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ON THE PENALIZED OBSTACLE PROBLEM IN THE UNIT
HALF BALL

ERIK LINDGREN

ABSTRACT. We study the penalized obstacle problem in the unit half ball,
i.e. an approximation of the obstacle problem in the unit half ball. The main
result states that when the approximation parameter is small enough and when
certain level sets are sufficiently close to the hyperplane {z1 = 0}, then these
level sets are uniformly C'! regular graphs. As a by-product, we also recover
some regularity of the free boundary for the limiting problem, i.e., for the
obstacle problem.

1. INTRODUCTION

1.1. Problem. Given some non-negative boundary data g € L>(B) N H*(B;)
we study the penalized obstacle problem in the unit half ball; that is

Au, = B.(u.) in Bf' = By N{z; > 0},
ue =g on 0By N{z; >0},
ue =0 on By N{x; =0}

Here we assume that (. is any function satisfying the same assumptions as in [5]
and [6], see sectionfor details. This would then imply by the maximum principle
that u. > 0. We will refer to By N {1 = 0} as the fixed boundary.

1.2. Known result. The penalized obstacle problem has been well studied, see [4],
2], [5] and [6]. Brezis and Kinderlehrer proved the uniform local C*! regularity.
Redondo proved, using the result of Kinderlehrer and Stampacchia, that the level
sets of u. are locally uniform C'"®-graphs in some direction. However, the behaviour
of the level sets close to the fixed boundary is so far unknown for the penalized
obstacle problem. The present paper contributes in this direction.

In the case of the obstacle problem (the limiting case when ¢ — 0), the behaviour
of the free boundary has been studied in [7]. There the authors prove that, close
to the fixed boundary, the free boundary is a C'-graph in directions close to e;. In
fact, they prove this in a more general setting, which includes the obstacle problem
as a special case.
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1.3. Main result. Before mentioning the main result of this paper we must care-
fully define which class of solutions we will work with.

Definition 1.1. We say . € C. if
(1) For any € > 0, ¢ is uniformly Lipschitz on R,
(2) B ()<Oforallt<0andalla>0
(8 200 =0and 1.0 <1

(1) g(t) <

(5) There holds

1- ﬂe (t)

3

0<

™ | =

< Bt <
whenever ¢t > 0.

One can deduce that ¥, < 3. < &, where
t/e t <0,
U, (t) = -
®) {1—et/€ t>0,

and

1 t>e.
In addition, one can see that if 5.(-) € C. then .(s-) € C./,. This scaling property
will be used frequently further on. In what follows we use the notation
B (z) = B,(z) N {x; > 0}.
We define the local class of solutions as the following:

Definition 1.2. We say u. € P.(M,¢) if
(1) Aue = B.(ue) in B;f where . € C-.
(2) ue >0o0n 9B, N{x; > 0}.
(3) ue =0 on B, N{z; =0},
(4) supp+ue < M.

The main result of this paper is the C*!-estimates and the uniform (in &) C*
regularity of the e7-level sets for any 0 < v < 1, as stated below in Theorem 1 and
2. A simple consequence of Theorem [I.4] is Corollary [L.5}

Theorem 1.3. Let u. € Pi(M,e). Then there is a constant C = C(n, M) such
that

B.(t) {t/s t<e,

||Us||011 B* = <C.

Theorem 1.4. Let u. € Py(M,e). Assume moreover that y € 0{u. > ¥} N B1/2
for some 0 < v < 1. Then there are constants €y, p > 0 depending on M, v and
the dimension such that

max(g,y1) < €o
implies that B (y) N 0{u. > &7} is a C'-graph with the C*-norm bounded indepen-
dently of € and yy. Moreover, the normal of d{u. > €7} at y converges to e as
Yy — 0.

Sending £ — 0 we obtain the following result for the obstacle problem, which is
a slightly stronger result than the one in [7] since it only requires the free boundary
to be near the fixed one.
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Corollary 1.5. Let ug € P1(M,0), that is ug is a solution to the obstacle problem,
and suppose y € 0{ug > 0}. Then there is a constant g depending on M such that
y1 < €9 implies that B} (y) N 0{ug > 0} is a C-graph with the C'-norm bounded
independently vy .

