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OBSERVABILITY AND CONTROLLABILITY FOR A
VIBRATING STRING WITH DYNAMICAL BOUNDARY
CONTROL

ALI WEHBE

ABSTRACT. We consider the exact controllability of a wave equation by means
of dynamical boundary control. Unlike the classical control, a difficulty is
due to the presence of the dynamical type. First, we establish a new weak
observability results. Next, by the HUM method, we prove that the system is
exactly controllable by means of regular dynamical boundary control.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The aim of this paper is to investigate the observability and the exact controlla-
bility of the one-dimensional system
Yt — Yo =0 O0<z <1, t>0,
y(0,t) =0 >0,
y(Lt) 40 =0 >0,
ne(t) —ye(1,8) = v(t) t>0

with the initial conditions

y(.%,()) :yo(l'), yt($70) :yl(x)v 0<z <1, 77(0) =mn €R (12)
where v(t) denotes the dynamical boundary control.
In a previous paper [14], we have considered the energy decay rate of the following
one-dimensional wave equation with dynamical boundary control
Yt —Yzz =0 0<x <1, t>0,

y(0,6)=0 t>0,

1.3
p (L) +0() =0 >0, (13)
ne(t) —ye(1,8) = —n(t) t>0
with the initial conditions
y(z,0) =yo(z), yi(z,0)=wpi1(z), 0<z<1l, n0)=mn€cR (1.4)
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where 7(t) denotes the dynamical boundary control. We proved that the uniform
decay rate of the system — is not true in the energy space. In addition,
using a spectral approach, we established the optimal energy decay rate 1/t for
smooth initial data.

A physical implementation of the dynamic control may be used in pressurized
gas tanks with servo controlled actors, as well as in standard mass-spring dampers
(see [3] and the references herein). We mention that the dynamical controls form a
part of indirect mechanisms proposed by Russell (see [13] and the references herein),
see also [15] and [12].

Now let y be a smooth solution of the system . We define the associated
energy

E(t) = ;{/Ol(yi+y?)da:+n2}- (1.5)

Denoting by Y (z,t) = (y(z,t),y:(x,t),n(t)) the state of the system and by
V = (0,0,v) the control. we can formulate the system — as an abstract
problem

Yi=AY+V, Y0)=YyeH (1.6)

where A is an m-dissipative operator on an appropriate Hilbert space H. We obtain
thus a weak formulation of the original problem .

In this paper, our aim is to study the exact controllability of the system .
For this aim, we will adapt the Hilbert Uniqueness Method [5] [6l [7] to the abstract
problem .

First, by a multiplier method, we establish an inverse observability inequality
with the usual norm for initial data in H and consequently, by the HUM method,
we prove that the problem is exactly controllable by means of singular control
ve HY0,T).

Next, to prove the exact controllability of by means of regular control
v € L%(0,T), we have to establish observability results with a weaker norm (see
[6]). Here lies the main difficulty in this paper. In fact, the operator A of the
problem is not invertible in the energy space, so the method used by Rao in
[I1] can not be adapted in this case. Indeed, the observability inequalities obtained
with the usual norm can not be extended, directly using A~!, to initial data in
D(A). To overcome this difficulty, we establish new intermediate observability
results with the usual norm and then, by a suitable change of variable, we extend
these results to initial data in D(A)".

In the case of static feedback, the two conditions y,.(1,t) + n(t) = 0 and n(¢) —
y:(1,t) = v(t) are replaced by the condition y,(1,t) + g(y(1,t)) = v(t), the exact
controllability of the system — was well studied by different approaches
(see [B[6] [7, [4] and the references herein).

