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EXISTENCE OF THREE POSITIVE PERIODIC SOLUTIONS FOR
DIFFERENTIAL SYSTEMS WITH FEEDBACK CONTROLS ON
TIME SCALES

YONGKUN LI, TTANWEI ZHANG, JIANFENG SUO

ABSTRACT. Using the Leggett-Williams multiple fixed point theorem, we es-
tablish criteria for the existence of three positive periodic solutions of a class
of differential systems with feedback controls on time scales.

1. INTRODUCTION

Recently, by using the Krasnosel’skii’s fixed point theorem for cones, Li and Zhu
[12] studied the existence of positive periodic solutions of the following functional
differential systems with feedback controls:

#(t) = =A@z (t) + [tz 2(t = 7t 2(1))), u(t — a(t))),
i(t) = —B(t)u(t) + C(t)x(h(t, x(t))).

Zeng and Zhou [21] considered a class of more general functional differential systems
with feedback controls of the form

i(t) = —At, x(t)x(t) + [z, x(t — 7, 2(1))), ult — a(t))),
u(t) = —B(t, z(t))u(t) + O, x(t))z(h(t, 2(1))).
By means of the Krasnosel’skii’s fixed point theorem, they obtained some criteria
for the existence of two positive periodic solutions of (|1.2)).
Also, by applying the continuation theorem of coincidence degree theory, Li
and Zhu [I3] studied the existence of positive periodic solutions to the difference
equations with feedback control of the form

(1.1)

(1.2)

N(m+1) = N(nyexp [r(m) (1 - ]V(,fj(;)m’ )]

Ap(n) = —a(m)u(n) +b(n)N (n —m),

where a : Z — (0,1),¢,k,7,b : Z — RT are all w-periodic functions and m is a
positive integer.

In the previous ten years, many authors [7], [T}, [14, [I8] have argued that the
discrete time model governed by difference equations are more appropriate than the
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continuous ones when the populations have non-overlapping generations. Discrete
time models can also provide efficient computational models of continuous models
for numerical simulations. Consequently, the studies of dynamic systems governed
by difference equations have received great attention from more scholars.

In fact, continuous and discrete systems are very important in implementing and
applications. It is well known that the theory of time scales [4, 5] has received a lot
of attention which was introduced by Stefan Hilger [§] in order to unify continuous
and discrete analysis. Therefore, it is meaningful to study dynamic systems on time
scales which can unify differential and difference systems. For the work concerning
with the existence of periodic solutions for dynamic systems on time scales, we refer
the reader to [2] Bl 6] [15] (16, 17, 19, 20, 22].

Motivated by above statement, in this paper, we will study the following differ-
ential systems with feedback controls on time scales:

xA(t) = _A(t’ x(t))x(o(t)) + )‘f(tv Tty x(t - T(tv .%‘(t))), u(t - a(t’ m(t))))7
u®(t) = =B(t,z(t))u(o(t) + g(t, @, 2(h(t,2(1)))), teT,

in which T is a periodic time scales which has the subspace topology inherited from
the standard topology on R, A > 0 is parameter,

A(t, z(t)) = diaglas (¢, (1)), az(t, (1)), . . ., an(t, z(2))],

B(t, x(t)) = diag[by (¢, 2(t)), b2 (t, x(t)), . . ., bu(t, z(1))];
a;(t,y),bi(t,y), € C(T x R™,R) satisfy a;(t + w,y) = ai(t,y), bi(t 4+ w,y) = bi(t,y)
forallt e T,y e R*, i =1,2,...,n, t — 7(t,y), t — a(t,y), h(t,y) € C(T x R*,T)
satisfy 7(t + w,y) = 7(t,y), a(t + w,y) = a(t,y), h(t + w,y) = h(t,y) for all t € T,
y € R™ w > 0is a constant, f is a function defined on T x BC x R™ x R", satisfying
ft+w, Tryw,y,2) = f(t, 24,y,2) forallt € T, x € BC,y, z € R", where BC denotes
the Banach space of all bounded continuous functions 1 : T — R™ with the norm
|l = -1, maxger [9;(0)], where n = (n1,72,...,m,)7, and g is a function defined
on Tx BC'xR™, satisfying g(t+w, xt1w,y) = g(t, z¢,y) forallt € T,z € BC,y € R™.
If € BC, then z; € BC for any t € T is defined by x:(0) = x4(t + ) for
6 € T. In the sequel, we denote f = (f1, f2,--, fa)T,9 = (91,92, --,92)T. Let
R = (—o0,400),Ry = [0,+00),R} = {(z1,22,...,2,)T + z; > 0,1 < i < n},
respectively. For each # = (z1,72,...,7,)T € R™, the norm of x is defined as
|zlo = 377 |2l