2. NON-DEGENERACY

Here we state the result that the solutions do not grow too slow. This is impor-
tant when considering sequences as we will do later, since it implies the stability
of the level sets under uniform convergence. For the sake of completeness, we give
the standard proof.

Proposition 2.1. Let u. € Pi(M,e) and assume uc(y) > . Then there is C =
C(n) > 0 such that
sup  (ue — u(y)) = Cr?
B (y)NBY

for r < dist(y, 0By ).
Proof. Take y € {ue =} for some § > ¢ and let
Cly 2P

8n
Then Av > B.(u:) —1/4 > 0 in {u. > §/2} N B,f (y) for any r such that B, (y) C
Bf . Therefore, v attains its maximum on the boundary of {u. > 6/2} N B (z).
Furthermore, v(y) =0, v < 0 on {u. =0} and v <0 on {x; = 0}. Hence v attains

its positive maximum at some z € 9B,.(y) N {x1 > 0}. This yields the desired
result. O

V= U —

3. CL1-ESTIMATES IN Bfr/z

In this section we prove that the functions wu. are uniformly bounded in the space
C 1J(Bf“p). The first step is to show that we have quadratic growth up to the fixed
boundary.

Lemma 3.1. Let u. € Py(M,e). Then there are constants C,ro > 0 depending on
M and the dimension such that

sup [uz () — z - Vu (0)] < Cr?
Bt

forr <mrg.

Proof. We prove that for any r we have either

sup |u. (z) — x - Vu (0)| < Cr?,

B}
or there is a k € N such that
sup |ue (x) — o - Vu (0)] <47 sup |uz(z) — z - Vu (0)].
B 2k,
Assume that this statement fails, then there are sequences of €, 7; — 0 and u; = u,,
such that

Sj > C_]TJQ
and
Sj 2 47k52k7‘j,
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for all £ € N. Here
S; = sup |u;(z) — z - Vu,(0)].

B
J
Let
v (z) = uj(rjx) —rjx - Vu,(0)
Sj
Then
(1) ©;(0) = [Vu; (0)] = 0,
(2) supgy foj] = 1.
(3) supp+ lv;| < 4F for all k € N,
2
(4) supg+ |0.v;| < C/j for any e-e; = 0 and any R > 0, since by the maximum
R

principle |Oeu;(x)| < Clz,
(5) |Av;| = C/j in Bf/rj.
Therefore, there is a subsequence, again labelled v;, converging in C’l’a(Bijg) for
any R to a function vy satisfying
(1) v0(0) = [Vuo(0)] =0,
(2) supgs: fool = 1,
(3) Sup g+ lvg| < 4F for all k € N,

2

(4) Devg =0 for any e-e; =0 in R,

(5) Avg =0 in R7.
Clearly, (4) implies that vg is one-dimensional. Then (1) and (5) implies that vo = 0
which contradicts (2). O

This estimate implies, as we will now see, that u. is uniformly C''. The proof
is standard.

Proof of Theorem[I.3. Since interior estimates are already known (see Theorem 2
in [2] even though this is stated in a slightly different form, this can also be proved
with methods similar to the ones in the proof of Lemma , it suffices to obtain
estimates near the fixed boundary.