The paper is organized as follows: In section 2, we consider the homogeneous
problem associated to (L.1)). Using a multiplier method, we first establish direct and
inverse observability results with the usual norm; i.e, for initial data in H. Next, we
establish new intermediate observability results which leads, by a suitable change,
to extend these observability inequalities to initial data in D(A)’. In section 3, using
the HUM method, we prove that the abstract problem is exactly controllable
by means of either a singular control v € H(0,T)" for usual initial data Yy € H
and T > 2 or by means of regular control v € L?(0,T) for smooth initial data
Yo e D(A) and T > 2.
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2. OBSERVABILITY RESULTS

In this section, our aim to establish all observability results necessary to the
controllability of the system (|1.1)) by singular and regular control v. For this purpose
we consider the following homogeneous system (v = 0):

Git — e =0 0<z <1, t>0,
$(0,t)=0 t>0
Go(Lt) +E(B) =0 >0,
&) —oe(1,t) =0 t>0

with the initial conditions

¢($7O) :¢0(x)7 djt(xvo) :¢1($), 0<z< 17 6(0) :go eR. (22)
First, we will study the well-posedness of the problem .

2.1. Well-posedness of the problem. To write formally the system (2.1)-(2.2),

we, first, introduce
V={¢eH0,1):¢(0)=0}
and define the energy space H = V x L%(0,1) x R, endowed with the inner product

(P, B)r = / Goods + / Glde+ €€, B=(6.0,6), b= (30,8 M.
0 0
Next we define the linear unbounded operator A on
D(A)={®=(s,0,§) eH: ¢ € H*(0,1), ¢ eV and ¢,(1)+&=0},
AP = (¢, ¢zz, ¥(1)), VO = (9,9,8) € D(A).

Then setting ®(z,t) = (P(x,t), pe(x,t),£(t)) € D(A), the state of the system (2.1)),
we formally transform the problem (2.1)-(2.2)) into an evolutionary equation:

B, = AD, B(0) = By € H. (2.3)

It is easy to check that A is skew adjoint and m-dissipative on H and therefore
generates a strongly continuous group of isometries S4(t) on the energy space H
(see [9,2]). So, we have the following existence and uniqueness result.

Proposition 2.1. (a-) Assume that g € H. The system (2.3) admits a unique
weak solution ®(t) satisfying

d(t) € CORT; H).

(b-) Assume that g € D(A). The system (2.3)) admits a unique strong solution
®(t) satisfying
d(t) € CORT; D(A) N CHRT; H)
and we have

12(t)ll7 = l[Poll#, VteR".

Then we will establish two observability results for usual initial data.
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2.2. Observability results for initial data in H. In this part, by a multiplier
method, we establish the following observability results.

Theorem 2.2. Let T > 2 be arbitrarily. Then for every &g € H the solution ® of
the system (2.3)) satisfies the following inequalities

1 T
73 ) 0008 +16.0(1.0P)dt < ol (2.0
2 2 T 2 2
0l < 72 [ 6a(L0P + 6l 0] . (25)

Proof. Assume that ®, € D(A?). Multiplying the equation (2.1) by 2z¢, and
integrating by parts, we obtain

/01 /OT <¢f +¢§) dr dt = —2[/01 ¢tm¢md1}j + /OT (I<¢>zt(1,t)|2 + |¢m(1,t)|2)dt.

This implies

T+ [ owota]| = [ (160008 + 2000t (26)

On the other hand, using Cauchy-Schwartz inequality, we deduce that

1
2 [ bunbadel < [olf, V€ R
0

Finally we have
1 T
~2o [} <2 / brrpdz) < 2ol (2.7)
0

Inserting (2.7) in (2.6) we obtain (2.4) and (2.5) for every ®; € D(A42?). By a
density argument we prove (2.4]) and (2.5) for every ®; € H. The proof is thus
complete. O

Remark 2.3. (i) There exists no constant ¢ > 0 such that

T
@02 < / (Gae(1,1) 2.
0

In fact, it easy to see that the operator A has 0 as an eigenvalue, with an associated
eigenfunction ¥y = (z,0,—1). Let &y = ¥y then & = P is the solution of the
problem ({2.3)) and we have

T
1ol = 2, and /0 (ar (1, £)2dt = 0.

(ii) There exists no constant ¢ > 0 such that

T
| @oll% < ¢ / 62(1,1) 2.