The main purpose of this paper is to study the existence of at least three non-
negative periodic solutions of by using the Leggett-Williams multiple fixed
point theorem.

The organization of this paper is as follows. In Section 2, we make some prepa-
rations. In Section 3, by using the Leggett-Williams multiple fixed point theorem,
we obtain the existence of at least three nonnegative periodic solutions of . In
Section 4, an example is also provided to illustrate the effectiveness of the main
results obtained in Section 3.

(1.4)

2. PRELIMINARIES

In this section, we shall first recall some basic definitions, lemmas which are used
in what follows.

Definition 2.1 ([4]). A time scale T is an arbitrary nonempty closed subset of
the real set R with the topology and ordering inherited from R. The forward and
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backward jump operators o, p: T — T and the graininess p: T — R are defined,
respectively, by

o(t):=inf{s e T:s>t}, p():=sup{seT:s<t}, pwlt):=ot)—t
The point ¢ € T is called left-dense, left-scattered, right-dense or right-scattered if
p(t) =1, p(t) <t,o(t) =toro(t) > t, respectively. Points that are right-dense and

left-dense at the same time are called dense. If T has a left-scattered maximum m,
defined T* = T — {m}; otherwise, set T* = T.

Definition 2.2 ([9]). We say that a time scale T is periodic if there exists p > 0
such that if ¢t € T, then t £ p € T. For T # R, the smallest positive p is called the
period of the time scale. Let T # R be a periodic time scale with period p. We
say that the function f: T — R is periodic with period T if there exists a natural
number n such that T = np, f(t + T) = f(¢t) for all t € T and T is the smallest
number such that f(t+7T) = f(t). If T =R, we say that f is periodic with period
T > 0 if T is the smallest positive number such that f(t +7T) = f(t) for all ¢t € T.

Definition 2.3 ([4]). For f : T — R and t € T*, the delta derivative of f at ¢,

denoted by f2(t), is the number (provided it exists) with the property that given
any € > 0, there is a neighborhood U C T of ¢ such that

[f(@(t) = f(s) = FA@)o(t) —t]] < elo(t) —s|, VseU.
Definition 2.4 ([4]). A function f : T — R is called regulated provided its right-
sided limits exist (finite) at all right-dense points in T and its left-sided limits exist
(finite) at all left-dense points in T.
Definition 2.5 ([4]). A continuous function F : T — R is called pre-differentiable

with (region of differentiation) D, provided D C T*, T*\ D is countable and contains
no right-scattered elements of T, and F' is differentiable at each ¢t € D.

Definition 2.6 ([4]). Assume that f : T — R is a regulated function. Suppose
further that there exists a function F' which is pre-differentiable with region of
differentiation D such that

FA(t) = f(t) holds for all t € D.
We define the Cauchy integral by

/f F() — F(a) foralla,beT.

Definition 2.7 ([4]). A function p : T — R is said to be regressive provided
1+ u(t)p(t) # 0 for all t € TF, where u(t) = o(t) — t is the graininess function.
The set of all regressive rd-continuous functions f : T — R is denoted by R while
the set R is given by {f € R : 14 u(t)f(t) > 0} for all t € T. Let p € R. The
exponential function is defined by

ep(t, s) = exp (/: Eu(r) (p(T))AT),

where £y, is the so-called cylinder transformation.

