % 3 (/T =m0 (s) — gnm(v>(8)|ds)2

m,n>1,m24+n?<ag t
Then, we obtain
Hu(v -at) - U('7 -7t)||2 S
T
< 26215 | — ||? + 2k3(T — t)e2tes / e ||u(., ., s) — v(.,., s)||*ds.
t
Hence

th“5||u(., 1) — (., .,t)H2

T
< €T |l — w]|? + 2K2(T — t) / e Ju(.,.,5) — o[-, , 5)|2ds.
t

Using Gronwall’s inequality we have

(s s t) =0y )l < T exp(R*(T — )%) | — w]|-
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This completes the proof of the theorem. ([

Proof of Theorem[2.3 Let M > 0 be such that

9g
15,
for all (x,y,t,2) € U x (0,T) x R. Let ui(x,y,t) and us(x,y,t) be two solutions
of Problem ([1.1))-(1.3) such that uy,us € C([0,T]; H:(U))NC((0,T); L*(U)). Put
w(z,y,t) = ui(z,y,t) — uz(x,y,t). Then w satisfies the equation

xayvta'z” S M

wi(z,y,t) — Aw(w, y,t) = g(z,y,t,ur (2, y, 1)) — g(x, y, t,uz(x, y, 1)).
Thus
wilary, 1) — Dy 1) = 52 (@, 47, ), 9,),
for some u(z,y,t). It follows that
(w; — Aw)? < M*w?.

Now w(0,y,t) = w(m,y,t) = w(z,0,t) = w(z,m,t) = 0 and w(x,y,T) = 0. Hence
by the Lees-Protter theorem [8, p. 373], w = 0 which gives us(z,y,t) = ua(z,y,t)
for all ¢ € [0,T]. The proof is completed. O

Proof of Theorem[2.f} The functions u(.,.,t) can be written in the form

oo

u(z,y,t) = Yy ("D

n,m=1

T
= [ g ) ()ds)sin(ne) sin(m),
¢
and v%9 (., .,t) in the form

Uﬁ’aﬁ (x,y,t) = Z (e(T_t)(n2+MZ)90nm

m,n>1,m2+n2<ag

T
,/ 6(34)(”2+m2)gnm(1ﬂ3’“f’)(s)ds) sin(nz) sin(my)
t
Hence
i n24m?
Uﬁ7aﬂ(x,y7t)_u(x7y7t): Z (e (t=T)(n*+ )tpnm

m,n>1,m24+n?>ag

T
—/ e_(t_s)(”z"’mz)gnm(u)(s)ds)sin(nx) sin(my)
t

T
D S B Cat (D
m,n>1,m2+n?<ag t
- gnm(v)(s))ds) sin(nx) sin(my)
Using the inequality (a + b)? < 2(a? + b?), we obtain

lul., ., t) — o> (. 1)

2

T 2
ST (e [, )

m,n>1,m24+n?>ag t
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2

+ % Z (/T e(s—t)(n2+m2)‘gnm(u)(8) _ gnm(vﬂ’aﬁ)(s”ds)z

m,n>1,m24+n?<ag t

2 r ?
< Q%Q_Qt(TL2+m2) Z (eT(n2+m2)S@nm - / es<n2+m2)gnm (U) (s)ds)
m,n>1,m2+n2>a, 0
2 —2t(n?4+m?) ‘ s(n?+m?) ?

m,n>1,m24+n?>ag 0

F =0 [ 3D O g (0)(5) = g (0507 )

n,m=1

T
S 46_2ta5||u(.,.,0>||2 +7T2T6—2ta5/ 623(7L2+m2)g2 (u)(s)ds

nm
0

T
+2(T*t)672m[’/ €21 g(., o, 8,u(es -, 8)) — (s -y 5,07 (L, 8))||Pds
t
2t 2 2 2t r 2s(n? 2y 2
g4f‘wmuwmn+wa‘W/eﬁw+mMMMMQw
0
T
+e’2t“ﬁ2k2T/ €295 |lu(., . 5) — vPes (., . 8| 2ds.
t

Then we obtain
€2 (., ., t) — 0?8 (. 1)|?
T
< e~2tas )f 4 2k2T/ 29 (., . s) — P95 (., . s)||2ds
t
Using Gronwall’s inequality, we obtain
25 ||y, ., 1) — v (., )||2 < M2 T(T—D)
which implies
Ju(., ., t) — vP98 (., )| < VM Tt e—tas, (3.2)
Then we have the equality

¢
0
u(gc,y,t)—u(at,yﬂ):/ §($,y7s)d8
0 S
It follows that
b ou 2
(s, 0) — uls )2 < t/ |5 o) < N2
O S
Combining this and (3.2)), we have
(s, 0) = 0% ()| < fluls 5 0) = uly s )|+ [[ul., 1) = 02, 1|
<Ot +e 1),
Intg

For every f3, there exists a tg such that /T = e~ %99, i.e., o = —2ag. Using

the inequality Int > —% for every t > 0, we obtain tg < 1/(2,/a3). Hence,

lu(.,.,0) — o3 (., . ts)] < V2C{/1/as.
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This completes the proof of Theorem [2.4] O
Proof of Theorem[2.6, We recall that
T 2
P(ﬁ7t7u) = Z (eT(n2+m2)(an _ / es(n2+m2)gnm(u>(3)ds)
m,n>1,m24+n?>ag t (33)

m,n>1,m24+n?>ag

It is easy to prove that P((,t,u) — 0 when 3 — 0. As in the proof of Theorem

[2:4] we have

lu(.,.,t) — v (., . )2

7_[_2 e 2 P T s 2 2 2
< b Z (e (t=T)(n*+m )(pnm _/ e~ (t—=s)(n"+m )gnm(u)(s)ds)
m,n>1,m2+n?>ag ¢
7.[_2 T ) (n2em?2 a 2
W (] g (@) = g (07) (55
m,n>1,m2+n?<ag t
2
S ? _Qtaﬁp(ﬂ7t7u)
200 / 7 0 (g (u)(s) — g (07 (5))2ds
n,m=1
2 T
< e *Qt‘”’P(ﬂ,t,u)+2(Tft)e*2mﬁ/ e ||g(., ., s,u(., ., s))
t
_g(vﬁsvﬁaﬁ S H ds
w2 g
< *eizmﬁp(ﬁat,u) + 672ta[’2k2T/ 25 u(..,s) — Uﬁ’aﬁ(w 2 s)||2d5.
t

This implies that

e2as (., ., t) —v® (., . 1)
72
2
Applying Gronwall’s inequality, we obtain

T
< *QmﬁP(ﬂ,t,u)+2k2T/ e |u(., ., s) —v> (., ., 5)||°ds
t

T 2
€25 ||y, ., t) — vPa8 (L, 1)||2 < 2k2Te 2Tt / e2MTsp(3, s, u)ds + %P(ﬁ,t,u).

t

Finally,
2 T 7'('2
s ) =020 (s 1)|2 < (2T T / P(B, 5, u)ds+ - P(B,1,u) )e 2%,
0
This completes the proof of Theorem [2.6] O

Proof of Theorem[2.8 (i) Let v;"*” be the solution of (L.5)) corresponding to ¢ and
let w8 be the solutlon of (1.5) corresponding to ¢g Where ¢, pp are defined in
Theorem Using Theorem there exists a tz such that \/f5 = e2%% and

[0 (s t) = u(.,. 0)]] < VEC{/1/a. (3.4)



EJDE-2009/77 A TRUNCATED FOURIER SERIES METHOD

‘We denote
sy < {1 0<i<T,
wP s (

,otg), t=0.
Using Theorems 2.2 and [2:4] we obtain

||v,8’aﬁ('7 '7t) - u('7 7t)||

< JlwPe (., ) — ol (.,

B,a
’t)H + ||U1 B('v 7t) - ’U,(.7 7t)||
)l — @l + Mk (Tt g—tas
< exp(E*(T —t) )ﬁt/T(lnﬁ) =G L MR T gl T (1

< e T=08 e (K2(T —

S

< (M + 1)ek2T(T—t)ﬂt/T(1n%)%§*f)(l n (ln%)%)

for every t € (0,T). Using the results in Theorem we have the estimate

“ a B,a
1079 (2, 0) = uer s O < 035 (., t9) = 07 (. 15)]

B,a
+HU 5(7'7tﬂ)_u("'70)||

< 279 exp(K*T?) + V20 {/1/ags

=2{/1/agexp(k*T?) +V2C{/1/ag

= {/1/ag(2exp(k*T?) + v2C).
This completes the proof of part (i).
(ii) Using Theorems and we obtain
Hwﬁ’aﬁ ('7 ) t) - U(., ) t) ||

B, B,
< ||w5’a5(., o) =0+ ] ) =l 1) |

< T 00 (k2T )2)||</> — o5l + QB. twye

< exp(k*(T —

=@ \

< BT (In %) —afT— (exp(k‘2(T — 1))+ Q(B,t,u)(In %)ﬂ

for every ¢ € [0,T].

4. NUMERICAL EXPERIMENTS

Let us consider the simple two dimensional Allen-Cahn equation

Ut — Uggy — Uyy = U — US +g(x,y,t), (xay7t) € (Oaﬂ-) X (0771-) X (07 1)
(z,y,t) € (0,m) x (0,m) x

u(07 y’ t) = u(ﬂ-’ y’ t) = u(x7 0’ t) = u($77r’ t) = 07
u(x’ y’ 1) = (p(x3 y)? z?:y E (07 ﬂ-) X (07 Tr)?

where

g(x,y,t) = 2et sinxsiny + €3 sin® zsin? g,

w(z,y,1) = o(x,y) = esinwsiny.

£)2)8/7 (In ﬂ> = 4 Q(B,tw)BY T (ln L) B

11
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The exact solution of this equation is. u(x,y,t) = el sinxsiny In particular,

u(z @)Zu(x )=e (m)sinxsm
"% 00007 = Y T P 0000 v

Let g(x,y) = ¢(x,y) = (8 + 1)esinz siny. Then we have
T T ) . 1/2 -
les —¢ll2 = (/ / B2 sin? (z) sin® ydmdy) = ﬂe§
o Jo

Choose ag = %, and let p be a natural number satisfying p = [,/ ln(%)] We find

the regularized solution v* (z,y, 39999} = y4(x,y) having the form

0798 (2,) = Un (T, ) = W11, SINTSINY + Wpp, 4 sin(pz) sin(py)

where
vi(z,y) = (B+ Desinasiny, w11 =(8+1)e, wpp1 =0.
and a = 1/400000, t,, =1 —am for m =1,2,...,10,

4 [t
wll,m+1 — 62(t"’L_t"n+1)wij,m _ 72/ 62(S_t7n+1)
T i

X (/0 /0 (Um(%y) - v}g’n(ﬂﬂ,y) + g(a?,y,s)) sin x siny dx dy)ds7

22 (b —tm 1) I T T,
: :
tm+1

o2
X (/ / (vm(2,y) — v, (2, 9) + 92,9, 5)) Sinpxsinpydxdy)d&
0 0

Let ag = |[v*% — u|| be the error between the regularized solution v and
the exact solution u. Let =31 =107°(p=2), 8= =1078, B = 33 = 10716,
Then we have

8 vPas ag
51 =10 | ) ooanmmsoroto smoe siay) | OO0200009193
i | L e
1 =107 | Goo1s349555 4 i) siay) | V0001895495554
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