In fact, the skew operator A has iy, € iR, n € Z, isolated eigenvalues with
algebraic multiplicity one and |u,| goes to infinity as n goes to infinity. Moreover,
in has the following asymptotic expansion (see [14])

1 1

N ™
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The associated eigenvectors:

1
Uy = (2,0,—1), U, = (—sin(p,x),isin(unz), —cos(uy)), VneZ".

Let @3 = U,,, n € Z*, then ®" = ¢!V, is the solution of the problem (2.3)) and

we have
T
913 =1+ [cos(un)P = 1, and [ lou(1,0) Pde = T]cos(ien)* — 0.
0

We conclude that the usual inverse observability inequalities obtained for the clas-
sical wave equation (see [6, B]) does not hold in this case.

(iii) The observability inequality leads, by the HUM method, to the exact
controllability of by means of singular control v € H*(0,1)".

2.3. Observability results for initial data in D(A)’. To prove that the system
is exactly controllable by means of regular control v € L?(0,T), we have to
establish an inverse observability inequality with a weaker norm in [6, pp. 122-
127]. For this aim, we will extend the inverse observability inequality, obtained for
usual initial data, to initial data in D(A)’. Since the operator A is not invertible,
the classical methods based on using A~! to obtain the extension (see [II]) can
not be adapted for this system. To overcome this difficulty, we first establish two
intermediate observability inequalities based on the following theorem.

Theorem 2.4. Let T > 2 and o > 1 be a real number. Then there exist constants
c1(T) > 0 and co(T) > 0 such that for every ®g € H the solution ® of the system
(2.3) satisfies the following inequalities

c1 /OT [(qu(l,t) - e‘”‘t%(l,O))2 + (a%(l,t) + <z>m(1,t)>2]dt < ||®oll3, (2.8)

ool <es [ [(620.0~ 0,000+ (w0u(1.0 + 61.0) Jat. 29)

Proof. Tt is sufficient to prove the estimates (2.8) and (2.9)) for &g € D(A) the case
of &y € 'H, then follows by a density argument. First, a direct computation gives

/T [(%(1,@ — e*at¢r(1,0))2 + (acf)z(l,t) + ¢mt(1,t))2} dt
0 (2.10)

<201+ a?) /OT [|¢I(17t)|2 n |¢$t(1,t)|2}dt n (é - ée‘zaT)q’)i(l,O).

On the other hand, using the definition of the norm we have ¢2(1,0) = & < || @03,
Then inserting (2.4)) into (2.10)), we obtain the direct inequality (2.8]), and we have
1 1
et =2T+2)(1+a?) + (< - ae*MT).

Next, we verify the inverse inequality (2.9) by contradiction. Assume that (2.9)
fails, then there exists a sequence (®"),en such that

1" ()]l = P52 =1, VEeR (2.11)

and

2

/O (62000 —etap(L0)) + (a0i(10) + o3 (10) Jdt—0  (212)
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where ®"(t) = (¢"(x,t), o7 (,t),£™(¢)) is the solution of the problem
Oy =AD", P"(0) = DI (2.13)

Since [¢7(1,0)[* < ||®§ |3, = 1 then there exists a subsequence ¢7(1,0), still indexed
by n for convenience, that converges to a constant —1 < ¢ <1 as n — +oo. From

(2.12) we deduce that
o (1,t) — ce™ ', in L*(0,T) (2.14)
T 2
e :/ (a¢;(1,t) +¢ﬁt(1,t)) dt — 0. (2.15)
0
Since a > 1, then using the inequality (2.5)) we have
T—-2 _, n
—5 19615, < en + algi(1,0). (2.16)

Using the linearity of the problem, (2.14)-(2.16)) and the trace theorem, we conclude
that, for any € > 0 there exists ng € N such that for all n,m > ny,