Lemma 2.8 ([4]). Let p,q € R. Then
(1) eo(t,s) =1 and ep(t,t) =1;
(ii) ep(o(t),s) = (1 + p(t)p(t))ep(t,s);
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(iii) ep(lt’s) = egyp(t, s), where Op(t) = —%;
(iv) en(tss) = ooy = cen(s,1);

(v) ep(t; s)ep(s,r) = ep(t,r);

(vi) 283 = epoq(t, s), where p& q=p® (8q);
(vii) eﬁ(-,s) = pep(+, 8).

For convenience, we introduce the following notation:

1 ; 1

rt = sup , ry= inf ’
! te[0,w]r |1 — €oa; (t,t - w)‘ 2 te0,w]r ‘1 — €oa; (t’t - w)l
77; = Sup = €ga; (tv U), 77; = inf €oa; (t’ U),
we[t—w,t]r UE[t—w,t]r
M _ 3 1 _ : )
arec AL N AL
M _ i I _ : %
™ = lrgggn{mh n = @léln{%}’

v'= sup [Sa, K'= sup egq(o(t)t),
te[0,w]r te[0,w]r

— ) _ %
v = 121%}(”{7 b, k= 121%}(71{& }.

Lemma 2.9. (z(t),u(t))T is an w-periodic solution of if and only if it is an
w-periodic solution of the system
22 (t) = At 2 (D)) z (o () FAf(t, ze, 2t = (8, 2(t))), ult — alt, z(1)))),
¢ (2.1)
u(t) = /ti G(t,5)g(s, x5, 2(h(s,2(s)))) As == (Px)(1),

where
é(t S) = dlag[él (t7 8)762 (t7 8)7 s 7671 (ta 8)]
and

éi(t S) _ Cob; (t7 5)

= L osclt—w il i=1,2,...,n
ean(bi—w)y Sl "

Proof. First, assume that (z(t),u(t))? is an w-periodic solution of (1.4)). From the
second equation of (1.4)), it follows that
up (1) + bt 2(t)ui(o(t) = gi(t,we, x(h(t, (1)), i=1,2,...n.  (2:2)

Multiply both sides of this equation by e, (¢,0) and then integrate them from ¢ —w
to t to obtain

| lents.0ue)28s = [ (5,000t aualhis,a(s))As,

fori=1,2,...,n, and then

ep; (1, 0)ui(t) — ep, (t — w, 0)u;(t — w) = /t e, (5,0)g:(s, zs, x(h(s,2(5))))As,

—w

for i = 1,2,...,n. Dividing both sides of the above equation by ey, (¢,0), we have

u;(t) = /t . Zg;f‘g’:) w)gi(&xs7x(h(s,x(s))))As, i=1,2,...,n.

So (x(t),u(t))T is an w-periodic solution of (2.1)).

—w
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Conversely, assume that (z(t),u(t))? is an w-periodic solution of (2.1]). Then we
have

ep, (t, 0)u; (t) — ep, (t — w, 0)u;(t —w) = /ti ep, (8,0)gi(s, x5, x(h(s,z(s))))As,

fori=1,2,...,n; that is,

(1 1. 0)en (1000 = [ e (5,005 a(h(s.2())) A
fori=1,2,...,n. Then

[(1 + ep, (w0, 0))ep, (£, 0)us ()] °
= e, (,0) (1 + ep, (w, 0)) [uiA(t) + biui(a(t))}

= (/tt ebi(s’0)91'(87xsﬂx(h(s,x(s))))As)A

= ep,; (t_» 0)gi(t, e, w(h(t, x(t)))) — ep, (t = w,0)gi(t — w, Tt —w, 2(h(t — w, 2(t —w))))
= €y, (tv 0) (1 + e, (w7 0))97;(15, Lt $(h(t7 x(t))))v
which implies
uR (t) + bi(t, z()us (o (b)) = gi(t, z, x(h(t, (1)), i=1,2,...,n.

So (z(t),u(t))T is an w-periodic solution of (1.4). The proof of the lemma is com-
plete. [l

At the same time, from the definition of e,(¢,s) and the periodicity of b;, we
have ecp, (t + w, s + w) = ecy, (t,8), i = 1,2,...,n, so it is clear that G(t,s) =
G(t+w,s+w) for all (t,s) € T? and u(t +w) = u(t) when z is w-periodic solution.