Take y € B}, N{x1 < r0/2} where rq is as in Lemmaﬂ Consider the function

1/2
u(|ylr +y) — (lylz +y) - Vu(0)
|y|? '

v(x) =
Then, by Lemma 3.1

_ V. (0
sup |v(z)| = sup uelr ) (x;y) & )‘
x€B; IEB‘M |y|

. 0

< swp ue () xQVuE( )’ <C
z€B |y|

2|y
Moreover,
|Av(@)| = [B-(y%v + (Jyl= +y) - Vu(0))] < 1.
Therefore ||UHC'1,oz(Bl/2) < C by elliptic estimates. In particular, for any = € B%

there holds
Vue(y) — Vue(0)

]

7

C> 90 - |
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and
Vue(|ylz +y) — Vue(0)

C = |Vo(z)| = vl

Combining the last to estimates gives
[Vue(lylz +y) — Vue(y)| < Cly| < Clyz|.
Hence D?u.(y) is bounded independently of . |
4. CLASSIFICATION OF CERTAIN GLOBAL SOLUTIONS

For the proofs in this section we will need the following theorem, which is proved
in [Il Lemma 5.1] (even though slightly different form) and in [3, Theorem 9].

Theorem 4.1. Let u and v be two subharmonic functions such that u-v =0. Then

with | |2 | |2
1 Vu Vv
—— d. dx
o(r) A /BT 2|2 x/BT |z[n—2

we have that ¢ is monotonically increasing. Moreover, if ¢ vanishes for all r then
one of the functions vanishes.

In the forthcoming sections, we will need the following characterization of global

solutions.
Proposition 4.2. Let u: R} — R be a function with the following properties:

(1) u>0,

(2) e1 € {u >t} for somet >0,

(3) u=0onx; =0,

(4) supg +u < Cr? forr>1,

(6) Au = B (u) for some k >0, with Bo(t) = X4>0y and By € Cy.

Then u is one-dimensional and monotone.
Proof. First we extend u to 1 < 0 by odd reflection, that will give us
Au = (U)X {z, >0} — Br(—u)X{z1 <0}
Then we observe that
A(9eu) = (B (4)X {2150y FB1(— )X {1 <0}) e B (1) De (X {1 >0y ) = Bre(— 1) De (X {1 <0} )-

Since 3(0) = 0 and Vx{s, >0} is a finite measure the last two terms vanish. This
implies that (J.u)* are both subharmonic and therefore Theorem applies. Let

ug(zx) = u(RR;c) .

(1)

(2) |ugr(z)| < Clx|? for |z| > 1/R,

(3) 61/R € 8{uR > t/R2},

(4) —61/R S 8{uR < —t/RQ},

(5) [Vur(0)| < C/R.
We see that Aug will be uniformly bounded from above and from below. Moreover,
supp, |ugr| is uniformly bounded. Hence, there is by standard elliptic estimates,

_ . , 2P A (b -
a subsequence u; = ug; with R; — oo, converging in W;>" N C\ . Invoking

Proposition we can conclude that u; — us where uq, satisfies
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(1) Aug = X{too >03X{z1>0} — X{uew <0} X{z1<0} = X{uww>0} — X{uoc<0}>

(2) |uoo ()| < C|z|? for all z,

(3) 0 € Huco >0} NH{uw <0} N{|Vus| = 0}.
By applying the classification of global solutions in [§], we obtain that up to rota-
tions

(21)*  (a1)?
2 2

Again, Theorem applies to Beuji for any direction e. Thus,

0 = ¢(Deloo, 1) = lim ¢(euy, 1) = lim ¢(Oeu, R;) = ¢(Oeu, 00).

Uso —

Since ¢ is non-decreasing this implies that ¢(d.u,7) = 0 for all ». Hence, ei-
ther .u > 0 or d.u < 0, for any direction e. This implies that u must be one-
dimensional. ([l

Remark 4.3. It seems plausible that a proof of this can be given without the use
of the ACF monotonicity formula. However, such a proof would be much longer
and more technically involved.

5. THE C' REGULARITY OF CERTAIN LEVEL SETS CLOSE TO THE FIXED
BOUNDARY

In this section we will prove that if the e7-level set is close to the fixed boundary
then, due to the results in [5] and [6], the £7-level set is a uniform (with respect to
g) Ct-graph.

The first step is to prove that the set {u. < €7} is not going to be too small
in this case, see Figure This is needed in order to apply the results in [5] and
[6], which are of the type ”exterior flatness implies regularity”. In the rest of this
paper v € (0,1) is fixed, so all estimates and results will depend on ~.

%BU?/I (y) N {z1 < y1 —oy1/2}

FIGURE 1. The situation when d{u. > &7} is close to the fixed boundary.

Proposition 5.1. Let u. € Pi(M,e) with |Vu.(y)| < y1 for some y € B". Then
for any o > 0 there is 7 = 7(0o, M,~y,n) such thaty € {ue >}, y-e1 =y1 <7
and € < T imply that

Byuo(y) N o < g1 — 57} € {uo <), (5.1)
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Proof. If this is not true then there exist {uc, > ¢/} > yl —0,¢; — 0, Ue; €
P (M,e;) and

J
: i ylo ,
w? € By, (y) N {z1 <yp — ?}ﬂ{ugj >el}, forj=1,2,...

For 4
(ylx +y?
vy(z) = (ylf y’)
(b1)?
we have
(1) Avj = B, (v;(y])?) € C., /() for z1 > =1,
(2) v; >0, 4 ,
(3) SUD (w51 05 < OO + OV, (59)lp/y +21 /()2 +v5(0) for p <

TO/y{7 )
) 0€0{v; >e]/(y1)*},
) [V0;0)] = [V, (59))/ 1] < 1,
) v =0o0nx =—1,

(7) zj = (xj —y;)/yi € Bo N{z1 < =5} N0{ve; >¢e]/(y])*}-

All these properties together with Proposition allow us to pass to the limit for
a subsequence and obtain a limit function vy and a limit point z = lim; z;. We
observe that the C1'l-estimates give

0= Ue ; (yj - y{el) > Ue; (yj) - VUE]‘ (yj) ’ ely{ - C(y{)27
which implies €] < C(yl)2. Clearly, this gives ¢; /(y/))* — 0. We split this into two
cases, depending on the limit of 7 /(y{)?.
Case 1: 57/(3;{)2 — 0. Then

(7) z€ BoN{z1 < —0/2} N ({vo > 0} U {vg > 0}).

Note that(1) follows from the fact that Av; € Csj/(y{)2 where £;/(y])? — 0.
Moreover, (5) is a simple consequence of (4). Theorem B in [7] now implies that
vo = (x7)2/2. This contradicts (7) whenever 1 > o > 0.

Case 2: 5;/(y{)2 — t > 0. This is similar to case 1. The only difference is that
the origin will be in the t-level set instead of in the zero level set which also means
that we do not know that the gradient vanishes at the origin. Instead of using the
result from [7] we use Proposition [4.2| to say that vy must be one-dimensional and
monotone. This yields a contradiction for 1 > ¢ > 0. (|

Corollary 5.2. Let u. € Pi(M,e). Then for any 0 <y < 1 there is an eo(M,~,n)
such that y € 0{u. > €7} and y1 < go imply that O{u. > €7} N By, (y) is a uniform
(with respect to &) Ct-graph for some r > 0.

Proof. If [Vu(y)| > y1 then, by the implicit function theorem, 0{u. > €7} N By, (y)
is a C1®-graph for some r > 0.
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In the other case, |Vuc(y)| < y1, let

o) = ue(ng +v)
Yi
Moreover, take y; < 7(0, M,~,n) as in Proposition With o small enough and so

that ¢/y? is sufficiently small. This is possible since we have €7 < Cy?.
If |Vu:(y)| < y1 we know by Proposition that (5.1)) holds. Thus,

< Y /y?
o <e/RhnBol
| Bo |

From [5, Proposition 19] and with [6, Theorem 16] it follows that, for ¢ sufficiently
small, d{v > &7/y?} N B,.(y) is a C1*-graph for some r > 0.
By rescaling and combining the two cases, we obtain the desired result. (]

Remark 5.3. Noteworthy is that in the proof of Corollary [5.2] we apply the result
in [5, [6] for the rescaled function v. For this we need /47 to be small. This is
assured by the assumption v < 1. To extend this result to v = 1 we need to come
up with something different. In addition we note that in Corollary we obtain
that the level sets are C! but that the C'-norm might blow up as y; — 0.