L2218 (6) — (0l < 2o +2m) +0163(1,0) — 67 (1LO)P <<

Then (®™(t)) is a cauchy sequence in H. This implies that
D" (t) — P(t), strongly in H.
Using (2.5), (2.11), (2.13) and (2.14]) we deduce that ®(t) = (¢(x,t), pe(z,t),£(t))

solves the problem

O, = AD, D(0) =P (2.17)
and the supplementary conditions
b (1,t) =ce™ ™, >0, (2.18)
@)l =1, t>0. (2.19)
Now, let ® = (¢, ¢4, &) be the solution of (2.17)-(2.18]) then, using Remark (ii),
we have ‘
b(x,t) = Zan\Iln(x)e”‘”t, an, € C
where the sequence p,, satisfies sin p,, = —pu, cos p,. This implies
Et) = —¢o(1,t) = —ce™* = — Zan cos(py et (2.20)
Noting that p,, € R, then using (2.19)) we deduce that
Z |an cos(pn)]? < oo. (2.21)

Using (2.20) and (2.21)) we conclude, from Riesz-Fisher theorem [I, pp. 110], that
the function ce~®* is a B? almost periodic function. Then the Parseval equation is
true for ce=** [II, pp. 109]; i.e.,

S Jan cos(pn)[2 = M{ce2et)
where the mean value M{c?e=2%} is given by
2 —2at | P
M{c‘e }:XEIEOOY/O cce” =M dt = 0.

This, together the fact that cos p,, # 0, implies that a,, = 0 for all n € Z* and ¢ = 0.

Applying Holmgren’s theorem [§], the system (2.17)-(2.18]) admits the unique trivial
solution ® = 0, this contradicts (2.19). The proof is thus complete. [
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Next, by a suitable change of variable, we will establish a direct and inverse
observability inequality for initial data in D(A)".

Theorem 2.5. Let T > 2 and o > 1 be an arbitrarily real number. Then there
exist constants cs(T) > 0 and c4(T) > 0 such that the solution of the system (2.3
satisfies the following inequalities

03/0T[(/Otgbm(l,S)east)Q+62at|¢I(1,t)|2}dtg [ (2.22)

(%ol < ca | ( [ outtopemsas) + e to,opla 29)

Proof. Tt is sufficient to prove (2.22)) and (2.23)) for &g € D(A) the general case
follows by a density argument. Let ®; € D(A) then the problem (2.3)) has a unique
solution ® € D(A). We define a new function ¥(x,t) by

U(z,t) = e ®(z,t).
It easy to see that ¥ solve the equation
U, =(al + A)¥, ¥(0)=Ty=Py€H. (2.24)
Replacing ¢ by e=*4 in (2.8)-(2.9) we obtain

re ™ [ [(00,0) = .1.0) + L0 < ol (229

0
and
T 2
Mol <o [ (42010~ vall,0) + (L oP]dr. (220
0
Defining N
Uy = (al + A) " g = (al + A) "' ®.
Then B
1Woll7, = ll(al + A) ™ @03, = |PollDarsay- (2.27)
Now, let U the solution of the equation
Uy = (al + AT, T(0) = (al + A)~'d,. (2.28)

Applying the inequalities (2.25)-(2.26]) to ¥ we obtain

T, ~ 2 ~
cre 2T / (01,0 = 62(1,0)) + a1, 0] dt < [P0 [Dareay  (2:29)
and
T, . ~ 2
19013z ay < 02/0 [(2e(1,6) = 6(1,0)) + [ (L OF]dt. (230)
Using (2.28) we have
U (0) = (ad + A)T(0) = Dy.
Then \T/t solve the equation
Ejtt = (Oé_[ + ,A){Iv/t7 \Ilt(()) = q)(). (231)
This implies that \T/t =W and

%(Lt) - QZm(LO) = /O ¢m(178)d87 ’(th(lvt) = wx(lﬂt)'
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Using (2.29) and (2.30) we obtain
2ot [ a1, 8)ds)’ Lt)[?|dt < ||Pol|7 2.32
cre L Ye(s)ds) + 1e (Lt < ([ ®0lDarsay (2:32)

and
T t 2
1PolB 0y < cQ/ [(/ Ga(L,8)ds) + (L O)|de. (233)
0 0
On the other hand, we have
120l 4y < [®ollparsay < 1+ )| PollBa)-

This implies that || - || p(ar4+4) and || - || pcay are equivalent. Replacing v,(1,t) by

e ¢,(1,t), we obtain (2.22]) and (2.23) with
cs =cre 2T ¢y =co.

The proof is complete. O

3. EXACT CONTROLLABILITY OF THE SYSTEM

In this section we study the exact controllability result in H the controlled system

Yt — Yo =0 O0<z <1, t>0,
y(0,) =0 >0,
Yy (L,t) +n(t)=0 t>0,
m(t) —ye(1,t) = v(t) >0

(3.1)

with the initial conditions
y(a:,O) = yo(ZIJ), yt(%o) = yl(m)7 0<z< 17 77(0) =Tl cR. (32)

Setting Y (z,t) = (y(z,t),y:(x,t),n(t)) the state of the system (3.1))-(3.2) we for-
mally transform the problem into an evolutionary problem

Yi=AY+V, Y0)=YyeH (3.3)
where V = (0,0, v).

3.1. Exact controllability for initial data in H. The observability inequalities
for usual initial data obtained in the subsection 2.2 leads, by the HUM method,
to the exact controllability of the system by means of singular control v €
H'(0,T). Now, let ® = (¢, ¢, &) be a solution of the homogeneous problem (2.3).
Multiplying the equation by ® and integrating by parts so that we obtain
formally

t
(Yo B+ [ 0(s)€(s)ds = (¥ (z,1), 0, ). (3.4)
0
Identify the Hilbert space H with its dual and define the linear form L by setting
t
L(®g) = (Yo, Po)n +/ v(s)€(s)ds, VPyeH (3.5)
0

we obtain a weak formulation of the problem (3.3).
L(‘I)()) = (Y(a:,t),q)(x,t))H = (Y(J?,t),SA(t)q)Q)H, Voo € H (36)
where S4(t) the group of isometries associated to the homogeneous problem (2.3]).
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Next, we consider the exact controllability of the equation ([3.3]) for usual initial
data Yy € H. We choose the control

v(t) = vo(t) — %vl(t), vy € L*(0,7), %vl(t) e H(0,TY (3.7)

where the derivative % is defined in the sense of H'(0,T)’

Td T d
- [ Guonvi= [ a@Guon e B0, @68
o dt 0 dt
Theorem 3.1. Let T > 0 and v be chosen in (3.7). For every Yy € H, the
controlled system (3.3) admits a unique weak solution Y (z,t) such that
Y(z,t) € C°([0,T]; H) (3.9)

defined in the sense that the equation (3.6|) is satisfied for all g € H and all
0 <t <T. Moreover the linear mapping

(Yo,v0,v1) =Y (3.10)
is continuous form H x L*(0,T) x L*(0,T) into H.
Proof. Let ®g € H and ® = (¢, ¢, &) be the solution of the system (2.3]). We have

| / o(s)E(s)ds|

t
d
—| [ (w0~ oo (o)oa(1.s)as
0
: : (3.11)
| [ ot + [ ()61, 5)ds
0 0
< ||U0HL2(0,T)||¢:D(L -)||L2(0,T) + ||’U1HL2(O,T)||¢wt(17 ~)||L2(0,T)
< (llvollz2(0,7) + vl z20,m)) (62 (1, Ml z20,7) + 162t (1, )l L2(0,1))-
Using (2.4), (3.5) and (3.11)) we obtain
1L(@0)| < [VATF 2oy + lorllzzairy) + (Yol ol

for all &y, € H. This implies that the linear form L is continuous in the space H.
And we have

1L cerery < V2(T 4 2)(lvoll 20,7y + Vil z20,1)) + [|Yoll%-

From Riesz’s representation theorem, there exist a unique Z(z,t) € H solution of
the following problem

L((I)O) = (Z(I’,t), QO)Ha Yy € H.