Now, can be reformulated as

mA(t) = —A(t,z(t)x(o(t)) + ANf(t, e, x(t — (¢, 2(1))), (Pz)(t — alt,z(t)))). (2.3)

We proceed from and obtain
z(t) = A G(t,s)f(s,xs,2(s — 7(s,2(5))), (Px)(s — a(s, z(s))))As, (2.4)

t—w
where
G(t,s) = diag[G1(t, s), Ga(t, s),...,Gn(t, s)]

and

Gilts) = —couhs) o g 21
1 —egq,(t,t —w)
By the periodicity of a;, i = 1,2,...,n, it is also obvious that G(¢, s) = G(t+w, s+w)
for all (¢,s) € T2.
To obtain our main results, we make the following assumptions throughout this
paper.
(H1) a;(t,z(t)) > 0or a;(t,z(t)) <OforallteT,i=1,2,...,n;
(H2) fi(t,¢. & @(n)ai(t,z(t)) = 0 for all (¢,¢,&,n) € T x BO(T x RY) x R} x
RY,i=1,2,...,n;
(H3) f(t, ér,p(t — T(t, P(1))), (PP)(t — at,#(t)))) is a continuous function of ¢
for each ¢ € BC(T x R%);
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(H4) for any L > 0 and € > 0, there exists a real number ¢ > 0 such that
¢, ¢ € BC, ¢l < L, [¢[| < L, ||¢ — ¢[| < 6,0 < s < w imply
||f(53 ¢Sa ¢(5 - T(S, ¢(5)))3 (q)d))(s - OZ(S, ¢(5))))
— f(5,06,9(s = 7(s5,9(s))), (PY) (s — als, ()| < e

Moreover, for the sake of simplicity, let

[t 0, @) = f(t, ¢, ¢t — 7(t, (1)), (PP) (¢ — alt, ¢(1))))
and
flta, @) = f(t,m, x(t — 7t 2(1))), (P2)(t — a(t, 2(1))))-
Then by (H2),
Gi(t,s)fi(t,z,®) >0 for (t,5) € T? i=1,2,...,n. (2.5)

Let X be a Banach space and K be a cone in X. A mapping 1 is said to be a
concave nonnegative continuous functional on K if ¢ : K — R, is continuous and

Y(pz + (1= py) = po(z) + (1= p(y), =ye K, pelo1].
Let a,b,c > 0 be constants with K and X as defined above. Define
Ko={z e K:|z|| <a}, K@,bc)={r € K:¢(y) >b,|z[ <c}.

Theorem 2.10 (Leggett-Williams multiple fixed point theorem [I0]). Let X =
(X,|I- 1) be a Banach space and K C X a cone, and c4 > 0 a constant. Suppose
there exists a concave nonnegative continuous function ¥ on K with ¥(u) < u for
u€ K. andlet T : K., — K., be a continuous compact map. Assume that there
are numbers c1,co and c3 with 0 < ¢1 < ¢o < ¢c3 < ¢q such that

(i) {u € K(¥,ca,¢3) : (u) > ca} # 0 and v(Tu) > co for all u € K(¢, ca,¢3);

(i) ||Tul| < e1 for allu € K., ;

(ili) Y(Tu) > co for all u € K1, ca,cq) with ||Tul| > cs.
Then T has at least three fived points ui,us and uz in K.,. Furthermore, e have
up € Koy, uz € {u € K(¢,ca,¢q) : p(u) > 2}, ug € K ,\{K (¥, c2, ca) UK, }.

Let X = {z(t) = (v1,22,...,2,)T € C(T,R") : 2(t) = z(t + w)} with the norm
]| = Y7, maxyefo ). [#4(t)|, then X is a Banach space with the norm |- ||. Define
a cone K in X by

K ={z(t) = (z1,22,...,2,)" € X 1 24(t) > 0,Vt € [0,w]1, 5 =1,2,...,n}

and an operator T on X by

(Thx)(t) = )\/ti G(t,s)f(s,x,®)As.

