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ON THE RIGIDITY OF MINIMAL MASS SOLUTIONS TO THE
FOCUSING MASS-CRITICAL NLS FOR ROUGH INITIAL DATA

DONG LI, XIAOYI ZHANG

ABSTRACT. For the focusing mass-critical nonlinear Schrodinger equation sug+
Au = f\u|4/du, an important problem is to establish Liouville type results for
solutions with ground state mass. Here the ground state is the positive solu-

tion to elliptic equation AQ — Q+Q1+% = 0. Previous results in this direction
were established in [IZ] [16, [I7} 29] and they all require up € HL(R%). In this
paper, we consider the rigidity results for rough initial data ug € Hj (R%) for
any s > 0. We show that in dimensions d > 4 and under the radial assumption,
the only solution that does not scatter in both time directions (including the
finite time blowup case) must be global and coincide with the solitary wave
€@ up to symmetries of the equation. The proof relies on a non-uniform local
iteration scheme, the refined estimate involving the P* operator and a new
smoothing estimate for spherically symmetric solutions.

1. INTRODUCTION

1.1. Background and main results. We consider the focusing mass-critical non-
linear Schrodinger equation

iy + Au = —|u|¥ % (L.1)

in dimensions d > 4; here u(t, r) is a complex-valued function on R x R?. The name
“mass critical” refers to the fact that the scaling symmetry

u(t, ) — A 2u(€\2, Ax), YA >0 (1.2)

leaves both the equation and the mass invariant. Here the mass is defined as

Mass: M (u(t)) = / lu(t, z)|2de = M (ug).
Rd

For the initial value problem of (L.1)), the local theory was established by Cazenave

and Weissler in [2]. To summarize, for any initial data ug € L2(R%), they con-

structed the unique local solution u(t, z) € C¢([-T,T1; Li)ﬂLf_(;Hz)/d([fT, T)xR%).

Moreover, when the mass of the initial data is small enough, the solution is global

and obeys the global spacetime estimate

HuHLf(j”)/d(Rde) < C(Jluollzz)-

2000 Mathematics Subject Classification. 35Q55.

Key words and phrases. Mass-critical; nonlinear Schrodinger equation.
(©2009 Texas State University - San Marcos.

Submitted April 15, 2009. Published June 16, 2009.

1



2 D. LI, X. ZHANG EJDE-2009/78

This estimate implies that the solution scatters in both time directions asymptoti-
cally: there exist ux € L2(R?) such that

lim [Ju(t) — e*®uy|| 2 = 0.
t—+oo »

When the solution has large mass, blowup may occur at finite time. The existence
of finite blowup solutions was proved by Glassey [7], basing on the virial argument.
On the other hand, the equation also admits solitary wave solutions of the
form e® R, where R solves the elliptic equation

AR — R+ |R|*IR = 0. (1.3)

There are infinite many solutions to this equation, but only one positive solution
which is spherically symmetric and whose mass is minimal among all these R’s.
This solution is usually called the

Definition 1.1 (Ground state). The ground state Q) refers to the unique positive
solution to the equation (1.3). According to [Il [I5], @ is spherically symmetric and
decays exponentially fast as |z| — oo.

It is believed that the mass of @) is the minimal mass among all the non-scattering
solutions. The precise statement of this general belief is the following scattering
conjecture:

Conjecture 1.2. Let ug € L2(R?) be such that M (ug) < M(Q). Then the corre-
sponding solution exists globally and scatters in both time directions.

So far, this conjecture has been proved in dimensions d > 2 when the initial data
ug is spherically symmetric, see [13], [14].

At the level of minimal mass, there are two explicit examples of non-scattering
solutions: the solitary wave ST and the pseudo-conformal ground state Pc(Q).

SW = e”Q(x),
Pe(Q) = [t 45 (%),

t

It is conjectured that these are the only two threshold solutions for scattering at
the level of minimal mass. The associated is the following rigidity conjecture which
identify the solutions with ground state mass as either SW or Pc(Q) if they do
not scatter. Since both mass and the equation are invariant under a couple of sym-
metries, the coincidence of the solutions with the examples hold after quotienting
out these symmetries. Specifically, the symmetries are: translation, phase rotation,
scaling and the Galilean boost.

Conjecture 1.3. Let ug € L2(RY) satisfy M(ug) = M(Q). Then only the three
scenarios can occur

(1) The solution u(t,x) scatters in both time directions;

(2) u blows up at finite time, then u must coincide with Pc(Q) up to symmetries
of the equation.

(3) u is a global solution and w coincide with SW up to symmetries of the
equation.

Equivalently to say, the rigidity result identifies all the non-scattering solutions
with minimal mass as either the pseudo-conformal ground state or the solitary
wave. Therefore, the proof of the rigidity conjecture is divided into the two parts:
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one is concerned about the behavior of finite blowup solutions, and the other is
concerned with the asymptotics of global solutions.

The first result toward the rigidity conjecture is about finite time blowup solu-
tions, and they were established by Weinstein and Merle. In [29], Weinstein showed
that if an H] solution blows up at finite time with minimal mass, then there exist
0(t), x(t), A(t) such that

e OONDY 2u(t, \t)z + z(t)) — Q in H..