Finally, we define Y (z,t) by Sa(t)Y (z,t) = —Z(z,t) and we deduce that Y (z,t) is
the unique solution of the problem (3.6). And we have

1Y (@, )7 < V2AT + 2)([lvoll 2 0.1) + 01l 20.1)) + [Yollw, ¥t € [0, 7.

This implies that the linear application (3.10]) is continuous from H x L2?(0,T) x
L2(0,T) into H. The proof is thus complete. O
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Theorem 3.2. Let T > 2. For all Yo € H, there exists a control v(t) = vo(t) —
4 y(t), vo,v1 € L*(0,T) such that the weak solution Y (x,t) of the controlled prob-
lem (3.3)) satisfies the final condition

Y(T) = 0. (3.12)

Proof. Let ® be the solution of the homogeneous system (2.3)) with initial data
®y € H. We define the semi-norm

T
n¢aﬁ:14 (62 (1, ) + 60 (1, ) 2)dt, ¥y € H. (3.13)

Thanks to inequalities (2.4) and (2.5)), we know that (3.13]) defines an equivalent

norm in the energy space H. Now, choosing the controller v(t) as

o(t) = volt) — Son(t) =t ~0u(1,0) + ua(1,1 (3.14)

where the derivative <4 is defined in the sense of (3-8). Using the direct inequality

dt
(2.4), we have

lvo ()l 20,7y + llv1 ()l 2200,7) < V2(T + 2)||Po |- (3.15)
Now solve the backward problem
U, =AUV +V, U(T)=0. (3.16)

Using Theorem the problem (3.16) admits a unique weak solution ¥(z,t) €
C%([0,T); H), and we have

[Vl < V2(T + 2)(llvo(®)ll 20,7y + lo1 (Bl 2(0,7))- (3.17)
Next we define the operator A as
ADy = —\II(O), Vo, € H. (3.18)

By virtue of inequalities ((3.15]) and ( we obtain
[A®oll7 < V2(T + 2)(Hvo(t)llL2(o,T) + [lor (@)l L20,1)) < 2(T" + 2)[[Poll2-

This implies that A is a linear continuous operator from H into H. Multiplying the
backward problem (3.16) by ® and integrating by parts we obtain

T
~(o Bar = [ (6a(LOF + o (1,0t (319)

0

This implies

(A®o, Po)3 = || P07 (3.20)
Thanks to the Lax-Milgram theorem, we deduce that A is an isomorphism from H
onto H. In particular, given any —Yy € H, there exists a unique ®¢ € H such that
ADy = Y. (3.21)

This equality implies that the weak solution Y (z,t) of backward problem (3.16]),
with v given by (3.14]) satisfy the initial value condition Y (z,0) = Y, and that final
condition Y (z,T) = 0. The proof is complete. O
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3.2. Exact controllability for initial data in D(A). Now we consider the exact
controllability of the equation (3.3)) by means of a regular control v € L2(0,T)

v(t) = —e™vg(t) + eat/T (/OS vO(T)eO‘TdT> ds, wvo(t) € L*(0,T). (3.22)

For the wellposedness of the equation (3.3)) with the control (3.22)) we first in-
terpret (3.6) into the following form

L(®g) = (Y (x,1),Sa(t)Po) p(ayxD(ay, VYPo € D(A) (3.23)

t

where the linear form L is defined by
t
L(®g) = (Yo, Po) p(ayxD(a) +/ v(s)é(s)ds, Y®g e D(A). (3.24)
0

Theorem 3.3. Let T > 0 and v € L*(0,T) defined by ([3.22). For every Yy € D(A)
the controlled system (3.3) admits a unique weak solution satisfying

Y(x,t) € CO([O,T];D(A)) (3.25)

defined in the sense that the equation (3.23)) is satisfied for all ®q € D(A)" and all
0 <t<T. Moreover the linear application

(Yo,v0) =Y (3.26)
is continuous form D(A) x L*(0,T) into D(A).
Proof. Let @9 € D(A) and ® = (¢, ¢1,&) be the solution of the system (2.3]). It

easy to see that

| / o(s)E(s)ds|

=1 [ emuntopontias + [ ([ emoatrmar)( [ emirar)as

< evoll 20, ¢ (L, )l L20,7) + H'DOHLZ(O,T)”Q;x(L 2o,

where

t ¢
¢T(1,t):/ e** (1, s)ds, ﬁo(t):/ e“vg(s)ds.
0 0
We deduce that

t
|/0 v(s)é(s)ds| < esllvollrzo,m) (192 (L, )l z2o,7) + 62(1, )l 220,m))
where c5 is a constant given by

T(62aT _ 1)

=1+ 2a

Using (2.22) and (3.24) we obtain
|L(@0)| < (V2es¢; " voll 20,y + (Yol pay) [ @ollpay Yo € D(AY.

This implies that the linear form L is continuous in the space D(A)’, and we have

—1/2
Ll 2(p(ay z) < V2es¢3 ?||voll L2 0.1y + | Yollpay-
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From the Riesz representation theorem, there exist a unique Z(x,t) € D(A) solution
of the following problem

L(®) =< Z(x,t),Po) payxp(ay, Vo€ D(A).

Finally, we define Y (z,¢) by Sa(t)Y (z,t) = —Z(z,t) and we deduce that Y (z,t) is
the unique solution of the problem (3.23)), and we have

1Y (2, t)|pay < \505051/2HUO||L2(0,T) +11Yollpay, Vt€[0,T].

This implies that the linear application (3.26)) is continuous from D(A) x L2(0,T)
into D(A). The proof is complete. O

Theorem 3.4. Let T > 2. For allYy € D(A), there exists a control v(t) € L(0,T)
such that the weak solution Y (x,t) of the controlled problem (3.3)) satisfies the final
condition

Y(T) = 0. (3.27)

Proof. Let @y € D(A)’ and ® be the solution of the homogeneous system ([2.3]).
We define the semi-norm

T t
| @o]l2 = / ( / 0u(1,8)eds)? + 2o, (1, 1)[2)dt, V@ € D(A).  (3.28)

Thanks to inequalities (2.22]) and ([2.23)), we know that (3.28)) defines an equivalent
norm in the energy space D(A)’. Now, choosing the controller v(¢) by
t s
o(t) = —etp,(1,1) —i—e“t/ (/ qbw(lﬂ')e(”dT)ds e L2(0, 7). (3.29)
T \Jo
From the direct inequality (2.22)), we have
||'UO||L2(0,T) < C1_1/2||(I)0||D(A)’~ (3.30)
Next we solve the backward problem
U, =AUV +V, ¥(T)=0. (3.31)

Using Theorem the problem (3.31) admits a unique weak solution ¥(z,t) €
C°([0,T]; D(A)). And we have

1l < V2eses 2 leoll2o,m)- (3.32)
Next we define the operator A as
ADy = —(0), V&, € D(A). (3.33)

By virtue of inequalities (3.30) and (3.32)) we obtain
IA®o| pay < V2e5¢ e | ol pay-

This implies that A is a linear continuous operator from D(A)’" into D(A). Now
multiplying the backward problem ([3.31)) by ® and integrating by parts we obtain

T t 9
_<\P0’¢)O>D(A)XD(A)':/0 K/O qbw(l,s)easds) + et (1,02 |dt.  (3.34)

This implies
(A®o, ®o) prayxp(ay = |Poll3- (3.35)
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Thanks to the the Lax-Milgram theorem, we deduce that A is an isomorphism
from D(A)" into D(A). In particular, given any —Yy € D(A), there exists a unique
@y € D(A)’ such that

Ady = Y. (3.36)
This equality implies that the weak solution Y (z,t) of backward problem (3.33),
with v given by satisfy the initial value condition Y (z,0) = Y, and that final
condition Y (z,T) = 0. The proof is thus complete. O
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