And let
The = (The, Tix,... ,TPx)T.
Lemma 2.11. T)(K) C K and T : K — K is well-defined.
Proof. For each x € K, by (Hs), we have Thx € C(T,R"™), with the periodicity of
G(t,s) and (®x)(t), then

(Tha)(t +w) = A o Gt+w,s)f(s,z,P)As
t
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t
=A Gt+w,s+w)f(s+w,z,®)As
t—w
¢
=A G(t,s)f(s,z,®)As

t—w
= (Thx)(t),
and by (2.5), Thx € K. The proof is complete. |

Lemma 2.12. T) : K — K is completely continuous.
Proof. We first show that T} is continuous. By (H4), for any L > 0 and € > 0, there
exists a § > 0 such that ¢, € BC, ||¢|| < L, |[¢|| < L, [[¢ —¢|| < 9,0 < s <w
imply

1/ (s, s, 0(s — 7(s,6(s))), (2P) (s — a(s, ¢(s))))

€

— f(5,%s,9(s — 7(5,9(5))), (PY) (5 — als,¥(s))))]| < N

If 2,y € K with ||z|| < L, ||ly| < L, and ||z — y|| < J, then
[(Txz) () — (Tay) @)l

< )\‘/t 11?%)(” |G2(t> S)|||f(87 s, 37(3 - T(S, .’Il'(S)))7 (‘P{L‘)(S — OZ(S, x(s))))

—w =

— [(5:9s5,5(s = 7(5,9(5))), (Py) (s — als,y(s)))) [ As
< /\TMUM/O 1f (8525, 2(s = 7(s,2(5))), () (s — s, z(s))))
= f(s,95:9(s = 7(5,4(5))), (Py) (s — als, y(s))))[| As

M, M___ € _
< Artin VST T €
for all ¢ € [0,w]y. This yields | Thz — Thy|| < €. Thus, T is continuous.

Next, we show that T maps any bounded sets in K into relatively compact sets.
Now, we first prove that f maps bounded sets into bounded sets. Indeed, let ¢ = 1.
By (H4), for any u > 0, there exists § > 0 such that =,y € BC, ||z| < u, |y|| < u,
|z —yll <9,0<s<w imply

1f (5,25, 2(s = 7(s,2(5))), (Px)(s — als, z(s))))

= f(s,ys:y(s = 7(s,9(5))), (Py) (s — a(s,y(s))))]| < 1.
Choose a positive integer N such that £ < §. Let 2 € BC and define 2*(t) = £x(t)
for k=0,1,2,...,N. If ||z|| < u, then
& k k-1

_ 1 W
— g == - = < |zl < & < 6.
Y| = [ ga(t) - e )] < e llell < & <5

&4
Thus,
1f (s, 25, a® (s = 7(s,2%(5))), (®2*) (s — als, 2"(s))))
= fls,ai b (s = 7 (5,277 1(9)), (@2 ) (s — afs, 271 (s))] < 1
for all s € [0,w]r. This yields
1f (s, 25, 2(s = 7(s,2(s))), (Pz) (s — s, z(s))))|
= |[f(s,2, 2N (s = 7(s,27 (5))), (@) (s — als, 2™ ()

s Ls
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< Z 1F (s, 2%, 2" (s = 7(s,2%(5))), (P2*) (s — a(s, 2" (5))))

- f(sws et (s = (5,277 (5)), (@27 (s — als, ()
+1£(s,0,0,0]
< N+ |f(s,0,0,0|| = Q

For ¢ € [0,w], we have

n

[Taal = ) max [(Txz)(t)]
i—1 tE[O,W]T

<A S [ sl = (s, (), ()5 ~ als,a(s)As

< arMpMuQ.