Later, Merle extended this result to show that if an H! solution with minimal mass
blows up at finite time, then it must be equal to Pc(Q) up to symmetries. One
can also see [8] for a simpler proof of this result. The requirement that ug € H_}
is essentially needed since it is the natural space to carry out the spectral analysis
and to well define the energy:

d
2(d +2)

It is also worth pointing out that their results work for all dimensions d > 1 and
there is no symmetry assumption on the initial data. But the proof relies heavily
on the finiteness of the blowup time.

From Merle’s result and the pseudo-conformal invariance for mass critical NLS,
one easily sees that if ug € ¥ = {v € H!,zv € L2} and the corresponding solution
exists globally but does not scatter in at least one time direction, then it must be
the solitary wave SW up to symmetries. This is the first result toward the rigidity
result if the solution is global.

Without the additional decay assumption, it is not obvious at all if the conjec-
ture still holds. Recently in [I2], [I6], we established the rigidity result for global
solutions under the radial assumptions.

[u(®) 2520 = E(uo).

12(d+2)/d

1
Energy: B(u(t) = 5| Vu(t)l7: -

Theorem 1.4 ([12, [16]). Let d > 2. Let ug € HL(R?) be spherically symmetric
and satisfy M (ug) = M(Q). Then only the following two scenarios can occur:

(1) The solution exists globally and scatters in both time directions;
(2) There exist Oy, Ao such that

u(t,z) = e )\g/2ei’\3tQ(/\oa:).

In dimensions d > 4, we can relax the spherical symmetry to certain splitting-
spherical symmetry, see [16] for more details.

As indicated by the statement of the theorem, the rigidity conjecture concerning
the global solution holds under several additional conditions: the spherical symme-
try( or the splitting-spherical symmetry) on the initial data; the dimension d > 2;
and the H! regularity on the initial data. Each of them is used heavily in the proof.
To give a brief explanation, the symmetry assumption is used to freeze the center
of mass and provide enough decay as |z| — co. The one dimension function does
not have decay as |z| — oo, this is why the restriction on the dimension comes in.
Finally, since the proof relies on the virial argument, the H} regularity is naturally
needed to define the energy. Meanwhile, in low dimensions d = 2,3, the H! regu-
larity is also used to get the weak compactness for the kinetic energy, see [16] for
more details.

Therefore, removing the reliance on any of these conditions makes a very chal-
lenging problem. In this paper, we try to remove the reliance on the H] regularity



4 D. LI, X. ZHANG EJDE-2009/78

in the rigidity conjecture. For some technical reasons which will be clear in the
proof, we shall consider solutions which have the minimal mass and do not scatter
in both time directions. Our result is the following;:

Theorem 1.5 (Rigidity of SW for rough solutions). Let d > 4, s > 0. Let ug €
H3(RY) be spherically symmetric and such that M(ug) = M(Q). Suppose that the
corresponding mazimal lifespan solution u(t,z) : (=T,,T*) x R — C does not
scatter in both time directions:

lell p2cos2ra g, gyxmay = [ll 2ees2ra o oy ay = 00

Then the solution must be global

And there exist \g, 0y such that
u(t,z) = ewoeiAgt/\g/zQ(/\oz).

As expected, the main part of the proof is devoted to upgrading the H regularity
of the solution to H}, when the result for H solution Theorem can be applied.
The possibility that we can upgrade the regularity of the solution comes ultimately
from the fact that the solution we are considering has the minimal mass and does
not scatter in both time directions.

Our strategy for upgrading the regularity is the following: Firstly, since u has
the minimal mass and does not scatter on both sides, applying the same argument
as in [I2], one easily gets that

[¢>1Vu(t)|[L: < 1.

This means that away from the origin, the solution is regular uniformly in time,
thus it suffices for us to examine the solution near the origin. There we carefully
design a local iteration scheme enabling us to go from HY to H!™¢ for any ¢ < 1
and an € increasing in t. After finite many times of iteration, we get the desired H}
regularity. Here by ”local”, we mean that the scheme is designed to upgrade the
regularity of the solution at some fixed time ¢, for example ¢ = 0, not uniformly in
time. More precisely, the quantity we will look at is

<1 Pnuollrz, N > 1. (1.4)

(Not that the piece |1 Pnuollz2 already gives us N—1=<(d) decay following the
argument in [I2], which is already very good). Now we split ([1.4]) into two parts
by introducing a spatial cutoff

lp<n-1-+Pnuoll L2, (1.5)
[¢n-1-<.<1Pnuollrz- (1.6

By Holder and Bernstein, the first quantity gives us the bound: NV ~5=%7 which is
good for the iteration. To estimate the second piece, we project it into the incoming
and outgoing wave, for the incoming wave, we use the Duhamel formula backward
in time; for the outgoing wave, we use the Duhamel formula forward in time. The
assumption that the solution does not scatter on both sides forbids the scattering
wave, for which there is no hope to upgrade the regularity, to participate in the
estimates.

The first issue when we estimate these two pieces comes from the fact that in
, the spatial cutoff and the frequency cutoff does not obey the scaling like in
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[13], [14], there we have good estimates for Py with a natural spatial cutoff bs 1.
Indeed, when approaching the origin, the operator P* have strong singularities. To
get around this problem, we refine the estimates for the operator Pﬁ with spatial
cutoff of the form ¢n-1-+..<;. It turns out that there will be a loss of N to some
power related to . This loss of power is not too harmful for us if we make a
judicious choice of v and other relevant parameters in the iteration scheme. We
give the detailed discussion on the properties of the operators in Section 3.

Having the operator estimate in hand, we then estimate the contribution from the
in-out wave by chopping the t-integration into different pieces. Since the stationary
phase point moves with time ¢ at speed N, the contribution from the large time
piece is presumably fine due to the decay property of radial functions.

It turns out that the most troublesome term is the following local piece

owca [T P00 P rar] (1.7)
0

L3

Here 0 < o < 2 is a small constant to be specified later in the proof. One observation
from the expression is that it is spatially localized, which suggests that the
additional regularity should come from some sort of smoothing estimate.

The classical smoothing estimate [I8] [0, [5] asserts that the linear propagation
gain half derivative locally. This is crucial to study the NLS containing first order
derivatives. In our setting, since we are considering the spherically symmetric
functions, we develop the following global smoothing estimate:

el /219126 g | 3 ey S oz (18)
Using the dual form of this estimate, we can successfully control the term and
close the argument. The proof of the estimate can be found in Section 3.

We make two remarks here. First of all, it is worth pointing out that the strat-
egy here for upgrading the regularity is quite different from the one in [13| [14].
There the argument relies on the fact that the solution is almost periodic modulo
scaling, and the solution is uniformly flat. Namely, there exists N(¢) > 0 such that
{N(t)"2ult, ﬁ)} is precompact in L2(R?) and N(t) < 1. In our setting, the
solution also enjoys such compactness, but there is no a priori control on N(t). Ac-
tually, the most difficult case is that N(¢) can fluctuate out of any control. Secondly,
like in [T2], our proof needs the assumption d > 4 since the nonlinearity |u|*/%u can
easily be controlled without knowing other information than M (u) being finite. It
is certainly an interesting problem to prove the theorem in lower dimensions.

2. PRELIMINARIES

2.1. Some notation. We write X <Y or Y 2 X to indicate X < CY for some
constant C' > 0. We use O(Y) to denote any quantity X such that | X| <Y. We use
the notation X ~ Y whenever X <Y < X. The fact that these constants depend
upon the dimension d will be suppressed. If C' depends upon some additional
parameters, we will indicate this with subscripts; for example, X <, Y denotes
the assertion that X < C,Y for some C, depending on u. We denote by X+ any
quantity of the form X =+ € for any € > 0.

We use the ‘Japanese bracket’ convention (x) := (1 + |=|?)'/2.
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We write L{L" to denote the Banach space with norm

el 1y ety = (/R(/R tt. o) do)"" ar) ",

with the usual modifications when ¢ or r are equal to infinity, or when the domain
R x R? is replaced by a smaller region of spacetime such as I x R*. When ¢ = r
we abbreviate L{L% as L .

Throughout this paper, we will use ¢ € C*®(R%) be a radial bump function
supported in the ball {z € R? : |z| < 22} and equal to one on the ball {z € R :
|z] < 1}. For any constant C' > 0, we denote ¢p<c(x) := qﬁ(%) and ¢sc = 1—¢<c.

2.2. Basic harmonic analysis. For each number N > 0, we define the Fourier
multipliers

Pnf(§) = (¢p<n — ¢§N/2)(f)f(f)
and similarly P<y and Ps>py. We also define
PM<-§N = PSN_PgM: Z PN/
M<N'<N

whenever M < N. We will usually use these multipliers when M and N are dyadic
numbers (that is, of the form 2™ for some integer n); in particular, all summations
over N or M are understood to be over dyadic numbers. Nevertheless, it will
occasionally be convenient to allow M and N to not be a power of 2. As Py is not
truly a projection, P3 # Py, we will occasionally need to use fattened Littlewood-
Paley operators:

pN = PN/2+PN+P2N. (2.1)

These obey Py Py = PyPy = Py.

Like all Fourier multipliers, the Littlewood-Paley operators commute with the
propagator €2, as well as with differential operators such as i9; + A. We will use
basic properties of these operators many many times, including

Lemma 2.1 (Bernstein estimates). For 1 < p < ¢ < oo,
|||V|iSPNf||Lg ~ N**|| Py |z,
|P<nflls S N#74|[Penfllze,

|Pyflle S NO5 Py flle.

While it is true that spatial cutoffs do not commute with Littlewood-Paley op-
erators, we still have the following result.

