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PERIODIC SOLUTIONS FOR A SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATION WITH VARIABLE PARAMETER
AND MULTIPLE DEVIATING ARGUMENTS

BO DU, XIAOJING WANG

ABSTRACT. By employing the continuation theorem of coincidence degree the-
ory developed by Mawhin, we obtain periodic solution for a class of neutral dif-
ferential equation with variable parameter and multiple deviating arguments.

1. INTRODUCTION

Neutral functional differential equations (in short NFDEs) are an important
research subject of functional differential equations and provide good models in
many fields including physics, mechanics, biology and economics (see [1}, 2, Bl [4L [5]).
With such clear indications of the importance of NFDEs in the applications, it is
not surprising that the subject has undergone a rapid development in the previous
twenty years. Particularly, in recent years the problems of periodic solution for
second-order NFDEs have been studied by many authors. In [6], by employing the
continuation theorem of coincidence degree theory, Lu and Ge studied the following
second-order NFDE:

(@(t) +cx(t — )" + f(@'(t) + g(x(t — 7(2))) = p(t).
After that, Lu and Gui [7] went still one step further to study the above equation
in the critical case and obtained more profound results. Furthermore, in [8] Lu
and Ren investigated the second-order NFDE with multiple deviating arguments
as follows:
d? n
oz w(t) —ku(t = 7)) = f(u(®))u'(t) +a(t)g(ult) + X1 5 (t)g(ult =75 (1)) +p(1)-
The authors used new techniques and methods for multiple deviating arguments and
obtained some new results. In very recent years, p-Laplacian NFDEs were studied
by some researchers. In [9]-[I0], Zhu and Lu studied the following p-Laplacian
NFDEs:
!/
(pl(x(t) — ca(t —0))]) + gt a(t — (1)) = e(t)
and

(ppl(x(t) = ca(t — ) = fla(t))a’(t) + Tj_10;(t)g(x(t = 7;(1))) +p(2)-
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However, for all the above papers they obtained the existence of periodic solution to
NFDEs based on the properties of neutral operator A. In 1995, Zhang [I1] obtained
the following results. Define A on Cp

A:Cr — Cr,[Az](t) = x(t) — cx(t — 7),Vt € R,
where Cr = {z: 2 € C(R,R),z(t + T) = z(t)}, ¢ is constant. When |c| # 1, then
A has a unique continuous bounded inverse A~! satisfying
[Aflf](t): {ijocjfgtj_jT)v’ 1f|C| < ]-7 vaCT»
= s ft+iT), iflc|>1, Vf e Cr.

Obviously, we have

<> 41 < honey L
fo I[A |dt < el |c|\ fo |f(t)|dt,Vf € Cr;
3) Ji A Pt < =g S Af@)Pdt, v f € Cr.

When c is a variable c( ), we have obtained the properties of the neutral operator
A Cr — Cr, [Az](t) = z(t) — c(t)x(t — 7) in [I2]. We note that there are
few results on the existence of periodic solutions to second-order neutral equations
for the cases of a variable ¢(t). The purpose of this article is to investigate the
existence of periodic solution for the second-order NFDE with variable parameter
and multiple deviating arguments by using the properties of the operator A in
[12] and Mawhin’s continuation theorem. Here we use the same technique, but
our results extend and complement the existing ones. We will study the following
NFDE:

((t) = e(t)a(t =)+ Bi(D)g(a(t — (1) = e(?), (1.1)

j=1

where g € C(R,R); ¢ € C%(R,R) with c(t) = c¢(t+T) and |c(t)| # 15 e(t), B;(¢), v;(¢)
are T'—periodic functions on R (j =1,2,...,n); 7,7 > 0 are given constants.

In this article, we assume that e(t) is not a constant function on R. Furthermore,

we suppose that v; € C*(R, R) with 7;(t) <LVt €R,(j=1,2,...,n). Itis obvious

that the function ¢ — v;(¢) has a unique inverse denoted by p;(¢), (j =1,2,...,n).

Let
(. B T
I'(t) = Z?—1%, h = %/0 h(s)ds.

