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EXISTENCE OF SOLUTIONS FOR AN ABSTRACT
SECOND-ORDER DIFFERENTIAL EQUATION WITH
NONLOCAL CONDITIONS

EDUARDO HERNANDEZ

ABSTRACT. We discuss the existence of mild solutions for abstract second-
order differential equation with nonlocal conditions. Also we consider some
application of our results.

1. INTRODUCTION

In this paper we study the existence of mild solutions for the abstract second
order differential system

%(x(t) —g(t,x(t)) = Ax(t) + f(t,2(t), te€l:=[0,a], (1.1)
x(0) = P(xo, ), (1.2)
L) — gt 7)), = Qo). (13)

where A is the infinitesimal generator of a strongly continuous cosine family of
bounded linear operators (C(t)):cr defined on a Banach space (X, || ||), zo,y0 € X
and f,g: I xX — X, PQ: X xC(I,X) — X are appropriate functions.

The study of initial-value problems with nonlocal conditions arises to deal spe-
cially with some situations in physics. For the importance of nonlocal conditions in
different fields we refer to [Tl [3] and the references contained therein. There exists
a extensive literature treating the problem of the existence of solutions for first and
second order differential equations with nonlocal conditions. Concerning first order
differential systems we cite the pioneers Byszewski works [I], 3] and [4] 2] between
some contributions. In the case of second order differential equations with nonlocal,
we mention [I6, 17, I8, [19] for systems described on finite dimensional spaces and
[0l 7, [8, [, 10, 13} [14] for systems defined on abstract Banach spaces.

To the best of our knowledge, the existence of solutions for differential systems
with nonlocal conditions described in the abstract form — is a untreated
topic in the literature, and this fact, is the main motivation of the present paper. We
also remark that the ideas, results and the general technical framework introduced
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in this paper can be used in the study of second order abstract neutral differential
equations, which is an additional motivation.

First, we review some basic concepts, notation and properties needed to establish
our results. Throughout this paper, (X, ||-||) is a abstract Banach space and A is the
infinitesimal generator of a strongly continuous cosine family (C(t))ter of bounded
linear operators on X. We denote by (S(t)):ecr the associated sine function which
is defined by S(t)x = fot C(s)xds, for (t,z) € R x X. In addition, N and N are
positive constants such that ||C(t)|| < N and ||S(t)|| < N for every ¢ € I.

In this paper, [D(A)] represents the domain of A endowed with the graph norm
given by ||z||a = ||z|| + ||Az||, = € D(A), while E stands for the space formed by
the vectors x € X for which C(-)z is of class C! on R. We know from [12], that E
endowed with the norm

|zl|z = ||z + sup [[AS(t)z|, =€ E,
0<t<a
. . o cw s .
is a Banach space. The operator valued function H(t) = [AS(t) C(t) is a

strongly continuous group of bounded linear operators on the space £ x X gen-

erated by the operator A = 0 I] defined on D(A) x E. It follows from this

A 0
that AS(t) : E — X is a bounded linear operator and that AS(t)z — 0 as
t — 0, for each € E. Furthermore, if z : [0,00) — X is locally integrable, then
y(t) = fot S(t — s)x(s)ds defines an E-valued continuous function. This assertion is
a consequence of the fact that

/Ot H(t — s) L?S)] ds = [fg S(t — s)x(s) ds, fg Ot — s)z(s) ds}T

defines an E x X-valued continuous function. In addition, it follows from the
definition of the norm in E that a function u : I — F is continuous if, and only if,
it is continuous with respect to the norm in X and the set of functions { AS(¢)u(-) :
t € [0,1]} is an equicontinuous subset of C(I, X).

The existence of solutions for the second-order abstract Cauchy problem

z"(t) = Ax(t) + h(t), te€l, (1.4)
z(0) =w, 2'(0)=z, (1.5)

where h : I — X is an integrable function, is studied in [21I]. Similarly, the existence
of solutions of semi-linear second-order abstract Cauchy problems has been treated
n [20]. We mention here that the function z(-) given by

z(t) =Ct)w+ S(t)z + /Ot S(t—s)h(s)ds, tel, (1.6)

is called a mild solution of (1.4))-(1.5). If w € E, then the function x(-) is of class
C' on I and

' (t) = AS(Hw + C(t)z + /t C(t—s)h(s)ds, t €. (1.7)
0

For additional details on the cosine function theory, we cite [5l, 20} 2], 22].
Let (Z,| - ||z) and (W, || - |lw) be Banach spaces. In this paper, the notation
L(Z,W) stands for the Banach space of bounded linear operators from Z into
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W endowed with the uniform operator norm || - ||z(zw). In addition, B,(z,Z)
represents the closed ball with center at  and radius r > 0 in Z.

This article has three sections. In the next section we discuss the existence
of mild solutions for the system —. In Section 3, some applications are
considered.

2. EXISTENCE RESULTS

In this section we study the existence of mild solutions for the system (|1.1))-(1.3).
From the theory of cosine functions of operators, we introduce the next definition.

Definition 2.1. A function z € C(I, X) is a mild solution of (1.1))-(1.3) if (0) =
P(zg,x) and

x(t) = C(t)(P(xo,z) = g(0, P(xo, x))) + S()Q(yo, ) + g(t, (1))

t t 2.1
+/ AS(t —s)g(s,x(s))ds Jr/ S(t—s)f(s,z(s))ds, tel. @1
0 0
In the rest of this article, we assume the next hypotheses:
(H1) There exists a Banach space (Y, || - ||y) continuously included in X such

that AS(t) € L(Y,X) for all t € I, and AS(-)z € C(I,X) for all z € Y.
Let Ny, N; be constants such that ||z < Ny|z||y for all z € X, and
|AS(#)|| zv,x) < N forall t € I.

(H2) The cosine function (C(t)):er is such that the range of (C(t) — I) is closed
and dimker(C(t) — I) < oo for all 0 < t < a.

We now introduce some assumptions for the functions f, g, P and Q.

(H3) The function f(-,y) is strongly measurable for every y € X, f(¢,-) is contin-
uous a.e for t € I and g € C(I x X,Y). There are positive constants cy, ca,
an integrable function my : I — [0,00) and a continuous nondecreasing
function Wy : [0,00) — (0,00) such that || f(t,y)|| < msE)W;(|ly|) and

max{|[g(t, y)llv, [l9(t, y) I} < crllyll + ¢z for all (¢,y) € I x X.
(H4) The function f(-,y) : I — X strongly measurable for every y € X, g €
C(I x X,Y) and there are positive numbers L¢, L, such that

||g(t,y1)_9(tay2)||Y SLQHyl_yQH? Y1,Y2 €X7
1t y1) = F(ty)ll < Lllyr —w2ll, y1,92 € X
(H5) The functions P(zo,-), Q(yo,-) : C(I,X) — X are continuous and there are
positive constants Lp, Ly such that
[ P(x0,u) = P(zo,v)|| < Lpllu—vl, u,veC(I,X),
1Q(yo, u) = Qyo, V)|l < Lallu—vl, u,veC(I,X).
(H6) The functions P(zo,-),Q(yo,:) : C(I,X) — X are continuous, locally
bounded and P is completely continuous. Let N¢ = sup{[|Q(yo,u)|| :
u € B.(0,C(I,X)} and N} = sup{||P(zo, u)| : v € B,(0,C(I,X)}.
We consider important to make some observations about the above conditions.
Remark 2.2. The assumption (H1) and the properties of ¢ in condition (H3), are
linked to the integrability of the function s — AS(t—s)g(s,z(s)). We observe that,

except for trivial cases, the operator function s — AS(s) is not integrable over [0, b]
for b > 0. In fact, if we assume that AS(-) € L([0,b]), then from the relation



4 E. HERNANDEZ EJDE-2009/96

Ct)xr—C(s)x = Afst S(7)xdr, which is valid for s <t < b and x € X (see [20]), it
follows that

Cltyr—x= A/o S(r)xdr = /0 AS(s)xds, (2.2)

which implies that the C(-) is uniformly continuous on [0,b] and, as consequence,
that A is a bounded linear operator, see [21] for details.

On the another hand, if (H1) and (H3) hold, then from Bochner’s criterion for
integrable functions and the estimate

1AS(t = 8)g(s, 2(s))l| < Nu(erla(s)] + e2),

we infer that the function s — AS(t — s)g(s,z(s)) is integrable on [0,t), for all
tel

Remark 2.3. If assumption (H1) holds, then Y is continuously included in E. To
prove this claim, we note that for x € Y

Clt)yr—z=A /0 t S(r)wdr = / t AS(s)z ds,

0
which implies that C(-)z is of class C! and Y C E. Moreover, since

zlle = llzl| + sup [[AS()z]| < (Ny + Nu)zlly
0<t<a

when a > 1, we obtain that the inclusion ¢ : Y — FE is continuous in this case. A
similar argument using the properties of the sine function shows that ¢ : Y — F is
also continuous for 0 < a < 1. To complete this remark, we note that [D(A)] and
E satisty (H1).

Our main result is proved using a point fixed criterion for condensing operators.
The assumption (H2) will be useful to this objective.

Lemma 2.4. Let condition (H2) be holds. If B C Y is bounded in X and the set
{AS(t)x : t € I,z € B} is relatively compact in X, then B is relatively compact in
X.

Proof. Let € B. From (2.2) and the mean value theorem for the Bochner integral
(see [15, Lemma 2.1.3]) it follows that C(t)z —x € tc({AS(s)x : s € [0,]}), where
¢(+) denotes the convex hull of a set. Now, the assertion is a consequence of the fact

that ¢({AS(s)y : s € [0,t],y € B}) is compact and the properties of the operators
C(t)—1I. O

We now establish our first existence result.

Theorem 2.5. Let assumptions (H1)-(H3), (H6) hold, and assume that the follow-
ing two conditions hold

(a) For everyt €I and allr >0, the set
Ur ={SW)[f(s,y) + P(zo,u)] : s € I,y € B.(0,X),u € B(0,C(I,X)}
18 relatively compact in X.

(b) For each r > 0 and all t € I, the sets V{7 = {AS(s)g(s,y) : s €I, y €
B.(0,X)} and Vi = {S(t)Q(yo,u) : u € B-(0,C(I,X))} are relatively
compact in X, and the set of functions {t — g(-,u(-)) : v € B,(0,C(I, X))}
18 equicontinuous on I.
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If
NN} + NNj + Wy(r)N

a]+cl(1+N+/0a JAS@l ev x)dt) < 1, (23)
then there exists a mild solution of —,
Proof. Let T': C(I,X) — C(I, X) be the map defined by
Tu(t) = C(t)(P(xo, u) — g(0,u(0))) + S(#)Q(yo, u) + g(t, u(t))
+ /t AS(t — s)g(s,u(s))ds + /t St —s)f(s,u(s))ds, tel,
and consider the (;ecomposition I'="r1+15 3vhere

Fyu(t) = C@)(P(xo,u) — 9(0,u(0))) + S)Q(yo, u) + g(t,u(t), tel,

Tyu(t) /ASt—s (s, u( ds+/St—s (s,u(s))ds, tel.

lim sup [
7—00 T

From Remark [2.2)and the properties of the functions f, g, P, Q, it is easy to see that
TNiueC(,X) fori=1,2.

Now, we prove that I" is completely continuous. Let (u™),en be a sequence in
C(I,X) and u € C(I,X) such that v — u. Let (u™);cn be a sub-sequence of
(u")pen. From the condition (b) and Lemma it is easy to see that the set
of functions {g(-,u™ (-)) : j € N} is relatively compact in C(I,X). Then, there
exists a sub-sequence (u™»)pen of (u");en such that g(s,u™»(s)) — g(s,u(s))
uniformly for s € I as p — oo, from which we obtain that I'yu"» — T'ju in
C(I,X) as p — oo. Moreover, an standard application of the Lebesgue dominated
convergence Theorem permit to prove that I'y(u"r) — T'au in C(I,X) as p — o0
which implies that I'(u"») — T'w in C(I,X) as p — oo. Since the (u™);en is
an arbitrary subsequence of (u™)nen, we can conclude that Tu”™ — Tu in C(I, X).
Thus, I' is continuous.

From (2.3), there exists a positive number r such that I'(B,(0,C(I,X))) C
B,.(0,C(I, X)). In fact, let r > 0 be such that

1 ~ ~ a
- [NNB+NNG+Wi(r)Na] + (e + 072)(1+N+ / IAS (1)l 2(v.x)dt) < 1. (2.4)
0
Then, for ¢ € [0,a] and u € B,-(0,C(]0,a], X)) we see that
ITu(t)|| < N(Np +cir +ca) + NNG +eir + ¢
t t
+A|msu—@mwxwwau@mw&+N[:mﬂﬁmeﬁmw

< [NN}—G—NN&—%Wf(r)N/O my(s)ds]

+®ﬁ+mﬂ+Nﬁ/Wﬂ@hmmw7
0

which from implies that I'u € B,(0,C(I,X)). Thus, I'(B,(0,C(I, X))) C
B.(0,C(I, X)).

From Lemma the assumptions (H6) and (b), it is easy to see that I'; is
completely continuous. Moreover, from [II, Lemma 3.1] we infer that Iy is also
completely continuous, which complete the proof that I' is completely continuous.
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Now, from the Schauder’s point fixed Theorem we obtain a mild solution for ([1.1f)-

(L.3). O
Proposition 2.6. Assume that the assumptions in Theorem be hold. If z()
is a mild solution of (1.1)-(1.3), P(zo,z) € Y and %C(t)g(O,m(O))h:O =0, then
4 (@(t) = g(t,z(1)))],_, = Qlyo, @)

Proof. At first, we note that from the inequality
1 [t t
15 [ 8¢=9fea)ast <N [ ds

it follows that %fot S(t—s)f(s,z(s))ds — 0 as ¢ — 0. In addition, for § > 0, we
can write

/ AS(t —s)g(s,z(s))ds = (I — %5(6))/ AS(t —s)g(s,z(s))ds
0 0 (2.5)

1 t
vz /O S(t — 5)AS(8)g(s, x(s)) ds.

Let > 0 be such that ||z(s)|| < r for every s € I. Since AS(t — s)g(s,z(s)) € V[,
it follows from the mean value theorem for the Bochner integral [15, Lemma 2.1.3]

that fot AS(t — s)g(s,z(s))ds € te(VY), so that

(I - %5(5))%/0 AS(t —s)g(s,xz(s))ds € (I — %5(5))0(‘/{)-

In view of the fact that (I — $5(6))z — 0, as § — 0, for each z € X and ¢(V}) is a
compact, we can affirm that (I — $5(6))z — 0, as § — 0, uniformly for z € c¢(V7),
which implies that the first term of the right hand side of (2.5 converge to zero as

0 — 0. Moreover, if ¢5 > 0 is such that ||AS()g(s,z(s))]| < ¢s for all s € I, then
¢ t
Hl/ S(t —5)AS(0)g(s, x(s)) ds|| < E/ (t—s)csds < %tQ.
3 Jo d Jo 26

From the above remarks, we infer that %fg AS(t — s)g(s,z(s))ds — 0, as t — OT.

Finally, by using that P(zg,2) € Y and 4C(t)g(0,z(0)
d

£(.’E(t) - g(ta m(t))”t:o

— lim 2 (C(H)P(ao,2) — Plxo, ) — %[C(t)g(O,x(O)) — (0,2(0)]

)|t:0 = 0, we obtain

t—0+ 1
S(t 1 [
+ QQ(yo,x) + lim f/ AS(t — s)g(s,z(s))ds
t t—0+ & 0

+ lim %/0 S(t—s)f(s,z(s))ds

= lim 1/ AS(s)P(mo,x)ds—i—@Q(yow) = Q(Yo, ),
0

which completes the proof. (I

The following result is a consequence of Theorem and Proposition [2.6
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Corollary 2.7. Let conditions (H1)-(H3), (H6) hold with my € L>°(I). Assume
S(t) is compact, for allt > 0 and

(b*) Forr >0, the set V" = {AS(s)g(s,y) : s € I, y € B.(0,X)} is relatively
compact in X, and the set of functions {g(-,u(-)) : v € B,(0,C(I, X))} is
equicontinuous on I.

If . is valid, then there emsts a mild solution of:r of . . Moreover, if
P(z0,z) €Y and 4 ZC(t)g(0, ‘t:O =0 then 4 a5 (x(t) g(t, gc(t))) o = Qo, 7).

The proof of the next result is an standard application of the contraction mapping
principle. We omit it.

Theorem 2.8. Let (H1), (H4), (H5) hold. If
[Ly(Ny +aNy) +aLyN + NLp + NLQ} <1,

then there exists a umque mild solution z(-) of . . Moreover, P(xg,x) €Y
and 0 (t)9(0,2(0)|,_ = 0 then §(a(t) - ﬂtﬂw»hﬂ Q(yo, ).

3. APPLICATIONS

In this section, we consider some applications of our abstract results. At first,
we discuss briefly the particular case in which X is finite dimensional. In this case,
the operator A is a matrix of order n x n Wthh generates the uniformly continuous
cosine function C(t) = cosh (tAY/2) = 37> | (2n),A with associated sine function

S(t) = A3 sinh (tAY/?) = 2%, (;::12) A™ (here, the expressions cosh (tA'/?) and

sinh (tAl/ 2) are purely symbolic and do not assume the existence of the square roots
of A). We note that the condition (H1) is automatically satisfied with Y = X, the
operators C(t), S(t), AS(t) are compact for all t € R, and ||C(t)|| < cosh (t]|A||*/?)
and ||S(t)|| < ||A||~'/?sinh (¢||A||*/?) for all t € R.

The next proposition is a re-formulation of Theorem In this result, v =
cosh (al|A||*/?) 4 || A||~'/?sinh (a|| A||*/?) and (H3*) is the condition,

(H3*) The function f(-,y) is strongly measurable for every y € X, f(¢,-) is con-
tinuous a.e. for t € I and g € C(I x X, X). There are positive constants
¢1, C2, an integrable function my : I — [0, 00) and a continuous nondecreas-
ing function Wy : [0,00) — (0,00) such that ||g(t,y)| < cilly]| + c2 and
1F ()| < my (OWr(lyl) for all (t.y) € I x X.

Proposition 3.1. Assume (H3*), (H6) hold, and for all v > 0 the set of functions
{g(-;u(-)) :uw e B.(0,C(I,R™))} is equicontinuous on I and

lim sup —- [NP+NQ+Wf( r)al +ci(1+ (1 +allAl)) <1

T —00

Then there exists a mild solution x(-) of . . If, in addition,

%cmmaummﬂzm

then %(az(t) — g(t,m(t)))|t:0 = Q(yo, ).
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To complete this section, we apply our abstract results on an concrete second
order partial differential equation. Consider the differential system

% [u(t,T) - /OTr b(w, T)u(t,w)dw] = %u(tﬁ) + F(t,u(t,T)), (3.1)
u(t,0) = u(t,7) =0, (3.2)

u(0,7) = zo(7) —|—/0 p(u(s,7))ds, (3.3)

57107) =) + [ afuts, s, (3.4

for (t,7) € I x J=10,a] x [0, 7].

To study this system we chose the space X = L?([0, 7]), and we assume xq, yo €
X. In addition, we consider the operator A : D(A) C X — X by Az = 2,
where D(4) = {x € X : 2" € X,z(0) = z(m) = 0}. It is well-known that A is
the infinitesimal generator of a strongly continuous cosine family (C(t))ier on X.
Furthermore, A has a discrete spectrum, the eigenvalues are —n?2, for n € N, with
corresponding eigenvectors z, (1) = (2) 1/2 sin(n7), the set of functions {z, : n € N}
is an orthonormal basis of X and the following properties hold.

(a) For z € X, C(t)z = > o7, cos (nt)(z, z,)z, and the associated sine function
is given by S(t)z = > 7 | %nm) (2, 2n) zn- It follows from the last expression
that S(t) is compact for all t € R and ||C(¢)|| = ||S(¢)|| = 1, for all ¢ € R.
In addition, Az = — 07 | n?(z, z,) 2y, for z € D(A).

(b) If ® is the group of translations on X defined by ®(t)z(yo) = Z(yo + t),
where Z- is the extension of 2 with period 27, then C(t) = 3(®(t)+®(—t))
and A = B?, where B is the infinitesimal generator of ® and E = {x €
HY0,7) : 2(0) = () = 0} (see [5] for details). In particular, we observe
that the inclusion ¢ : E — X is compact.

In what the follows, we assume that zo € H'([0,7]) and the conditions.

(i) The function b(-) is of class C? on I x J and b(w, ) = b(w, 0) = 0 for all
wel.

(ii) The function F : I x [0, 7] — R is continuous and there is Ly > 0 such that

|F(t,T1)*F(t,TQ)|SLplTlfTQ‘, tGI,nGR.
(iii) The function p,q : R — R are continuous and there are positive constants
L,, L, such that
(k1) — p(p2)| < Lplpn — pa|,  pi €R,
lg(1) — q(p2)| < Lglpa — pa|,  pi € R.

Let f,g : X — X and P,Q : C(I,X) — X be the functions defined by
f(t,z)() = F(t,2(7)) and
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Under the above conditions, the functions f, P, @ are Lipschitz continuous functions

with Lipschitz constants Lg, Lpa

3/4 and LQa3/4 respectively. In addition, g(-) is

continuous, g(t,-) is a bounded linear operator for all ¢t € I, g is D(A)-valued,

|| (t )” < (/7 /7 ( 92 b( ))2 )1/2
su , A L, = 250w, 7)) dwdr )
, II) g L(X,[D(A)]) g 0 0 72

N[D(A)] <1 and ],\71 <1
The next result follows directly from Theorem We remark that for z € X,
%C(t)g(O,z) = AS(t)g(0,z) = S(t)Ag(0, z) so that, %C(t)g(O,z)‘tzO =0.

Proposition 3.2. If [Ly(1+a) + aLy + a®*(Lp + Lg)] < 1, then there ezists a

unique mild solution of ([B.1)-(3-4). Moreover, % (x(t) — g(t,z(t)))|t20 = Q(yo, x)
if P(xg,z) €Y.
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