Lemma 2.2 (Mismatch estimates in real space). Let R, N > 0. Then
H¢>RVPSN¢§gf||Lg S NYTRT £ e
||¢>RP§N¢§§JCHL§ ,Sm meRime“Lﬁ

forany 1 <p<oo andm > 0.
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Proof. We will only prove the first inequality; the second follows similarly.
It is not hard to obtain kernel estimates for the operator ¢~ rVP<n¢ B Indeed,
an exercise in non-stationary phase shows

|05 RV P<no<pya(m,y)| S N2 |2 — y|_2k¢\x—y|>§

for any k£ > 0. An application of Young’s inequality yields the claim. O

Similar estimates hold when the roles of the frequency and physical spaces are
interchanged. The proof is easiest when working on L2, which is the case we will
need; nevertheless, the following statement holds on L? for any 1 < p < oo.

Lemma 2.3 (Mismatch estimates in frequency space). For R > 0 and N,M > 0
such that max{N, M} > 4min{N, M},

HPNQKRPMfHL% Sm max{N, M} " R™™| f||rz
HPN¢SRVPMJCHL§ S M max{N, M} R™™||f|| 2.
for any m > 0. The same estimates hold if we replace ¢<r by ¢>r.

Proof. The first claim follows from Plancherel’s Theorem and Lemma [2.2] and its
adjoint. To obtain the second claim from this, we write

Pn¢<rV Py = Pnoé<rPuVPy

and note that ||VI5M||L§_,L§ S M. O

We will need the following radial Sobolev embedding to exploit the decay prop-
erty of a radial function. For the proof and the more complete version, one refers
to see [21].

Lemma 2.4 (Radial Sobolev embedding, [21]). Let dimension d > 2. Let s > 0,

a>0,1<p,g< oo obeys the scaling restriction: o+ s = d(% — %) Then the

following holds:
21 flle S WV Fllzs

where the implicit constant depends on s,a,p,q. When p = 0o, we have
| =02 Py fll g S NY2||Py £z
We will need the following fractional chain rule lemma.

Lemma 2.5 (Fractional chain rule for a C! function, [4][19][24]). Let F € C1(C),
0 €(0,1), and 1 < r,ry,r3 < 00 such that 1 = % + % Then we have

IVI7F(@)ly S IF @)z 1VI7ull gz
For a proof of the above lemma, see [4, [19] and [24].

2.3. Strichartz estimates. The free Schrodinger flow has the explicit expression

10 = g [, <

We will frequently use the standard Strichartz estimate.
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Lemma 2.6 (Strichartz). Let d > 2. Let I be an interval, to € I, and let ug €

L2(R?) and F € Lf7(_j+2)/(d+4) (I x RY). Then, the function u defined by

¢
u(t) := et By — z/ ei(t*t/)AF(t’) dt’

to
obeys the estimate

llul|zso L2 + ||U|\Lt2fg+2>/d < lluollzz + HF||L2<;7++42>7

t,x

where all spacetime norms are over I x R®.
Proof. See, for example, [0 20]. For the endpoint see [9]. O

We will also need a weighted Strichartz estimate, which exploits heavily the
spherical symmetry in order to obtain spatial decay.

Lemma 2.7 (Weighted Strichartz, [I3L14]). Letd > 2. Let I be an interval, tg € I,
and let F : I x R — C be spherically symmetric. Then,

t
H/ ei(t—t/)AF(t/) dtl
to

for 4 < q < oo.

_2(d—-1)
o Sl )

q 2¢q
LT LI (IxRY)

3. SMOOTHING ESTIMATE AND THE REFINED OPERATOR ESTIMATES

3.1. Kato smoothing for radial solutions. Kato smoothing estimate [I8] [10, [5]
plays an important role in studying the wellposedness for nonlinear Schrodinger
equation with derivative. In one spatial dimension, the typical Kato smoothing
takes the form:

”‘v‘l/QenamuoHLchf(]Rx]R) S luollzz- (3.1)
The smoothing estimate in high dimensions involves the spatial localization or a
decay weight. We will not discuss in detail here. In this paper, we will need
the following smoothing estimate for radial functions, which can be viewed as an
extension of the one dimensional estimate .

Lemma 3.1 (Kato smoothing for radial functions with d > 2). Let the dimension
d > 2. Then for any radial function f we have

12l =7 1912 F o ey S 1F e

Proof. By passing to radial coordinates, we can write

oo
|$‘(12;1|V|1/2€itAf:|$|%/ kl/Qe—itk2f(k,)k,d—l</

eik‘xlwlda(w)>dk,
0 |w|=1

(3.2)
where f is the Fourier transform of the function f and do(w) is the the surface
measure on S9!, Since the Fourier transform of a radial function is still radial,
we can slightly abuse the notation f (k) to denote the Fourier transform of f. Now
consider the function

h(p) ::/ . eP1do(w).

It is clear that
d—2
p 2 h(p) = J(d—2)/2(p)v
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where J(4_2)/2 is the usual Bessel function of order %. Then by using the asymp-
totics for Bessel functions, it is not difficult to see that
sup p=V/2|h(p)| < €y < oo, (3.3)
p>0

where C is a constant depending only on the dimension d. By Plancherel, one can
show that for any one-dimensional function F', we have

o —itk? 2 1 e dk
| [ e rmant, = [ 1FwPSE (3.4
0 0
Now by (2), (83), (), we obtain
_ i 2 1 B _ _
Il =029 22 ), = 5 [ 1R ol k20D - h(hlal) P
1 [ . _ d—1 2
<5 [ 1FWPE e (sup s o))
0 p>0
< GEIIfII3-
The lemma is proved. 0

3.2. The in-out decomposition and refined operator estimates. We will
need an incoming/outgoing decomposition; we will use the one developed in [13] [14].
As there, we define operators P* by

o0 r2_d d—1
[PE£](r) == 1 f(r) i%/o f(p) p?tdp

7"'2*/72

)

where the radial function f : R? — C is written as a function of radius only. We
will refer to P is the projection onto outgoing spherical waves; however, it is not
a true projection as it is neither idempotent nor self-adjoint. Similarly, P~ plays
the role of a projection onto incoming spherical waves; its kernel is the complex
conjugate of the kernel of PT as required by time-reversal symmetry.

3.3. The two-dimensional case. For N > 0 let Pﬁ denote the product P* Py
where Py is the Littlewood-Paley projection. We record the following properties
of P* from [13] [14]:
Proposition 3.2 (Properties of P*, [I3, [14]).
(i) PT + P~ represents the projection from L? onto L2, .
(ii) P* are bounded on L?(R?).
(iii) For |x| 2 N7 and t 2 N=2, the integral kernel obeys

, (lallyl) =21t~/ lyl = |z ~ Nt
[Pre™ ] (z,y)|

‘ ~ 2 —m .
ngw<N2t+N|w| —N|y‘> OthETwlse

for allm > 0.
(iv) For |x| 2 N~1 and |t| < N2, the integral kernel obeys
N2
)| S 1/2 172
(N]z|)'/2(N1y[)

PR e™ ) (x,y (Nlz| = Nly[)™™

for any m > 0.
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For a proof of the above proposition, see [13] [14].

We will also need the following Proposition concerning the properties of P+
in the small z regime (i.e. |z| < N~!) where Bessel functions have logarithmic
singularities. More precisely, we have the following result.

Proposition 3.3 (Properties of PT, small x regime, [16]). Let dimension d = 2.
(i) Fort 2 N72, N3 < |z| S N7L, |y| < Nt or ly| > Nt, the integral kernel

satisfies
i N2log N
+ FitA < ¥ 954V D) —m
[Py e™(z,9)] S VgD 12 (N?t+ Nly)~™, Ym >0.
(i) Fort> N=2, N3 < |o| S N7, |y| ~ Nt, the integral kernel satisfies
NZ?log N

PEeTitA(z,y)| < ——2.

For a proof of the above proposition, see [16].
3.4. The case d > 3. The next lemma allows us to bound the operator Pﬁ slightly

below the |z| ~ 1/N barrier, i.e. in the regime 1+ < |z| < 3 for some v > 0.
The price to pay is a polynomial growth factor in N.

Lemma 3.4. Let the dimension d > 3. Fiz N 2 1 and v > 0. For any spherically
symmetric function f € L2(R?),

(d—4)y

N Hf”Lg(Rdy Zfd > 5,
HPiPNfHLi(NfMSIMS%) g <10gN>1/2 . HfHLi(Rd)a ifd =4
17152 gy i

where the implied constant depends only on v and d. Here (-) is the Japanese
bracket.

Proof. We shall only prove the inequality for P*. The result for P~ is similar (or
one can use the fact P* + P~ acts as an identity on L2 ;(R%)). By the definition
of P*, we have

1
9 ~ o0 R 2
|1PEPy £ <m<%):/ ‘/ Hg?Q(kr)f(k)kd/%(%)dk rdr. (3.5)
x — — 1 0 p

1
(FiF
NI+~

Since k ~ N, i <r < &, 55 < kr <1, we have
(1) —(d—2)/2
|H(d_2)/2(k’r)’ < (kr)~d=2/2,
Therefore, by Cauchy-Schwartz, we obtain

RHS of " S/N r3_ddr~N2_d-/ |f(k)|2kd_1d/€'/ W(%)Pkdk
1 0

NIFY 0
~
3—d 4—d 2
S| T N fll e ey
T

(3.6)
Now if d > 5, then

1
N

,,,3—dd7,, 5 N(1+’Y)(d—4)

1
NI+y
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and RHS of B.6) < N7 f[12, ).
If d = 4, then

1

r374dr <log N
and RHS of < (logN) - Hf||L2 (RY)"
If d = 3, then clearly

RHS of B.6) < II£1I72 wa)-

The lemma is proved. (Il

In the next lemma we shall give bounds of some integrals needed later in the
kernel estimates. To fix notations, we assume §;, g2 are one-dimensional functions
such that

am
| dffn |S1, Yo<r<1,m>0,i=1,2, (3.7)
and a(-) is a one-dimensional function such that
dm

where (-) is the Japanese bracket. We shall denote by % the multiplier function
from the Littlewood-Paley projection. With these notations, we state the following
lemma.

Lemma 3.5. Let N 2 1 be a dyadzc number. Assume 0 < c1, co S 7 are two fized
numbers. Then for any t > N~2, we have

o0
/0 g1(kcl)gz(ch)e”’%(%)dk SN -(N?*+Nc)™, ¥m >0. (3.9)

If c3 is a number such that % < e3 < Nt, then

< a(kc3) i(tk%£csk) < N 2 —-m
A gl(k61) <k63>1/26 3% dk ~ W . <N t+ N03> 5 Ym Z 0. (310)

Similarly if cq is such that c4 > Nt, then

> ~ a(k04) 7 24 N —m
/0 gl(k01)<k e (th"Eeak) gf < N (N?t+ Neg)™, ¥Ym >0. (3.11)

Proof. All the estimates - 3.11)) essentially follow from integrating by parts.
Let k = Nk, then k ~ 1 due to the cut-off function ¢ Change k to Nk in (13.9)—
- Note by (3.7) and the fact that 0 < ¢1, ¢z < = s N 2 1, we have

dm
dkm
Also by (3.8]) and the assumptions on cs3, ¢4, we have

(Gi(ke;N)|[ S 1, Vh~1,m>0,i=1,2

dm ~
| —a(kesN)| S1, Vhk~1,m>0.
dkm
The desired estimates 7 now follow from integration by parts and the
above derivative estimates on gl, gg, a. [

Proposition 3.6 (Properties of P*, small z regime). Let dimension d > 3 and
assume v > 0. Let N 2 1 be a dyadic number.



12 D. LI, X. ZHANG EJDE-2009/78

(i) Fort 2 N72, = Slel S N7 |yl < Nt or |y| > Nt, the integral kernel
satisfies

N+ ([d-2)+2
(Nly \>1/2
(i) Fort 2 N7%, w1 S|zl S N7 |yl ~ Nt, the integral kernel satisfies
N+ ([@=2+2 o0 N7
(Nly/2

|[Pre™(2,y)| S (N% + Nly[)™, ¥m>0.

I[Py e (z,y)| S

Proof. We shall only provide the proof for P;e_”A since the other kernel is its
complex conjugate. The first claim is an exercise in stationary phase. By Fourier
transform we have the following formula for the kernel

[Pye” "2 (x,y)

—(d—2)/2
— 1(jally) / HE o (bll) Tty 2 kly)e™ (&) kb

where v is the multiplier function from the Littlewood—Paley projection. First note
that

(3.12)

Hiy 2)/2< r) = Jia—2)/2(r) + i¥(a—2) 2 (r). (3.13)
Since k ~ N, w1~ < 2| £ &, we have r = klz| satisfies 3~ < r < 1. Now using
the expansion
J(d 2)/2 E:Om'l—‘ m—l— ) .(%)2m+%a
we can write
r= D2 g 00 (r) = 3 (r), (3.14)
where
|88g7:n‘<1 Ym>0,rS 1L

Here the factor r—(4=2)/2 in is needed since the dimension d may possibly
be a odd integer. To treat the function Ya—2 in the regime % <r <1, we discuss
2

two cases. If the dimension d is even, then we use the series

r\—(d—2)/2 d=4 _ ) 1 9
Yia—2)/2(r) = — 2) - S i ) '(17‘2)]6 + EIOg(%)J(d—Q)ﬂ(T)
k=0
(57 & (—1r2)k
-2 kZ:O(il)o(/f-Fl)-F?/)o(n‘f‘k‘Fl))‘m,

where 1) is the digamma function defined by

¢0(n) =—"Y+ Z %7
k=1

and g is the Euler-Masheroni constant. It follows easily that

—(d—2)/2~

Yia—2)2(r) =7 ga(r) + logr - 7"(12;2@3(7“) + —— - ga(r), (3.15)

where

|ag7j(r)|<1 VYm>0,r<1, j=234.

orm 1~
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Now if the dimension d is odd, then we use the formula

d—2

2-(5) = d?\ 5 cosr
%(7”) %+%(T) — (%)! dr2 ( , )
It follows that we can write
r D2y oy (r) = D g (1), (3.16)
where }
2250)) <1 im0, r <1
orm ~ - ~

Next we also use the following information about Bessel functions in the regime
r=>1:
a(r)e’™ a(r)e="r
Jia-2)/2(r) = ()12 + (/2

(3.17)

where a(r) obeys the symbol estimates
9™ a(r)
‘ orm
Finally substitute (3.13)), (3.14)), (3.15) (when d is even), (when d is odd),
into (3.12). Consider three regimes of y: 1/N < |y| < NJt|, |y| < 1/N,
ly| > NJt| and use different asymptotics of the Bessel function in these regimes.
Note also that the singular part of the Hankel function near » = 0 adds only a
power of N due to our lower bound on x. It is then easy to see that a stationary
phase point can only occur when |y| ~ Nt. Since we assume |y| < Nt or |y| > Nt,
integrating by parts and using Lemma yield the first claim. The second claim
follows from a trivial L! estimate. We omit the details. O

‘5 (ry™™ forallm>0,r=>1

4. THE PROOF OF THEOREM

We first explain why it suffices for us to show that such two way non-scattering
solution with minimal mass must be regular: ug € H!. Indeed, if ug € H} and the
corresponding solution blows up at finite time, according to Merle’s result [17], we
know it must scatter one way which contradicts our assumption. Then the solution
must be global, here a direct application of Theorem immediately yields the
coincidence of the solution with SW up to symmetries.

Since the following proof of upgrading the regularity works for all two-way non-
scattering solutions, for the sake of simplicity, we assume the solution is global. The
discussion of the finite time blowup solutions is only notationally more complicated.

To begin with, we recall the following result. The proof of this result is implicitly
contained in [12].

Lemma 4.1 (Regularity of solutions away from the origin, [12]). Let d > 4. Let
up € L2(R?) be spherically symmetric and M(ug) = M(Q). Let u(t,z) be the
corresponding solution such that it does not scatter in both time directions:

lull 2tz

t,a

Then there exists € = e(d) > 0 such that
H¢>1PNU(t)HL§ S Nﬁliea VN >1, teR.

= llull 2wp2 = 0o.
d

((—o00,0]xR?) ([0,00) xR?)

t,a



14 D. LI, X. ZHANG EJDE-2009/78

In particular,
[¢>1Vu()|lz S 1, Yt €R.

Now we use this information to upgrade the regularity of the initial data. To this
end, we seek for the refined decay estimate for single frequency Pyug with N > 1.
Let v > 0 be a small parameter to be chosen later, we use triangle inequality to
bound

[Prnuollzz S [|¢<n-1-+Pnuollrz (4.1)
+ |én-1-v<.<1Pnuol 2 (4.2)
+ [|¢>1Pnuo 2 - (4.3)

First of all, Lemma yields that (4.3) < N~='7¢. Next, using Hélder and Bern-
stein, (4.1) can be controlled rather easily:

E3) S N2V Pyuolle S N7 fuollay S NTUTE

The task now is to estimate (4.2), for which we will use the in-out decomposition
and the improved Duhamel formula as we explain now. Since the solution u does
not scatter in both time directions and has minimal mass, according to [22] [14] E|
we have

T
u(t) :Tlim —i/ =B P (u(s))ds (4.4)
— 00 t
t
= Jlim i / e E=DA B (u(s))ds, (4.5)
— — 00 T

where F(u) = |u|*%u and the limit is understood in the weak L2 sense. Using the
in-out decomposition and (4.4)), (4.5), we estimate

B2 < llpn-1-+<.<1Piuollrz + [[¢n-1-v<.<1Pyuol| 2

< low-irect P / e~ F(u(r))dr || 12 (4.6)
0

 [n-rne.ci Py / €72 F(u(—r))dr || 2. (47)
0

Expression (4.6) and (4.7) will give the same contribution so we only need to esti-
mate one of them. By splitting into different time pieces and introducing spatial
cutoffs, we estimate (4.6)) as follows

Slowrvearl{ [ e S0un Flutr)irlus (48)
N
HlowoeaPl [ €60y Py (19)
~N
|
+||¢N*H<-§1var/N1 e T8¢, az Fu(7))dr | 2 (4.10)
Ni—a
oy eaPt [T e o Pumyry, (1)

IThe first reference established the improved Duhamel formula for minimal-mass non-scattering
solution in which the scattering wave vanish when the ¢ approaches the maximal life time. The
second one identifies M (Q) as the minimal mass within all the spherically symmetric solutions.
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1
N2—0o .
lnr et PE / TR (u(r))dr | 12, (4.12)
0

where 0 < 0 < 2 is a small constant to be fixed later. We first look at (4.9)), (4.11)
where the desired decay in N comes from the kernel estimate Lemma [3.3] Let

A= (1+7)(d—2)+2, then for any 7 > 5=, m > 0,
(61 ccaPe ™20z ) (@,9)| S NN+ Nlo| + Nlyl) ="
Sm NAIN27[7™(N|z —y|)~™.
Using this and Young’s inequality, (4.9)), (4.11)) can be bounded as follows

@D o N [ NI 5 Pz dr

N

AnT—2m > —m
S VAN [ (N DI, 1P g

N x t

4
N—m+1+A—d||u||1L';dLg

Sm

Sm meJrlJrAfd'

Thus, by taking m large enough depending on d,
@9 s N

Expression (4.11) can be estimated in a similar way:

1
N
ED S N4 [T NPV s ) s

NZ—o

1

N
Sm N—2m+A+2—d/ T

NZ—0o

<m NA—(m—l)o—d.

~

For (4.8) and (4.10)), we will use the weighted Strichartz estimate Lemma In
what follows we shall only present the details for d > 5. The case d = 4 is similar
and will be omitted. In dimension d > 5, from the L2-boundedness of the operator

0N e PJJG Lemma Lemma and Lemma , we have

@ s NI [ e, s Fu(ear]
W @x

N

2 (d— > —iTA D
Nz 4)H/; e APN¢>¥F(U¢>%)(T)dT‘ L
N @

N

o0
Ng(d—zx)(”/l e—zTAPN¢>%pSN/8F(u¢>¥)(T)df‘
~N

)

L2

+ H /1 e_iTAPN¢>%P>N/8F(“¢>%)(T)dT’
N

< N (P e PenysF (66532 | 1212 (1 oy (4.13)
_2d-1)
HIVD) T PP o)y e ) (1)
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Using the mismatch estimate Lemma we can bound ([4.13)) as

‘ < ||(N27-)_11P<NF(U¢> Nz )||L1 112 ([4,00) xR9)

<N™ 20||7.—11F(u¢>Nr)|| 1Ld+4([ B
N>

SN h 00y SN

For (4.14]), we use Bernstein estimate and Lemma u to get

—1
[@14) < ||VF(“¢>N’)” i ”Ld T ([:00))
L (.1 4/d
SN T s s 1 IV s s | ey,
N>
7@ 2(d 1)
< N1 7™l paren (4 o)
< N1

Therefore, summarizing the two pieces together we have
@S < NFEON-IT

Now we look at the piece (4.10) where the uniform kinetic energy estimate
Lemma is no longer available. Instead, we will use the fact up € H}, there-
fore locally we have the bound

HUHLgOH;([o,uxW) Sue 1. (4.15)

Using this information, Lemma Lemma and Lemma we control (4.10))
as

3 . v .
(E10) < Ni(d—4)HPN/ 6—17A¢>%F(u(7))d7’ L
1

—s x

1
5 - ~ )
5]\[5(11—4)(‘ PN/ e—er¢>% <ﬂF(u(7))dT‘
1

NZ—©o

. [w A
+HPN/ 1 e "7 ¢>%P>N/8F(U(T>)dTHL%)

L2

S NED (| Pyo s PenysF (W)l o

N2 U)N]XRd)

Ly Fu(r) )

i d+4
Ly  Le ([Nz N

+1

Sm N2 (||\NQT|_m||P§N/8F( Mezlizeg

w0

) o
N7V PonssF(u)ll 2 |l

P R NN

,Smuo N2(d 4)(N2 2m||7- m”Ll W’N])

2(d—1) 2(d—1)

N

L7 ([ H))

N2 N

<m,u0 N%(d74)(Nfa(m71) +N757$U).

~
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Finally, we give the estimate of (4.12)) which can firstly be trivially bounded as

e , _
ED Slowca [© Pl ™ om Py F(ulr))dr s (4.16)
0 21
N<—O . ~
Hlowrmes [T Phe S oaPuFur)drls.  (417)
0

For (4.16)), we use the L2 boundedness Lemma weighted Strichartz Lemma
Bernstein and local estimate (4.15) to get

1
~ 2—o . ~
[EI6) < N2 / T e G Py F(u(r))dr 1
0

SN Py F(u)

d 2d
LAY L (0,555 ] xRY)

oo I+
(2=0)(d=1)

guo N%(d—4)N a4 NS,
To estimate (4.17]), we will use the duality of the smoothing estimate (|1.8]) as follows:

—ir _d-1
I / AV f(m)drl e S el il rzmexe)- (4.18)
R
Let 7 > 0 be a tiny number to be chosen later, using Lemma [3.4] and (4.18) we have

[{I7) < NEEON12) / e~ V[Y2(pcy Py F(u(r)) Xor <t

< NFDN2) 10| ~F § <y Py F(u)| 1 12 a0

_ )dT”Lg

)

SNf(d74)N71/2H|:17|§7WPNF(U)”L£m 0 e lllz]” 2+n¢<1”L2

sza

Y (ded)_l_2=o 1 =
SN ||| nPNF(U)HL:oLg([o,NQ ] xRd) -

Now, using the radial Sobolev embedding Lemma Bernstein, and ([#.15)), we
bound the F'(u) term as
1~ -
|27 " Py F(u)llrz S IVI"PNEF ()] 2
z L d+1

2 _8s ~
< NINUSE =50 | Py F(u)|| e
L;:i2+4d—85

4/d
VI ulla %,
L —2s

x

< NTH ad;dsé N-

Sup NTHE 0,
Plugging in this estimate back to the estimate of (| we have
" < N2 (d 4)+7]+,,775

Combining the estimate for (4.16)) and (4.17) together gives the final estimate of
@12):

(2—o0)(d—1)

(@.12) Su, N%(dizl)(Niﬁ*S + N77+%*%sfs).
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Now adding all the estimate for (4.8) through (4.12), we finish estimating the term
(4.6). This together with the estimate for (4.1)) and (4.3)) finally gives that

| Pavttoll 2 Somo N™17 4 N=5=47 - N (@2 42-d=o(m—1)

d—

_’_N%(d—él)(N—Tla—s +N—o(m—1) +N—%(2—o’)—s _’_Nn—i-%—‘%s—s).

m=1+ %, we finally

For any s > 0, choosing 0 =
obtain

S p— S p— S
100> 1 = Toood> 7 = To0042°

| Pyuollzz Sup N7H7€+ N7 20004,
It is easy to see that after finite a;nany times of iteration we obtain
[ Prvuollzz Sue N7'7, VN > 1.
Therefore, ug € H.. The proof of Theorem is complete.
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