2. PRELIMINARY
In this section, we give some lemmas which will be used in this paper.

Lemma 2.1 ([12]). If |c(t)| # 1, then operator A has continuous inverse A~! on
Cr, satisfying: (1)
= ()+Z§°1H' et = (i = D)7)f(t—jr), e <1L,¥f€Cr,
(A7) = 47 sl 1 1L,VfeC
o(t+7) Z] ik C(H_”)f(t +jr+7), o>1VfeClr,

(2)

T 1 T
-1 = Jo f)ldt, co <1,¥f € Cr,
/o Al < {011 Jy 1f®)ldt, o >1Yf € Cr,
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where
Co = max le(t)], o= nin le(®)], a = [ |c'(t)]-

Let X and Y be two Banach spaces and let L : D(L) C X — Y be a a linear
operator, Fredholm operator with index zero (meaning that Im L is closed in Y
and dimker L = codimImL < +oo. If L is a Fredholm operator with index
zero, then there exist continuous projectors P : X — X, @ : Y — Y such that
ImP =kerL,ImL = ker@Q = Im(I — Q) and Lpyrkerp : (I — P)X — ImL is
invertible. Denote by K, the inverse of Lp.

Let ©Q be an open bounded subset of X, a map N : @ — Y is said to be L-
compact in  if QN () is bounded and the operator K,(I — Q)N () is relatively
compact. We first give the famous Mawhin’s continuation theorem.

Lemma 2.2 ([I3]). Suppose that X and Y are Banach spaces, and L : D(L) C
X — Y, is a Fredholm operator with index zero. Furthermore, 2 C X is an open
bounded set and N : Q — 'Y is L-compact on Q. if all the following conditions hold:

(1) Lz # ANz, for all z € 90N D(L), and all X € (0,1),
(2) Nx ¢ Im L, for all x € 02 Nker L,
(3) deg{@QN,QNkerL,0} #0,

Then the equation Lx = Nx has a solution on QN D(L).

Define the linear operator L : D(L) C Cp — Cp as Lz = (Az)”, and a nonlinear
operator N : Cp — Cf,
Na == Bi(t)g(x(t — (1)) + e(t),
j=1

where D(L) = {z|z € C}}. For z € ker L, we have (z(t) — c(t)z(t —7))"” = 0. Then
z(t) — c(t)x(t — 1) = At + &,

where ¢é1,¢é € R. Since z(t) —c(t)z(t—7) € Cp, then &1 = 0. Let ¢(t) be a solution

of () — c(t)z(t — 7) = 1 and [ @(t)dt # 0. We get

T
ker L = {app(t),ap € R}, Im L = {yly € C’T,/ y(s)ds = 0}.
0

Obviously, Im L is a closed in Cp and dimker L. = codimImZL = 1, So L is a
Fredholm operator with index zero. Define continuous projectors P, ()

T
t)p(t)dt
P:Cr—kerL, (Pz)(t)= M
Jo @3(t)dt
1 T
Q:Cr—Cp/ImL, Qy= T/ y(s)ds.
0
Let
Lp = Lipryrkerp : D(L) Nker P — Im L,
then

Lp' =K, :ImL — D(L) Nker P.
Since Im L C C7 and D(L) Nker P C Ck, so K,, is an embedding operator. Hence
K, is a completely operator in Im L. By the definitions of @) and N, it follows that
QN(Q) is bounded on ). Hence nonlinear operator N is L-compact on .
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3. EXISTENCE OF PERIODIC SOLUTION FOR (|1.1J)

For convenience when applying Lemma 2.1 and Lemma 2.2, we introduce some
notation and sate some assumptions:

Cr={r € CR,R) : 2(t+T) = z(t), Vt € R},
lelo = max, ()], Vo€ Cr,
Cr={z e C*(R,R): 2(t + T) = x(t), Vt € R},

lloll = H%(?X]{|<P|o7|<ﬂ lo}, Ve e€Cr,

where | - [ and || - || are the norms of Cr and C} respectively. Obviously, Cr, C.
are both Banach space.

(H1) T'(¢t) > 0, for all t € R;

(H2) 1limjp oo L <7 € [0, 00);

(H3) There exists a positive constant d such that zg(z) > 0, whenever |z| > d.