Finally, for t € T,

(Tiz)A() = [A / Git, 5)fi(s, 7, D) As]D

€ca, (t,5) A
; D)A
A/w e P DA

_ \oui(@(t),t) ~ eca;(0t),t —w)
1—egq,(t,t —w)

t
oa; / eoa, ( 5) (5,2, B)As

fi(t, Z, (I))

t—w
@a’i/ e@ai(t78)fi(s7xa(1))As
a
= eai(T)\x)( ) + )\e@ai (U(t)vt)fi(taxv @)7
where a € [0, w|7 is an arbitrary constant, i = 1,2,...,n. So we obtain
(T32)2 ()] < 7| TRa| + A6’ |filt, 2, @), i=1,2,....n
Then

n

I(Txz) ()II—Z max |(T3x)"(¢)|

te[o w]T

< max |Tiz|+ Ak max |f;(t,x, P
_7;6M| fol + M3 s 110, 0)

< Ao + Axl f(E,z, )|l
< MMM u@ + AkQ.

Hence {Thx : x € K, ||z|| < p} is a family of uniformly bounded and equicontinuous
functions on [0,w]r. Applying Arzela-Ascoli theorem on time scales [I], the function
T is completely continuous. The proof is complete. ]

Lemma 2.13. Euxistence of nonnegative periodic solutions of (1.4) is equivalent to
the existence of fixed point problem of Ty in K.
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The proof of the above lemma is straight forward and we will omit it.

3. MAIN RESULTS

Let

_ |fi(t, 0, ®)|
f = Hmsn e Teite oo
where (b(t) = (¢1(t)?¢2( )7' <. >¢n( )) € C(T7Rn)a |¢|1 = E?:l minte[o,wh‘ |¢1(t)‘

andé:%.

From the definitions of n™ and 7', it is obvious that § > 1.

=1,2,...,n,

Theorem 3.1. Assume that (H1)-(H4) hold, there are constants 0 < ¢1 < ¢ such
that the following conditions hold:

(H5) rMpM > 1;

(H6) f° <w,i=1,2,...,n;

(HT) [y 1f(s,2,@)0As = deaw for g < [aly < || < dea

(H8) [y [f(s,2,®)|oAs < fsr for 0 <[]y < |lz]| < &1
Then (1.4) has at least three nonnegative w-periodic solutions for

! <A< !
rMpM, w’

Proof. Since f£° < w holds for 1 < i < n, there exist € € (0,w) and 6 > 0 such that
|fi(t,x, ®)| < ela;(t, x)|z; for x; >0, t € [0,w]r,i=1,2,...,n. Let

= P ,=1,2,... = -
G=,  max  fitw, @), i=12.m ¢ Z}@
Then |f;(t,z, ®)| < ela;(t, x)|z; + & for z; >0, t € [0,w]r, i = 1,2,...,n. Choose
M, M
C4>max{w,502}.
w—¢€

Then for x € K,,, we have

n
| Taa| :Z max [T}z
‘ tE[&w]T

t

= max A Gi(t,s)fi(s,z,D)As

te[o wlr t—w

max )\/ i(t, 9| fi(s, z, )| As
telo t—w

(elai(s, x)|z; + &)As

SRV
ik / (elas(s, )l [i] + &) As

smax{/ GtsalsmAs}Z max |z;(s)

sG[Ow

IN

HM: |D/%: HM: I
mE
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max / i(t, 8)|&ASs]
t—w

tGOw-ﬂ-

Alellz] + Zﬁnifiw]
i=1
< Aeesa + TMUM&J}
1
< ;[504 +rMpMeu) < ey,

Hence T, : f% — F&L

Next, we define a concave nonnegative continuous function ¥ on K by ¥(z) =
Z?:l minte[OM]T
|z;(t)], then ¥(x) < ||z||. Let c3 = dca = TZZZW c2 and ¢o(t) = {¢0,0,...,0}7, ¢ is
any given number satisfying ca < ¢ < c¢3. Then ¢¢(t) € {x € K (¢, ca,¢3) : () >
ca} # 0. Further, for z € K (1, ca,¢3), by (HT)

n

V(D) =), min |(Txz)(t)]

—1 te[0,w]r

n t

= min A Gi(t,s)fi(s,z, ®)As

1 te[O,w]—,r t—w

> xl Y [ s )las
i=170

— arly / (5.2, ®)]oAs

0
> )\rlnlécgw

,r]\/[nM

rint
> )\rMnMCQw > o,
so condition (i) of Theorem holds.
Now, let « € K.,, by (H8)

(3.1)

= )\rl ! Cow

t

(| Tyz|| = max A G (t,s)fi(s,x,P)As

t€[0 _
< MMWMZ / fi(s,2,®)|As
i=170

< arMpM / (5.2, ®)]oAs
0

Lov, v Gw
< rn MM =,
then Thx € K,.

Finally, for x € K (1, c2,c4) and ||Thx|| > c3, so

t
cs < | Thz| < )\TMnMZ max / |fi(s,z,®)|As
t—w

tG[O w]T
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=Y [ s @))as
=1

= ArM M / (5,2, ®)]oAs,
0

which implies
n t

Y(Thz) = min A Gi(t, s)fi(s,z, ®)As
i—=1 tE[O,w]T t—w

> )\rlan/ |fi(s,z, D)|As
i=170

w (3.2)
—xly’ [5G @)l
0
1,0 C3
> Ar'n M
C3
= —= =co.
5 2
So all the conditions of Theorem are satisfied. Consequently, (|1.4)) has at least
three nonnegative w-periodic solutions. This completes the proof. O
Theorem 3.2. Let flQ <w,i=12,...,n. Assume that there exists a constant

ca > 0 such that (H1)-(H7) holds, then (1.4) has at least three nonnegative w-

periodic solutions for
1 1
— <A< —.
rMpM, w
Proof. Since f? < w holds for 1 < i < n, there exist p, (,0 < p<wand 0 < { < ¢y
such that

‘fi(t’x’q)” §p|ai(t7$)|xiz 0<z; <

Q tel0,wlr, i=12,...,n
TL

Set ¢; = (. For x € K,

t

IThz| = Zten[%)au)ﬁ A Gi(t,s) fi(s,z,®)As

< Ap Z max Gi(t7s)ai(s,x)xiAs

tE[O w]T

<)\pmax{/ GtsazsxAs}Z max |x;(s)

0<i<n 56[0 w]T
< Apllz@)]|
1
< —pcp < cCy.
w

Then condition (ii) of Theorem [2.10|is satisfied. In view of conditions (H6)-(H7),
using a similar proof to Theorem Eit can be shown that and hold. That
is, conditions (i) and (iii) of Theorem are satisfied. By Theorem there
exist at least three nonnegative w-periodic solutions of . Thus the theorem is
proved. O
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Theorem 3.3. Assume that there are constants 0 < ¢; < co such that (H1)-(H6)
and the following two conditions hold:

(H9) fow |f(s, 2, ®)|0As > 20cow for co < |x|1 < ||z|| < deo;
(H10) [[f(t, 2, @) < [[=]| for 0 < |afy < [lz]] < e
Then has at least three nonnegative w-periodic solutions for
1 1
G <N

Proof. From (H10), for = € K., we have
t
[Tl = A [ Glt.)7(s. . 8)as]
t—w

< Ay / 1 (5,2, )| As
0

< \xrM 7]M clw

1

rMp

Then condition (ii) of Theorem is satisfied. With (H9) and Theorem the

proof of conditions (i) and (iii) of Theorem is easy and hence we will omit it.
This completes the proof. ([l

TMT]MClw = C1.

My

4. EXAMPLES

Example 4.1. When T = R, the following system has at least three nonnegative
2m-periodic solutions:
8

1
21(t) = —107(2 +sint)x(t) + ;Tw[ml<t + 1) + (1) 2e 1 D222 4 ginwy (¢)],
U1(t) = —(0.85 — 0.05sint)uq (¢) + 0.001z1 (2),
1 8
@o(t) = —207(2 — cost)xa(t) + ?;—W[xl(t) + zo(t +1)]2e ™1 O72=1)12 4 cosuy(t)],

it (t) = —(0.85 — 0.05 sin t)uy(t) + 0.001z(t)
(4.1)

Proof. Corresponding to system (L4)), we have a1(t) = 5=(2 + sint), as(t) =
50=(2 = cost), bi(t) = ba(t) = 0.85 — 0.05sint, g;(t) = 0.001z;(t), i = 1,2,
Frlt 2, ®) = £ [ (14+6) 42 (0200720 2 sin s (1), folt, 2, @) = £ [ (1) +
za(t + 0)]2e =1 (M22(=0)12 4 cosuy(t)], A = 75 and w = 27. So we obtain

t

1
€oa, (t,t —w) :exp{ —/ —(Q—i-sins)ds} = 04
! t—2m 10m

t

1
€oa, (t,t —w) = exp{ — / ——(2 — cost) ds} =02
¢

—or 207T
1 04
1
T e == = 3.033244,
' te[0,w]r |1 — €oa, (t,t — w)| e—04 _ 1
1 =02
2
ry = sup = — _ 5~516650’
oo 1 —eca(tt—w)| e 021
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M = max{3.033244, 5.516650} = 5.516650,
7! = min{3.033244, 50516650} = 3.033244,

¢

1

nt= sup egq, (t,u) = sup exp{ —/ ——(2+sins) ds} =1,
u€[t—w,t]r uE[t—w,t]r u 107

¢
1
NP = sup epq,(t,u) = sup exp{f/u ﬁ@fcoss)ds}:l,

UE[t—w,t|T UE[t—w,t]T
n™ = max{1,1} =1,
1 tq
= inf o (t,u) = inf { [ o sined }
2 ue[tllf_lwyt]1T sy (t;u) ué[iilw,t]v exp /u 107r( +sins)ds
= ¢ % = 0.670320,
b
2 inf €oas (t, u) = inf exp{ — /u ﬁ@ — cos 8) ds}

UE [t—w,t]T wE[t—w,t|r

3
5
Il

= e 92 =0.818731,
n' = min{0.670320, 0.818731} = 0.670320.

Then rMp™ = 5516650, § = gyayoeoodxl . = 2.713226, it is easy to verify

that 7“1‘477% <AL %; that is, m < 1—12 < % Furthermore, f* < 2m
holds for i = 1,2, so conditions (H5) and (H6) of Theorem is satisfied. Choose
€1 = Tom5: C2 = 3, then 3 = dcy = 1.356613.

For ¢y < |z]1 < ||z|| < dea, we obtain
w w 8

/ |f (s, 2, ®)|ods = / ;—[:pl(t +0) + 22(t)]2e 1 =0220)2 4 gin uy (t)|ds
0 o <T

w 8
+ / %[axlu) +a(t+ 0)Pe ™ 7202 4 cosuy(t)|ds
0

2w 2 2
> 768_6 C2C2
— 37 2
> 24cow > dcow;

that is, (H7) holds.
For 0 < [z, < [la]| < 1,

w w 8
/ |f(s,x,<1>)|0ds:/ Qi[xl(tw)+x2(t)]2e*wl<t*9>wz<t>|2+smu1(t)\ds
0 0 <T

w 8
+ / ?%T[m(t) + zo(t + 0)]2e T O72=0) |2 4 cosuy(t)|ds
0

< 6e®c7 < 0.0000006

Cc1w
R = 0.000006066488,

hence (H8) holds, it is obvious that (H1)-(H4) hold. By Theorem [3.1] (4.1]) has at
least three nonnegative 27-periodic solutions. [
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Example 4.2. When T = 7Z, the following system has at least three nonnegative
2-periodic solutions for 1/4 < A < 1/2:

Az(n) = (1 — esinnr—in f) (n+1)+ )\18x2(ﬂ)(3 + sin(xe(;zn)— 1)) + cos(u(n)))

Au(n) = —(0.85 — 0.05sinnm)u(n) + 0.001z(n), neZ

b

(4.2)

Proof. Corresponding to system (T.4), we have a(n) = ennm=18% _ 1 p(n)

0.85 — 0.05sinnm, g(n) = 0.001z(n), f(n,z,®) = 1827 (”)(Sﬂm(g%1))+C°S(u("))),
w = 2. So we obtain

eoa(n,m —w) = exp / