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SECOND-ORDER BOUNDARY ESTIMATES FOR SOLUTIONS
TO SINGULAR ELLIPTIC EQUATIONS

CLAUDIA ANEDDA

ABSTRACT. Let Q C RN be a bounded smooth domain. We investigate the
effect of the mean curvature of the boundary 02 in the behaviour of the so-
lution to the homogeneous Dirichlet boundary value problem for the singular
semilinear equation Au + f(u) = 0. Under appropriate growth conditions on
f(t) as t approaches zero, we find an asymptotic expansion up to the second
order of the solution in terms of the distance from x to the boundary 0f2.

1. INTRODUCTION

In this article, we study the Dirichlet problem
Au+ f(u) =0 in Q
F(u) o
u=0 on 0,

where (2 is a bounded smooth domain in RY, N > 2, and f(t) is a decreasing and
positive smooth function in (0, c0), which approaches infinity as ¢t — 0. Equation
arises in problems of heat conduction and in fluid mechanics.

Problems with singular data are discussed in many papers; see, for instance,
[8L @, 10, 12} [16], 17] and references therein. Let f(¢) =¢~7. For v > 0, in [7] it is
shown that there exists a positive solution continuous up to the boundary 02. For
v > 1, in [I3] it is shown that the solution u satisfies

0< e <uz)(6(z) T < e,

where § = §(z) denotes the distance of = from the boundary 9. Actually, in [7]
and in [I3] the more general equation Au+p(z)u=" = 0 with p(z) > 0 is discussed.
For equation in case 1 < < 3, in [6] it is shown that there exists a constant
B > 0 such that

v+1 e 2y
’u(;l:) - (75) < BoH,
2(y - 1)
For v > 3, in [15] it is proved that
2
)u(l‘) - (77_‘_15> < BovL
20y =1
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2 C. ANEDDA EJDE-2009/90
In [I], for v > 3, it is proved that

2
u(z) = (”7“5) T [1 + N ks 4o()],
2(y—1) 3=
where K = K(z) stands for the mean curvature of the surface {x € Q : §(z) =

constant }.
In this article we extend the latter estimate to more general nonlinearities. More
precisely, assume

flgi)(lj)(t) _ 117 +o)t?, F(t) :/t f(r)dr (1.2)

where v > 3, > 0 and O(1) denotes a bounded quantity as ¢ — 0. In addition,
we suppose there is M finite such that for all 6 € (1/2,2) and for ¢ small we have
£ (01)[¢?
f(t)
An example which satisfies these conditions is f(t) = ¢™7 + ¢ with 0 < v < 7.
Here § = min[y — v,y — 1].
When ¢(0) is defined as

< M. (1.3)

#(9)
/ (2F(@)"Y2dt = & (1.4)
0
and v > 3, we prove that
u(z) = ¢(9) [1 + %Kd + 0(1)5"“], (1.5)

where ¢ is any number such that 0 < o < min[j{—j, 72—_51] Note that ¢ is a solution

to the one dimensional problem

¢" + f(¢) =0, ¢(0)=0.

The estimate shows that the expansion of u(z) in terms of ¢ has the first part
which is independent of the geometry of the domain, and the second part which
depends on the mean curvature of the boundary as well as on . For 1 < v < 3,
the first part of the expansion is still independent of the geometry of the domain,
but it is not possible to find the second part in terms of the mean curvature even
in the special case f(t) =t77, see [I] for details.

We observe that similar results are known for boundary blow-up problems, see
[3, 4 [B]. In [3] the problem

Au= f(u), u—oo asz— IN
is discussed under the assumption that f(¢) is positive, increasing and satisfying

FOFD _ R
i = T o = [ s

where p > 1, 8 > 0 and O(1) is a bounded quantity as ¢ — oo. Under some
additional conditions for f, in [3] it is shown that

JZ;;KHO(@}, (1.6)

u(z) = () |1+
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where ® is defined as -

/ (2F(t))~Y/2dt = 4.

3(8)

Note that ® satisfies

¢’ = f(®), ®(0)=oo.
We underline that holds for p > 1, in contrast to which holds when
~v > 3. Moreover, when f(¢) = ¢ with p close to one, it is possible to find other
terms in the expansion . For example, the third term depends on the mean
curvature K as well as on its gradient VK (see [2]). Instead, the estimate (1.5)
cannot be improved for any value of « because 0 < o < 1.

2. PRELIMINARY RESULTS

Let f(t) be a decreasing and positive smooth function in (0,00), which ap-
proaches infinity as ¢ — 0. Assume condition (1.2]) with v > 1 and 8 > 0. Let us

rewrite (1.2]) as

1 (F(E)7T N
(F(t) ™= (((fzt))) = 0(1)t8. (2.1)
Since by [14, Lemma 2.1],
. F(t)
integration by parts on (0,t) of yields
Fit) 1 5
tf(t)i'y—1+0(1)t . (2.3)
Using the latter estimate and again we find
tf'(t) 8
0 =—y+ O(1)t". (2.4)

Let us write (2.4) as

ro_ —F+ oW,

Integration over (t, 1) yields

log J;((;) =logt” + O(1).

Therefore, we can find two positive constants Cy, Cy such that
Cit7 7 < f(t) <Cot™, Vte (O, 1) (25)
. 1 . "
Since F(t) = [, f(7)dr, using 1' we find two positive constants C3, Cy such that

Ca3t' ™ < F(t) < Cyt' ™, ¥Vt € (0,1/2). (2.6)

Lemma 2.1. Let A(p, R) C RN, N > 2, be the annulus with radii p and R centered
at the origin, let f(t) > 0 smooth, decreasing for t > 0 and such that f(t) — oo as
t — 0. Assume condition with v > 3. If u(x) is a solution to problem
in Q= A(p,R) and v(r) = u(x) for r = |x|, then

(1) 2dt

v(r) >¢(Rr)cfv(F(U))1/2 R—r), 7<r<R, (2.7)
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and
1 1/2
o(r) < ¢(r —p)+ C¢'(r — p)W

where ¢ is defined as in (1.4), p <7 <7 < R and C is a suitable positive constant.

Proof. If Q = A(p, R), the corresponding solution u(x) to problem (|1.1)) is radial.
With v(r) = u(z) for r = |z| we have

(T—p), p<r<T, (28)

v+ v+ f(v) =0, wv(p)=v(R)=0. (2.9)

T
It is easy to show that there is rg such that v(r) is increasing for p < r < ro and
decreasing for ro < r < R, with v’(rg) = 0. Multiplying (2.9) by v' and integrating
over (rq,r) we find

% +(N-1) /T: gds = F(v) — F(vg), wvo=v(ro). (2.10)

By (2.6), F'(t) — oo as t — 0. Therefore, F(v(r)) — oo as r — R, and (2.10)
implies that

[v'| < 2(F(v))Y2, re(r,R). (2.11)
As a consequence we have
T \2 2 T 2 Vo
/ O s < —/ (F))Y2(=v)ds = = [ (F(t))Y?dt. (2.12)
70 s To To o Jv
Since
Vo
[ @ a < (p ) 2, (213)
v
using (2.12)) we find
r ’Ul 2 v
o o S5ds L LE@) 2
r—R F(U) r—R F(’U)
On the other hand, by (2.10) we find
N2
(UI)Z L (N -1) f?”i) %ds—i— F(’Uo)
2F (v) F(v)
The above equation yields
=1-T 2.14
(2F(U))1/2 (7’), ( )

where
r "2
(N=1) [T Wl s+ F(vg)q1/2

T0 S

F(v)

I(r)=1- [1 -
Let us write equation ([2.9) as
(’I‘N_l’ljl)/(’l“N_lv/) + 7“2N_2f(’l))’l)/ —0.

Integration over (rg,r) yields

(rV=1y/)? IN—2
27y [F(v) = Flw)l,
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from which we find that [v/| > ¢(F(v))'/? for some positive constant ¢. Hence,

T N2 T vo
/ (CORPIN 5/ (F(o)2(=v)ds = = | (F(t))"2dt.
0 s To To To v
By using the estimate {i for F(t), the latter inequality implies that f;; @ds —
oo as r — R. As a consequence, we have

(N —1) / (”;)st + F(vg) > 0

for r close to R. Since for 0 < e < 1, we have 1 — [1 — €]}/ < €. Using (2.12) we

find a constant M such that

ENZL) [0 (R () 2dt 4 F(v O (F (1) Y2 dt
e RLA0) () _ L) e

0<I(r) < o) =M

(2.15)

The inverse function of ¢ is

8 1
= —————dt.
R
Integration of over (r, R) yields
R
Y()=R—r— / T'(s)ds,
from which we find .
v(r)=¢(R—r— / [(s)ds). (2.16)
By (2.16) we have
R
o) = 9B = 1) = ) [ T (2.17)
with
R
R—r>w>R—r—/ T'(s)ds.
Since
¢'(w) = 2F(p(w)"?,
and since the function ¢t — F(¢(t)) is decreasing we have
R 1/2
¢'(w) < (2F(o(R—7 —/ M(s)ds)) " = @F(0)"2,
where has been used in the last step. Hence, by (2.17) we find

R
o(r) > G(R—1) — (2F(v))1/2/ I(s)ds.
Using we also have
F(t)Y?at

R [vo
v(r)>¢(R—r)—(2F(v))1/2M/ Ju (F(U) ds. (2.18)

We claim that the function

St (F(0)'/2dt

F(o(r))

r —
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is decreasing for r close to R. This is equivalent to show that the function

Vo

secm@r{/<Fwﬂ”ﬁ

S

is increasing for s close to 0. We have

L) [T Eo) ) = )26 [ ) - )

S

— (F(s))~1/2 w —1l.
() {(F(S))f(f(s))*1 }
By 1) and (i it follows that [ ( (£))/2dt and (F(s))2(f(s))~" tend to oo

as s — 0. Therefore, we can use de I Hopltal rule and condition (|1.2)) to find
S ()2t | 2 4

im——=———"——— —1=1lim —1l=—.
=0 (F(s))2(f(s))~* s=0 34 2(F(s))(f(s))72f"(s) 7-3
Hence, since v > 3, the function (F(s))~/2 (R ))1/2dt is increasing for S close
to 0, and the clalm follows. Using this fact mequahty . ) follows from
To prove , let us write equation (|2 as

@ — F(v) - F(vo) + (N — 1) / @ds, (2.19)

with p < r < ro. Note that, since (v'(r))? — oo as r — p and v > 0, we have [14]
Lemma 2.1]

dt
Ll

lim 5

r—p v')
Hence, (2.19) implies 0 < v < 2(F(v))Y/? for 7 near to p. As a consequence we

have o
To 2 T0 2 Vo
/ W) s < 7/ (F(0))/2(t/)ds = 7/ (F(£)/2dt.
T S p T p v
Since [°(F(t))'/2dt < (F(v))/?vy, the latter estimate implies that
2
o W)~ gs
lim 22— 2 —,
rop F(v)
Using (2.10) again we find
(), (V=1) [ 0 ds - Fw)
2F(v) F(v) ’
The above equation yields
v/
— = 1+4+T(r), 2.20

where

T

F(v)

Arguing as in the previous case one proves that f

- o (W% g — F(ug)1
F(r)z{l—!—(N D) F(O)} 2 _

T
O(v ds — oo as r — p, and

(N—l)/m(v;)st—F(vo)>0
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for r close to p. Since for € > 0 we have [1+¢€]'/2 —1 < ¢, the function I'(r) satisfies
(2.15)) (possibly with a different constant M). Integration of (2.20) over (p, r) yields

—r—p+ | T(s)ds,
v =r—p+ [ T
from which we find
o) = o(r = p) + ') [ T(s)ds, (221)
p
with .
—p < <r—p-+ I'(s)ds.
r—p<w <r—p /p (s)ds

Since ¢'(s) is decreasing, ¢'(w1) < ¢'(r — p). This estimate and imply
o(r) < ¢(r—p)+¢'(r— p)/ I(s)ds. (2.22)
p

We have shown that the function (F(s))~/2 [ (F(t))!/2dt is increasing for s close
to 0. As a consequence, since v(r) is increasing for p < r, the function

Jio (F () 2t

F(u(r))
is increasing for r close to p. Hence, inequality (2.8 follows from (2.22)) and (2.15)).
]

The lemma is proved.

Corollary 2.2. Assume the same notation and assumptions of Lemmal[2-1l Given
€ > 0 there are r1 and ro such that

p(R—r)>v(r)>1—€ep(R—71), r <r<R, (2.23)
o(r—p) <v(r)<(A4ep(r—p), p<r<rs. (2.24)
Proof. By we have
R <

Integrating over (r, R) we find ¢(v) < R—r, from which the left hand side of (2.23)

follows. By (2.7)) we have

S (@) 2dt R~
(F)2 S(R—7)

v(r) > [I—C }(b(R—r).

Since F'(t) is decreasing we have

Ju (F(0)!dt
(Fo)'/2 —
Moreover, putting R —r = 1(s) we have
. R—r () ~1/2
- = < = 0.
i SRy~ im T s Im2F() 0
The right hand side of (2.23)) follows from these estimates. By (2.20) we have
,U/
> 1.

(2F(v))'/?



8 C. ANEDDA EJDE-2009/90

Integrating over (p,r) we find ¥(v) > r — p, from which the left hand side of (2.24)
follows. By ({2.8]) we have

JHE@)2dt r—p
Fv)  o(r—p)

o(r) < [1+Co/(r = p) Jotr = ).
We find

1
< lim =0.

—p) _GEEFE)Y?

o(r —p) s -
The right hand side of ([2.24]) follows from these estimates. The corollary is proved.
O

Lemma 2.3. If (1.2) holds with v > 1 and if ¢(0) is defined as in (L.4), then

5f¢zl<;(($<)5)) B ﬁ 1 +0()(9(9)", (2.25)
5?2) N WTH +0(1)(6(9))", (2.26)
62?((2()6» - éﬁ—li) + 0@, (2.27)

6(8) = O(1)87+1, (2.28)

where O(1) is a bounded quantity as § — 0.
Proof. By the relation

1_9f " gy _y+1 8
1 2(1_7 +O(1)t ) == +oW?’,

using we have
12RO (0) 2 = T o,

where O(1) is bounded as ¢ — 0. Multiplying by (2F(¢))~/2? we find

—(2F ()72 = 2F ()2 f1 (1) (f(1) 2 = Z;_ri(ﬂ’(t))_l/2 + O’ (2F (1)),
and
(QF@)2(f(1)™Y) = LH(QF(t))_l/Q +O(1)7 (2F (1) /2. (2.29)

v—1

Using (2.5) and (2.6) we find that (2F(t))Y/2(f(t))"" — 0 as t — 0. Hence,
integrating ([2.29)) on (0, s) we obtain

1 S _ S
(QF(S))l/Q(f(s))*:L*l (2F(1) " dt +0(1) / t7(2F (1)) "1/2dt, (2.30)
—1Jo 0

where O(1) is bounded as s — 0. Since

/s tﬁ(QF(t))_l/th < $P /S(QF(t))—l/th’
0 0
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equation ([2.30)) implies
(2F(s)"?  ~v+1 /S -1/2 /s ~1/2
= 2F (t dt +0(1)s? | (2F(t))~/2dt.
o =1 | R s [ (2P
Putting s = ¢(8) and recalling that ¢'(8) = (2F(¢(5)))/?, estimate (2.25) follows.
Recall that (1.2]) implies (2.3]). Hence, we have

;j;((tt)) = 771 + O,

OF(t) +tf(t) Ay +1
130) >

2F() V2 +tf()2F(®) % y+1
(2F(t))~1/2 IE:

(2F (1) /2) = 22 @F ()2 + ) (2F (1) 2.

+O(1)t7,

+0(1)t?,

By [2.6), t(2F(t))"'/2 — 0 as t — 0. Hence, integrating over (0, s) we find

S(2F(s) 2 = () + 01) [ er(@) i = T tu(s) + O (),

ytl
0 2

where

ve) = [ @re) e
Since ' (s) = (2F(s))~*/? we find

sP'(s) _y+1

U(s) 2
Putting s = ¢(0) and noting that ¢ is the inverse function of 1) we get (2.26). By
we have

+0(1)s°.

o) OO(Z +01)(6(0)°)

02 f(¢(9)) 3¢/ (5)
Using the latter estimate and we get
oy = (5 0W@e)) (15 + 0e»)’).

from which (2.27)) follows. Estimate (2.28]) follows immediately from (2.6). The

lemma is proved. [l

3. MAIN RESULT

Lemma 3.1. Let Q C RN, N > 2 be a bounded smooth domain, and let f(t) > 0
smooth, decreasing for t > 0 and such that f(t) — oo ast — 0. Assume condition
(1.2) with v > 3 and 8> 0. If u(z) is a solution to problem (1.1)), then

$(8)(1 — C8) < u(z) < ¢(8)(1 + C¥), (3.1)

where ¢ is defined as in (1.4), § = §(x) denotes the distance from x to 02 and C
is a suitable positive constant.
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Proof. If P € 90X we can consider a suitable annulus of radii p and R contained
in 2 and such that its external boundary is tangent to 02 in P. If v(x) is the
solution of problem in this annulus, by using the comparison principle for
elliptic equations we have u(z) > v(x) for = belonging to the annulus. Choose the
origin in the center of the annulus and put v(x) = v(r) for r = |z|. By Lemma
we have

S (F(0)dt
(F(v))'/?
Since v > 3, by 1) we find that ftl(F(T))lﬂdT and t(F(t))'/? approach infinite
as t approaches zero. Using de I'Hopital rule and (2.3) (which follows from (1.2))

we find

po S (F@) P SEW) L2y
—y tF(t)/z —y (F(t))1/2 O 14 MOy =37

T2(F(t)1/? 2F(t)
Therefore, (3.2) implies

v(r) > ¢(R—1)—Cy (R—r), 7<r<R. (3.2)

v(r) > ¢(R—1) — Cov(r)(R —r).
The latter estimate and the left hand side of yield
v(r) > ¢(R—7)(1 - Co(R—1)).

For x near 092 we have 6 = R — r; therefore, the latter estimate and the inequality
u(x) > v(z) yield the left hand side of (3.1).

Consider a new annulus of radii p and R containing 2 and such that its internal
boundary is tangent to 92 in P. If w(x) is the solution of problem in this
annulus, by using the comparison principle for elliptic equations we have u(z) <
w(z) for z belonging to 2. Choose the origin in the center of the annulus and put
w(z) = w(r) for r = |z|. By Lemma [2.1] with w in place of v we have

L(F(1)/2dt
w(r) < ¢(7’_P)+C1(T—p)¢’(r—p)ﬁ”(F((33), p<r<T. (3.4)
Using we can find a constant Cs such that
[L(F(t) /2t w
F(w) <0 (F(w))1/?’
Since ¢/ = (2F(¢))'/?, and the previous inequality yield
/
w(r) < ¢(r—p) +C3(T—p)(§,((z)))l “w (3.5)

By (2.24) with w in place of v and with e = 1, and by (2.3]) we find
Ja 1/2 r 1/2
(ﬂ) w< (ﬂ) 9% < Caor

F(w) F(2¢)
Insertion of this estimate into (3.5)) yields
w(r) < ¢(r — p)(1+ Cs(r — p)). (3.6)

For x near to Q2 we have 6 = r — p; therefore, estimate (3.6) and the inequality
u(z) < w(zx) yield the right hand side of (3.1). The lemma is proved. O
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Theorem 3.2. Let Q C RN, N > 2 be a bounded smooth domain, and let f(t) > 0
smooth, decreasing for t > 0 and such that f(t) — oo as t — 0. Assume condition

(1.2) with v > 3 and 5> 0. If u(z) is a solution to (L.1)), then

N N -1 ]

#(9) [1 + r‘jm - calﬂ < u(z) < $(5) [1 + g Ko+ cat+el, (3.7)

where ¢ is defined as in , K = K(x) is the mean curvature of the surface
{reQ:d(x) = constant} o is a number such that 0 < o < mm[zﬁ’, w+1] and C
is a suitable constant.

Proof. We look for a super solution of the form
w(z) = (;5(5)(1 + A6 + aé””’),
where
H
A=——, H=(N-1)K (3.8)
3—7
and « is a positive constant to be determined. We have
Wy, = ¢y, (1 + Ad + 046“”’) + qS(Axi& + Ad,, + a(l+ a)é"éxi).

Recalling that

N N
> 0000, =1, Y Opa, =—H,
i=1 1=1

we find that
Aw=¢"(1+ A5+ ad't7) — ¢'H(1+ Ad + ad' )
+2¢'(VA- Vi + A+ a(l+0)d%) (3.9)

+ ¢(AAS+2VA- V6 — AH + ao(1+0)6° " —a(l 4+ 0)§7H).

By (1.4) we find ¢"” = — f(¢). Using this equation together with (2.25)) and (2.27),
by (3.9) we find that

((b)[ 1— A§ — adtto — (% + O(1)¢5)5H(1 + A5+ as' )

7“ 1)¢7)6(VA- V35 + A+ a(l+0)07)

[\

+

1
+ (m + 0(1)¢5)52 (AAG+2VA-V6— AH + ac(l + 0)67

—a(l+ U)é"H)}.

(3.10)
This means that we can find suitable constants C; such that
1
Aw < [(8)[-1- (A+ TS (1 - 24))5+ €167 + o
! v+1 (y+1)? (3.11)
140 8
+ad ( 1+2(1+o0 )7 1 a(1+a)2(7 0 + C30” + C4d )]

On the other hand, using Taylor’s expansion we have

7(9) (A6 + 04(51+0) + ¢2 f”(&) (A5 + a51+a)2}7 (3.12)

fw) = 1@) 1+ 675 7(9)
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with ¢ between ¢ and ¢(1 + Ad 4+ ad'*7). After a is fixed, we consider only points

z € () such that

—% < AS+ad't < 1. (3.13)

This means that 1/2 < 1+ AJ + ad*+7 < 2. Therefore the term ¢ which appears

in -) satisfies ¢ = ¢, with 1/2 < § < 2. Using (1.3 and . which follows
from (|1.2))), by (3.12)) we find that

f(w) = f(9) [1—WA(S—a751+”+0(1)¢65+0(1)62—&-O(l)aqﬁﬁél'”+O(1)(a61+")2
Using this equality, we can take suitable positive constants C; such that

—fw) > f(¢) [—1 F A8+ a8V — P8 — Csb? — CragPs1+e

(3.14)
- os(aalw)?]
Since by (3.8]),
y+1 _
(A+ el —2A)) — 74,
by (3.11) and (3.14]), we have
Aw < —f(w) (3.15)

provided that

(v+1)?
2(y-1)
< a0t — C5¢P6 — Ce6% — CragP st — Cy(ad! )2

C1¢°5 + C262 +a51+<’( 1+2(1+0 )% +o(l+0) +03¢5+C46)

Rearranging terms,

(C1 + C5)dP677 4 (Cy + Cg)d1 7

7+1 (v+1)? 8
1-2(1 1 —— — (C3+ C
<a(y1-2040) 5 —oll4o) s~ (GO0’ (310)
~ C16 = Cyad 7).
Using (2.28) we find
$P677 < O,
Since o < 72—4?1 we have ¢%6=7 — 0 as 6 — 0. Moreover, since o < ﬁ, we also

have 6= — 0 as 6 — 0, and

T+l (y+1)? _ (y+1)7? 7 -3
P 2v-1) 20y —1)(U+2)(ﬁ_0)>0'

Hence, we can take g large and dg small so that (3.13]) and (3.16] - ) hold for o > «,
§ < 6o with ad'+7 < apdgte.

Let us show now that we can choose d; so that u(z) < w(z) for 6(x) = d;. Using
Lemma [3.1] we have

w(z) — u(x) = 6(5)|

Y4+1-2(1+0)—— —o(l+0)

(N-1)K

140
o 5+ ab ca]
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Take ag and g so that (3.13) and (3.16) hold, and put ¢ = oz06(1)+”. Decrease 0

and increasing o according to ad't? = ¢ until
N-1)K
WDK, o0
3—7

for §(z) = ;. Then w(x) > u(z) for §(z) = 6;. By (3.15) and the comparison
principle [II, Theorem 10.1], it follows that w(z) < w(z) in {x € Q: §(x) < 01}.
We look for a sub solutions of the form

v(z) = (b(é)(l + Ad — a61+”),

where A and o are the same as before and « is a positive constant to be determined.
Instead of (3.10)) now we have

Av = f(5) [71 — A6+ bt @71 + 0(1)¢5)5H(1 + A6 — a6 +7)

+ 2(% +0(1)6%)5(VA- V55 + A~ a(l +0)5°)
+ (;f—lﬁ +0(1)67)0*(AAd +2VA- V6 — AH — ao(1 +0)67"!

+a(l+ a)d"H)} .
(3.17)
This means that we can find suitable constants C; (not necessarily the same as
before) such that

1
Av > [(@)[-1- (A+ T (H = 24) )5 - €176 — Cot?
! 41 (y+1)2 (3.18)
_ 1+o( 1 - 1 3 )
ad+e (—1 42 )T+ oll 4 )y + + o)
After « is fixed, we consider only points = € €2 such that
—% < AS—ad'tT < 1. (3.19)

Using Taylor’s expansion, now we find

— ) < £(9) [—1 +yAS — ayd T 4+ CsP8 + Cp0% + CragPs'o + og(aaw)?} .

(3.20)
Recalling that
v+1 _
—(A + 2A)) = 7 A,
by (3.18) and (3.20) we have
Av > —f(v) (3.21)

when

— C1¢P86 — Cy5?

1 1)2
—adtte (—1 +2(1+ U)% +o(1+0) ;z;_ i) C3¢” + 046)

> —ayd T + C50P5 + Ce0? + Crad? 5117 + Cg(ad™ )2
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Rearranging terms,
(Cy 4 C5)¢P677 + (Co + Cg)8' 7

1l
v—1

(v+1)?

o(l+ 0)72(7 —y

< a(v—i—l 214 0) — (C5+ C7)¢° (3.22)

04— cga51+a),

which is the same as (3.16) (possibly with different constants). Therefore, we can
take § small and « large in order to satisfy this inequality. Take o and Jy so that

and hold, and put ¢ = a05(1,+‘7. Using Lemma

o(@) — u(z) < ¢(6) [Ma — adt o 4 05} .
3—7
Decrease ¢ and increasing « according to ad'*? = ¢ until
N-1)K
WoDKs ycs<o
3—v

for §(z) = d2. Then v(x) < u(z) for §(z) = d2. By (3.21) and the usual comparison
principle it follows that v(x) < u(z) in {x € Q: d(z) < d2}. The theorem follows.
O
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