6. TANGENTIAL TOUCHING PROPERTY OF THE ¢”-LEVEL SETS

Here we prove that the €7-level set can be approximated with planes, provided
that ¢ is small enough and that the £7-level set is close enough to the fixed boundary,
see Figure 2| In what follows, we will use the notation

Ks(z) ={|z1 — z1| < 5\/(232 —29)2 4+ (xn — 20)?}

To avoid cumbersome notation we will also write K5(0) = K.

Angle= arctan §

FIGURE 2. The level set 9{u. > €7} is inside Ks(y) when y is close
to the fixed boundary.

Proposition 6.1. Let u € Py(e, M). Then for any 6 > 0 there are eo(M,~,n,0)
and p(M,~,n,d) such that y € 0{u. > &7} and max(e,y1, |Vu:(y)|) < o imply

0{us > "} N By(y) N B C Ks(y) N B,(y) N By (6.1)
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Proof. If this is not true then for § > 0 there are ¢; — 0, y/ € d{u.; > €]} with
max(|y7], Ve, (y7)])] — 0 and &7 with r; = |27 — y7| — 0, such that

o e Ks(y') nofue, > e} (6.2)
We want to prove that this cannot be true. The proof is divided into two different
cases with some sub-cases depending on the rate of convergence of y7, €5, |Vue, (y9)]
and 7;.
Case A: |Vu.,(y’)] < y{. Then we have cases A1-A3 as follows. By the C*!-
estimates,

0=uy’ —yler) > uly’) — |Vu(y?) - ery]| — C(y])* > €] — Clyi|>.

Case A1l: |y]| = o(r;). Let
e, (rjz +y7)

Uj (z) = 7,]2
Then
(1) Awj = B, (vjr3) € C., vz for 1 > —yl/rj,
(2) v; 20,

(3) SUD R (0> gl jry Vi S C(M)p* + CVue, (y)|p/rj + €] /rF +v;(0) for p <
ro/r; for some ro > 0,

(4) 0€ 0{v; >¢]/r3} With 5}’/7‘3—5 C(M)|y?|?/r3 — 0,

(5) [Vv;(0)] = [Vue, (7)/ri| < lyil/rj — 0,

(6) vj =0ona =—yi/r,
(7) zj = (a7 —y?)/rj € OB N K§ N d{v; > &) [rF}.

We can, by standard compactness arguments, pass to the limit for a subsequence

vj, — vo. Using Proposition we see that vy satisfies

(1) Avg = X{vo>0} in z1 >0,

( ) Vo Z 07

(3) supp+ vo < C(M)p? for all p > 1,
(4) 0 € 9{v > 0},

(5) [Vuo(0)] =0,

(6) vo =0 for z; =0,

(7) zo € 0B1 N Kg n 8{1)0 > 0}

[7, Theorem B] implies together with (1)-(6) that

(z1)?

=3

Vo = )

(\o}

which contradicts (7).

Case A2: 0 < 1/A < |yl|/r; < A < co. This case is very similar to the ones in
the proof of of Proposition We obtain that the limit will be one-dimensional
via either [7] or Proposition This leads to a contradiction.

Case A3: y{ /rj — 0o. We recall that, as in the proof of Proposition we have
e < C(y})2. This implies (y{)Q/e;’ /0 and (y])?/e; — oco. Let

ue, (yiz + yﬂ)

=

Then
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(1) Avj = B, (vslyi]?) € ng/(y{y on v; > 0 for z; > —1,
(2) v; =0,
(8) D, o1 o1y 05 < COM)E2 + CIVue, () o/l + =1/ ()2 + 5(0) for p <
TO/y{7 )
(4) 0€0fv; >}/ (y)*}
(5) [Vu;(0)] = Vue, (/) /1y’ < 1,
(6) v =0o0n z; = —1,
(7) 2 = (27 =)yl € K§ N {v; > €] /(41)?}.
When y! is small enough, Corollary assures that 0{v; > ]/ ()2} N B, is a
uniform C'-graph for ¢y small. Since |z;| — 0, (7) implies that d{v; > 5}/(1/{)2}
has a tangential direction in Kj§. All these properties allow us, together with
Proposition to pass to the limit for a subsequence and obtain a function wvg
satisfying
(1) Avg = X{uo>0} for z3 > —1,
2) vo >0,
) SUPB (e, >—1} Vo < C(M)p* +t for all p > 1,
) 0 € 9{vg > t} for some bounded ¢,
) [Veo(0)] <1,
) vo=0o0nz =—1,
(7) The set O{vy > t} N B, has a tangential direction in K§, for some small ¢q.
As in cases 1 and 2 in the proof of Proposition (1)-(7) imply that v is one-
dimensional. Therefore it can only depend on x1, which contradicts (7), since (7)
says that the level set of vy has a tangent lying in Kf§.
Case B: |Vu, (y7)| > yl. This implies by the C''-estimates that

(

(3
(4
(5
(6

0=u(y’ —yler) > u(y’) — |[Vu(y’) - ery]] — C(y])? > ] — C|Vue, ()%,

which gives €] < C|Vu(y?)|*. Let s; = [Vu(y’)|. For the first two cases B1 and
B2, let us define
U, (sPx +y9)

Uj(z) = 52
J

)
) vj >0,
) SUDp A ipisyisssy (03] < C(M)p? + €] /(55)? +v;(0) for p <ro/s;,
) 0€0{v; >¢}/(s;)},
) [Vo;(0)] =1,
) vj=0o0nz =—yi/sj,
(7) With z; = (27 —y?)/s; € K§ N 9{v; > ] /(s5)*}.

For this, we consider two different cases.

Case B1: |z;| = rj/s; — 0. This yields a situation similar to case A3. Via
Corollary [5.2] and Proposition [£.2] we obtain a contradiction.

Case B2: A < |z;| < 1/A. Then the situation is similar to the one in case A2.
Thus, we obtain, either by Proposition or Theorem B in [7], that the limit is
one dimensional. This leads to a contradiction.
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Case B3: |zj| — oo, ie. s; = o(rj). Then ] < Cs? = o(r). By the

assumptions in this case, y/ = o(r;). Let

UE'(T]'I + yj)
J

Then similar arguments as in case Al leads to contradiction. Since all cases lead
to a contradiction, the theorem is proved. ([l

6.1. The C' regularity of the 7-level set. Now we are ready to prove the
uniform C! regularity of the £7-level sets.

Proof of Theorem[I.]] We apply Corollary[5.2]and obtain that for y; < o, the level
set O{us > €7} N Byy, (y) is differentiable. In addition, we know that the normal at
a point y, denoted by n,, is continuous with modulus of continuity o(-/y1), where
o is a modulus of continuity. Hence, it might blow up when y; — 0. We need to
prove that n, is uniformly continuous.

Take two points y, z € 0{u. > &7} N{x1 < gp}. From Proposition [6.1] it follows
that for any 7 > 0 there is 0, such that y; < ¢, implies |n, — e1|| < 7/2. We split
the proof into three cases:

Case 1: y1, 21 < 0;/2. Then obviously ||n, —n.|| <.
Case 2: y; < 6,/2 and z; > §,/2. Then ||z — y|| < 6;/2 implies ||n, —n.|| < 7.
Case 3: y1,21 > d,/2. From the arguments above,

Hny —n. <o2ly - z|/0-),

which implies that ||n, —n.|| < 7 if ||y — 2| is small enough. O
Finally we give the proof of Corollary

Proof of Corollary[1.5, By Theorem we have uniform C':!-estimates and by
Theorem we have uniform C'-estimates of the sets d{u. > ¢7} when y; and
are smaller than €y. Letting ¢ — 0 we have u. — wug. Observing that Proposition
implies that the limiting set is indeed the free boundary, d{ug > 0}, the result
follows. O
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