Theorem 3.1. Suppose that fo s)ds = 0, fo ©2(s)ds # 0, |e(t)] # 1 for all
t € R, and assumptions (H1)—(H3) hold where ¢(t) is a solution of x(t) — c(t)x(t —
7) =1. Then (L.1)) has at least one T-periodic solution, if

T1/2 n
T TZ|BJ|0 1+co)r+1

1
<1 forco<§,

or if

n

Tl/2 aT
TZWJ (1+co) —

Proof. Take Q1 = {x € D(L) : Lv = ANz, X € (0,1)}. For z € Q;, we have
(x(t) — et —7))" + AZ@ 2t —7;(1)) = Ae(t). (3.1)

We claim that there exists a point £ € R such that
2(9)] < d, (3.2)

where d is a constant which is independent with A. Integrating two sides of (3.1))
over the interval [0, T],

/ B; (g (t — 7, (£)))dt = 0;

T
/ [(t)g(x(t))dt = 0.
0
By mean value theorem for integrals, there exists a point &; € [0, 7] such that

9(x(&))I'T = 0.
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By I # 0, then g(x(£1)) = 0. From the assumption (H3), the inequality (3.2)) holds.
Furthermore we have

T
lz(t)] < d + /O |2/ (t)|dt. (3.3)

From the conditions

T1/2 n ClT
T o(1 1
= jEZl Bilo(L +co)r + —~ <1,
and
T1/2 - aT
T o (1 — <1
p— jEleﬁ]\o( —|—co)7‘+0_1< ,

there exists a constant €1 > 0 such that

TV/? = aT
T Jo(1 1 A
T ;\ﬁjlo( +eo)r+e)+ - <1, (3.4)
or
/2 " aT
— T;\ﬂj|0(1+co)(r+sl)+g_l <1 (3.5)

For such a constant €1, by (H2), there exists a constant p > 0 such that
lg(u)| < (r+e)lul,  |u| >p>d. (3.6)
Let
By ={tlt € [0,T), |x(t — ()] < p},  Eoy = {t|t € [0,T], Jx(t — ;)| > p},
for j = 1,2...,n. Multiplying both sides of (3.1) by (Az)(t) and integrating over
[0,T7], from (3.3]) and (3.6]), we obtain

| ey @pa
A [ Y B0t O - [ el

< | Azlo /E SO1B; (09t — (1))t

1 oj=1

+ | Azlo /E SO16; (1) gt — 75 (#)ldt + | Azlolelo

2j j=1

<TY 1B5logolAxlo +T Y |B;lo|Axlo(r + e1)|zlo + T|Azlofelo

j=1 j=1

< (TZ 1Bjl0gp(1 + co) + T'lelo(1 + Co)) |z]o + TZ 18510(1 4 o) (r + £1)|[3

j=1 j=1

<k /OT |2’ (£)|dt + k2</OT |x/(t)|dt)2 + ks, 37)
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where

lg(z(t — ;i ()],

gp = max
P at—, (1)<p

ki =T 1Blogp(1+ co) + Tlelo(1 4 co) +2T > |B;lo(1 + co) (r + 1)d,

Jj=1 Jj=1

ke =T |Bilo(1 + co)(r +e1),

j=1
ks =T 1Bjlogp(1+ co)d+ Tlelo(1 +co)d + T > |B;lo(1 + co)(r + &1)d>.
j=1 j=1

From (Az')(t) = (Az)'(t) + ¢ (t)z(t — 7), (3.7) and Lemma 2.1, if ¢y < 3, we have

T T
/O|z<t>|dt:/0 (A~ A’ (1)t

1
“1—¢p

1
“1l—cy

/0 (A’ (t)]dt

T
/ Ay (8)]dt + 2L
0 1-— Co

T2 T 1/2 T (7 T
< (/|mw@ﬁ@ + /|mmm+qd
0 0

|z[o

1—00 — Cp 1—00
T1/2 T T 2 1/2
< k "(t)|dt + k "(¢)|dt k
<k [ ok [ o) <)
al (T, eaiTd
t)|dt .
e MO

By (3.4)), there exists a constant M7 > 0 which is independent with A such that

T
/|ﬂMﬁ§ML
0

Similarly, for o > 1, by (3.5)), there exists a constantM; > 0 which is independent
with A such that

[ e < s
Combining with the above ‘:wo inequalities, we obtain
|z|o < d + max{ My, M]} := M.
From

(Az")(t) = (Az)"(t) + 2 ()" (t — 7) + " (D) (t — 7),
if ¢y < 1/2, we have

Aﬁwmw

- / (A Aa") (1)t
0
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T "
<[ (Az") )]
0 1-— Co

_ /T |(Az)" (t) + 2 (t)2' (t — 7) + " (t)z(t — 7)] dt
0

].—CO

1 T n T
<= ([ X 15lgtet - u@lde+ [ lele)lde + 2000 + cadsaT)
— 0 0 _ 0
j=1
1 n
~ 1_00( E |ﬂj‘OTgM2 —|—T|6|0 —|—201M1 —|—02M2T) = Mg;

J=1

if 0 > 1, we have
|0l < (31T, + Tlelo + 2610y + M) = M,
0 - -
Jj=1

where gnr, = max|, <, |9(7)], ca = maxyejo ) ¢’ (t)]. Since x € Qy, so x(0) = x(T')
and there exists a point 1 € [0,T] such that ='(n) = 0. Then

t
2 (t) :x'(n)—i-/ z" (s)ds,
n
T
2|0 S/ |2 (t)|dt < max{Ms, M}} := Mj.
0
Then
= o} < My, My}
(B4 tgg§]{lx\o,lx lo} < max{ M, My}

Hence Q4 is bounded.
Take Q = {x € ker LN C}. : Nz € Im L}, for all z € Qy, then z(t) = agp(t),
ap € R satisfying

/0 P(t)g(avp(t))dt = 0. (3.8)

When ¢y < 1/2, we have

J

pt)=AT' 1) =14+ J]et—(G—-1)7)

j=11i=1
o J
eI
j=1i=1
—1-_9
1—0()
1-2
= €0 =06>0
1—00

Then we have ag < d/d;. Otherwise, for all t € [0, T, agp(t) > d, from assumption
(H3), we have

/0 T (t)g(avp(t))dt > 0
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which is contradiction to (3.8). When o > 1, we have

oo j+1

plt) = A7 (1) = - ct+7) ZH c(t +i1)

1 oo]+1
,; ZH,
J=11=1
:_O'il =99 < 0.

Then we have ag < —d/d3. Otherwise, for all ¢ € [0,T], app(t) < —d, from
assumption (H3), we have

T
/0 T (£)g(anp(t))dt < 0

which is contradiction to (3.8]). Then we have

d d
2] = laop ()] < max{+, == }¢lo-
FIRS

Hence Q5 is a bounded set.

Let © D 21 U Qs be a bounded set. For x € 9Q U D(L), YA € (0,1), we have
Lz # ANz. For all z € 0Q Nker L, we have Nz ¢ Im L. Hence the conditions (1)
and (2) of Lemma 2.2 hold. It remains to verify conditions (3) of Lemma 2.2. Now,
for z € 02 Nker L, take the homotopy

H@;,u):{ po = =) fy Jlﬂaw() if (S0, Gy)ag(e) > 0.

pa — &1 =) [ S0 Bi(Dg(w)dt, if (7, Bj)wg(z) < 0.
Clearly,
Hr gy = | o~ (L= m(a) Yo B i (5 Bj)wg(z) > 0;
7 px — (1 —p)g(x) 35, By, if (32T, Bj)zg(x) <O0.

For x € 90 Nker L and p € [0,1], 2H (x, 1) # 0. So we have

1
deg{QN,QNker L,0} = deg { — T/ Z,@J z)dt, Q@ Nker L,0}
0

=deg{—z,0N ker L, 0} # 0.
Applying Lemma 2.2, we reach the conclusion. O
As an application, we consider the following example.

Example 3.1. Consider the equation

1 1 u(t — % cost)
t) — —(2 —sint)x(t — " 1+ —sint G 5980
(a(t) ~ (2 — simt)a(t — )" + (14 L sinp) "2 o
+a 1. t)u(t— 1sint) sint
5 Sint) ——msag— = sint,

where

c(t)zl—lo(Qfsint), Gi(t) =1+ 1smt ﬂg(t)zlf%sint,



EJDE-2010/100 PERIODIC SOLUTIONS 9

1 1
m(t) = 5 cos t, 72(t) = 3 sint, e(t) =sint, T =2m.

From simple calculations, we have

Co = 1%, €1 = %07 1Bilo = g, B2l = g, r= ﬁ
Let 111(t) and po(t) be the inverses of ¢ — 1 cost and ¢ — 1 sint respectively. We
have
I(t) = Br(p()) n Ba(p2(t))
L= (®) 1= 73(pa(t))
1+ 2sinp(t) 11— 3sinps(t)
B 1+ 2sinpi(t) 11— 4 cospsa(t)
1
L
2 NJQ(t)
and
1/2 n
1T_ . T]Z::l 1Bilo(1 + co)r + 1Ciz;0 ~0.96 < 1.

Applying Theorem 3.1, Equation (3.9) has at least one 27-periodic solution.
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