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ON THE CAUCHY-PROBLEM FOR GENERALIZED
KADOMTSEV-PETVIASHVILI-II EQUATIONS

AXEL GRUNROCK

ABSTRACT. The Cauchy-problem for the generalized Kadomtsev-Petviashvili-
II equation

Ut + Uzzx + 8;1Uyy = (Ul)17 l > 37
is shown to be locally well-posed in almost critical anisotropic Sobolev spaces.
The proof combines local smoothing and maximal function estimates as well as
bilinear refinements of Strichartz type inequalities via multilinear interpolation
in X -spaces.

1. INTRODUCTION

Inspired by the work of Kenig and Ziesler [I3] 4], we consider the Cauchy
problem

u(@,y,0) = uo(z,y), (v,y) € R? (1.1)
for the generalized Kadomtsev-Petviashvili-IT equation (for short: gKP-II)
Ut + Ugzx + (9;1Uyy = (ul)xa (12)

where [ > 3 is an integer. Concerning earlier results on related problems for this
equation we refer to the works of Saut [I5], Iério and Nunes [§], and Hayashi,
Naumkin, and Saut [7].

For the Cauchy data we shall assume ug € H®), where for s = (s1,82,€) the
Sobolev type space H®) is defined by its norm in the following way: Let & :=
(k,n) € R? denote the Fourier variables corresponding to (r,%) € R? and (D, )% =
FHE) 1 F, (D)2 = F~Xn)o2F, as well as (DD, )% = F~1(k~1n)?sF, where
F denotes the Fourier transform and (z)? = (1 + 22)%. Setting

[ollos.00.00 = (D)7 (Dy)7*(D3 " Dy) ol 2,
we define
l[uoll e := [luollsy 254200 + [0l 51,50,
Almost the same data spaces are considered in [I3], [I4], the only new element here
is the additional parameter ss, which will play a major role only for powers | > 4.

Using the contraction mapping principle we will prove a local well-posedness
result for (|1.1), (L.2) with regularity assumptions on the data as weak as possible.
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Two types of estimates will be be involved in the proof: On the one hand there is
the combination of local smoothing effect ([I3], see also [I0]) and maximal function
estimate (proven in [I3] [14]), which has been used in [I3], a strategy that had
been developed in [I1] in the context of generalized KdV equations. On the other
hand we rely on Strichartz type estimates (cf. [I5]) and especially on the bilinear
refinement thereof taken from [5] [6], see also [9, [16, [I8] [I7]. A similar bilinear
estimate involving y-derivatives (to be proven below) will serve to deal with the
(Dy) containing part of the norm. To make these two elements meet, we use
Bourgain’s Fourier restriction norm method [I], especially the following function
spaces of X, p-type. The basic space Xy is given as usual by the norm

lull o, = (7 = &(€))" Full 2,

where ¢(§) = k3 — % is the phase function of the linearized KP-II equation. Ac-

cording to the data spaces chosen above we shall also use

[ll X0, o g = (D)7 (D)2 (DT Dyt x,.,
as well as

el = Nl Xm0 + Nl

Finally the time restriction norm spaces Xy 4(d) constructed in the usual manner
will become our solution spaces. Now we can state the main result of this note.
Theorem 1.1. Let s; > 1/2, 53 > ﬁ and 0 < ¢ < min(s1,1). Then for
s = (s1,82,€) and ug € H® there exist § = 6(||uo|| ) > 0 and b > 3 such that
there is a unique solution u € X4 ,(6) of , . This solution is persistent
and the flow map S : ug — u, H®) — X(s),p(8) is locally Lipschitz.

The lower bounds on s1, s2, and ¢ are optimal (except for endpoints) in the
sense that scaling considerations strongly suggest the necessity of the condition
$1 4 289 + ¢ > % + é:—‘;’ Moreover, for | = 3 C?-illposedness is known for s; < %
or € < 0, see [13, Theorem 4.1]. The affirmative result in [I3] concerning the cubic
gKP-IT equation, that was local well-posedness for s; > %, so = 0, and ¢ > %
is improved here by % derivatives. Some effort was made to keep the number of
y-derivatives as small as possibleﬂ but we shall not attempt to give evidence for
the necessity of the individual lower bounds on s, s2, and €, respectively.

By the general arguments concerning the Fourier restriction norm method intro-
duced in [I] and further developed in [2,[12], matters reduce to proving the following

multilinear estimate.

Theorem 1.2. Let 51 > %, 55 > =3 and 0 < ¢ < min (s1,1). Then there exists

27 2(1-1)
b > —%, such that for all b > é and all uy, ..., u; € X(s)p supported in {|t| < 1}

the estimate

l l
10= T [ willx,, S [T sl
j=1 j=1
holds.

IFor 1 > 5 the use of local smoothing effect and maximal function estimate alone yields LWP
for s; > %:—?, sg = 0, and € > %, which is optimal from the scaling point of view, too. This
result may be seen as essentially contained in [I3}, Theorem 2.1 and Lemma 3.2] plus [I1}, proofs
of Theorem 2.10 and Theorem 2.17]. This variant always requires %Jr derivatives in y.
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To prepare for the proof of Theorem [I.2] let us first recall those estimates for
free solutions W (t)ug of the linearized KP-II equation, which we take over from the
literature. First we have the local smoothing estimate from [I3, Lemma 3.2]: For
0<A<,

1D (D DY) MW (ol e r2, < lluollzz, (1.3)

and hence by the transfer principle [2, Lemma 2.3] for b > %,
1DV (D D) ull e 2, S Nlull - (1.4)

Interpolation with the trivial case Liyt = Xp, and duality give for 0 < 6 < 1,
1 _1-6

pe 2
DD DN ull o g2, < lull o (1.5)

as well as
1DE (D7 D)Mol S Nl - (16)
x yt

(For Holder exponents p we will always have % + 5 =1.) To complement the local
smoothing effect, we shall use the maximal function estimate

W (ol Larz, S 14De) TH(D7 " Dy) 2 Fugl 2, (1.7)

due to Kenig and Ziesler [I3 Theorem 2.1], which is probably the hardest part of
the whole story. The capital T" here indicates, that this estimate is only valid local
in time, the +-signs at the exponents on the right denote positive numbers, which
can be made arbitrarily small at the cost of the implicit constant but independent
of other parameters. (This notation will be used repeatedly below.) The transfer
principle implies for u supported in {|t| < 1}

el zszes S IKD2) 5 (DS DY) | x, (1.8)

abyr ~

where b > % The Strichartz type estimate

W (#)uollzs , < lluollrz,, (1.9)
taken from [I5, Proposition 2.3], becomes
1
lullzs,, < lellxe,, >3 (1.10)
For its bilinear refinement
1
luvllz,, S 11Dy *ull x| Da vl\xw b> 3, (1.11)

and the dualized version thereof
1
1D (wo)llx,,—y S ID3 2 ullx, 0] 22, 0> 3 (1.12)
we refer to [6, Theorem 3.3 and Proposition 3.5]. In order to estimate the X, s, et
norm of the nonlinearity the following bilinear estimate involving y-derivatives will
be useful. We introduce the bilinear pseudodifferential operator M (u,v) in terms
of its Fourier transform

M€ = [l ka6 P(E
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and define the auxiliary space Engt by | fllizepa == 1Fafll o« » Where F;, denotes
Tyt T Myt

the partial Fourier transform with respect to the first space variable x only. Then
we have:

Lemma 1.3.
MW (Do, W (000115, < 1D 2wz, DY ?woll gz, (113)
Proof. E|We have
MW (fuo, W (t)vo) €, 7)

2 2
= [ b8 b R T ()
§=61+&2 1 2

2 2 2 E 2
Because of - + 12 = - 4 A—(n — 2)? and with a = 7 — k§ — k3 + %= as well

as g(m) = ﬁk;%(m - %7})2 — a this equals
[ k26 n) (6o o).
§=61+&2

k?lktga
k

The zero’s of g are nf = k—kln + and for the derivative we have |g'(m)| =

ﬁ“@m — kmn|. So we get the two contributions

1 k1Kol —~ £y~ +
(&) = 7/ g (k1,ny )00 (k2,m — ny ) dk1.
2 S tha=r [rn — k|2 ! '
By Minkowski’s integral inequality
115(€, ) ez S /k - |kxka|[[|kyn — knE |~ 200 ke, i) G0 (kay 1 — 0 | L2 da,
1+ko=

where, with A\ := \/%, the square of the last L2-norm equals

L k . k
[ b o @i, S £ Nk, 2 F )P

2 — ky P ko 2
< ki, =t £ Nty (ka, =1 F A)|2dA
— |k1k2| /‘UO( 1 k 77 )UO( 25 k n:F )| ’
since dr = 220 dA = F 2 (kan — kny)dA. This gives
.k ok 1/2
1@ S [ ekl ([ 1@k, o Nl 20 ¥ VPA)di,
! R k k

21t is not apparent from the proof, but there is a very simple idea behind Lemma If we take
the partial Fourier transform F W (¢)uo(k) = cith® (i E 9y Fauo(k) with respect to the xz-variable
only, we obtain a free solution of the linear Schrédinger equation with rescaled time variable s = %,
multiplied by a phase factor of size one. So any space time estimate for the Schrodinger equation
should give a corresponding estimate for linearized KP-type equations. This idea was exploitet in
[3], [4] to obtain suitable substitutes for Strichartz type estimates for semiperiodic and periodic
problems. From this point of view Lemma@ corresponds to the one-dimensional estimate

1/2, itd2 —itd2
1Dy (o™ P wo)| 2, < lluollrz llvoll -
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Using Parseval and again Minkowski’s inequality for the L%—norm we arrive at

2 M (W (a0, W (2)e0) (k) 3,

ok ok 12
5/ |k1k2|1/2(/|u0(k1, L Ao (ka, 0 F N) 2Ny dky
ki +ka=k k k

= [ ka2 g e, g
k1+ko=k
S ||D:1v/2U0HL§y ||Di/2vo||La2w
by Cauchy-Schwarz and a second application of Parseval’s identity. O
Corollary 1.4. Let b > 1/2. Then
HM<U" U)”Ei[lit S ||D;:/2u||Xo,b ||Dalc/2v||X0,b (1'14)
_1
1D M (u, )| x0 -y S 1l ge g2 10220l x - (1.15)

Proof. Lemma implies (1.14)) via the transfer principle, (1.15]) is then obtained
by duality. In fact, if we fix v and consider the linear map M, (u) := M (u,v), then

its adjoint is given by M; = My, and we have [|7]|x,, = [|v||x,.,- O
Now we are prepared for the proof of the central multilinear estimate.

Proof of Theorem [I_3.
1. We use (1.6) with A =0, 8 = % and Holder to obtain for by < f%

1 l
DY T will o, ST uill 4,
. . x t
j=1 j=1 v

S llwnllzazz, luzll s cos llusl o cee TT luglles
j>4

For the first factor we have by (1.5] ., again with A =0, § = 5

zyt

lurllzarz, < 1Ds u1||X
while the second and third factor are estimated by m
lugsllLaree < (D ) TH(DIID) T s 5 x,

where b > % It is here that the time support assumption is needed. For j > 4 we
use Sobolev embeddings in all variables to obtain for b > %

1
lugllzzs, S I(D2) 2 (Dy) s,

Summarizing we have for by < —1/4, b > 1/2,

l
_1 34
D3 TT w0,y S 1Dz 2l 0, (D) T7(DF DY) F s x,
Jj=1

3 14
X [(Da) TH(D D) T ug] o, [T 1(D2)2(Dy) 7 05,

jz4
(1.16)
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2. Combining the dual version (1.12]) of the bilinear estimate with Hoélder’s
inequality, (1.11)) and Sobolev embeddings we obtain for b < —1/2, b > 1/2,

l
1022 T T il

Jj=1

S ID3 Puslixo lwrusll 2, [T luslezs, (1.17)
iz4
-3 1 1
S Dz 2wllxg , 1Dy *usllxo 1D} *usl xo,, [T IKD2)2 (D) 7 Tl x, .-
i>4

3. Bilinear interpolation involving us and ug gives

l
_ 1 1,0 _ 9
1D T wslixy s S I1D7 2urllxg, (D) 2+ 54 (D D) H s x,
j=1
1,0 _ 9 1 1
X ||<D96>2+4+<Dz1Dy>2+u3”Xo,b H H(Dz>2+<Dy>2+uj”Xo,m

Jj=4

where 0 < § < 1 and b’ = 0by + (1 — 0)b;. Now symmetrization via (I — 1)-linear
interpolation among us, ..., u; yields

l
_1 _
10X TL il 105 Furllx,, TT D™ (D)% (D5 D)™ w1, .
Jj=1 Jj>2
(1.18)
with b,0" as before, ay = % + ﬁ, oy = ﬁ, and a3 = %. Using (1) <
(k)y(k~'n), we may replace az+ by az in (1.18). Now, for given s; > 3 and ¢ > 0
we choose 6 close enough to zero, so that a; < s1 and a3 < €, and by (respectively
b1) close enough to —% (respectively to —%), so that b’ > —%. Then, assuming by
symmetry that u; has the largest frequency with respect to the z-variable (i. e.
|k1| > |k2,...1]), we obtain

l

||696 H uj‘|X51+252+570,0;b/ /S ||u1||X51+252+s,0,0;b H ||uj||Xsl,52,s;b' (119)
Jj=1 j=2

4. The same upper bound holds for ||0, Hé’:l ujllx if |n| < |k| (or even

51,852,807 7
if |n] < |k|?), where |k| (respectively |n|) are the frequencies in x (respectively in y)
of the whole product. In the case where |k| < 1 - assuming ¢ < min (s, 1) and ¥’

sufficiently close to f%, the estimate

1 1
10, [T wslx. .. S T uslxe, oy (1.20)
j=1

Jj=1

is easily derived by a combination of the standard Strichartz type estimate
and Sobolev embeddings. So we may henceforth assume |k| > 1, |n| > 1, and
k=t > 1.

One last simple observation concerning the estimation of |0, H;:1 ujllx,, .
If we assume in addition to |ki| > |ko, . ;| that u; has a large frequency with respect

to y; i.e., |n| < |m|, then from (1.18) we also obtain (|1.20)).
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5. It remains to estimate ||0, Hé’:l ujl| x in the case where |k1| > |ks, . |
(symmetry assumption as before) and |n;| < |n|. By symmetry among us . ; we
may assume in addition that 2| > |71.3.. ;| and hence that |ks| < |k|, because oth-
erwise previous arguments apply with u; and wsy interchanged. For this distribution
of frequencies the symbol of the Fourier multiplier M (ujus - - -, ug) becomes

51,892,307

ko — kon|*/? ~ |kma| /2 2 |kn|*/2.

Now let P(uy,...,u;) denote the projection in Fourier space on {|n2| > |n1,3,... 1|} N
{(k2) < |k| < k1}. Then by (L.15) we obtain for b > %, by < —1

||D;/2P(u1’ ce 7ul)||X0,b1
S 1D 2z x,, lusus - - Ul zee 2,
1y
S D3 Pus | xo, [ND2) 2 (wrus) | 2, 11 4l 2oe o

]>4
14

1 1
5 ||Dg+u1||xo,b”<Dw>2+u2||Xo,b||< u3HX0 b H ” 2 > +ujHX0,b7
j=4

where besides Sobolev type inequalities we have used (1.11]) in the last step. Inter-
polation with (1.17)) gives for 0 < A <1

A 1=
D2 Dy P(us, ..., ur)x,,,

—24 1 14
S D2 g, (D2 = Tz g, 4022 T sl xo, T I1(D2)2 (DY) T x, -
j=4

Yet another interpolation, now with (1.16]), gives for 0 < 8 < 1, b' = 0by + (1 —
0)b1, sz = 3(A(1—6) +6) and s, = 3(1 —0)(1 — A)

1DZ: Dgr Pluy, . s w) x,
s 140 0
SID7 % ulx, [(De) 25D Dy) sl x| (D) 257D D) s x

1 1
x [T IKD2) 2+ (Dy) *  ujl| x,,,-

Jj=4
The next step is to equidistribute the (D,)’s on uo, ..., u;. Here we must be careful,
because the symmetry between us and usg, . . ul was broken But since uy has the

largest y-frequency we may first shift a (D, >2<l TF onto ug and then interpolate
among us, . .., u; in order to obtain

1D D3 Plus, ..., w)|x, .
< ID7 " urllxo, [T 10D (D)4 (D D) g x, (1.21)
j>2

where 3 = % + %, P2 = 2(l 1) and (B3 = % Again we may replace B2+ by (2. Now

is applied to (Dy)**(Dy)*2(D ' D)0, P(uz,...,u;), where we can shift the
(D >31 partly from the product to u; and the ( )2 partly to us. Moreover since
|ko| < |k| and || < |n2| we have |k~ 1n| < ks 772|, so that a (D;1D,)*~% may be
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thrown from the product onto us. The result is

HawP(ul, e ’ul)||Xsl,s2,s;b’

S D72 | x, (Do) (D )22 =5 (DD ) == g

X H ” <DZL’>61+<Dy>BQ <D;1Dy>63+uj ||Xo,b‘

j=3
Here (3 < s9 and by choosing 6 < min (¢, ﬁ, s1 — %) and A such that s, = B2+6
we can achieve that

e 51 +1—60—2s, <s1+2s +e¢,

e Ba+s3— 85y, +0< 59,

e c—0+f0;<e¢,
as well as 31 < s1, B3 < e. This gives

”a:cP(ulv s 7UZ)HX5175215¢,/ 5 ||u1||Xsl+252+E,O,O;b H ||uj||X51,32,E;b
j=2
as desired. O
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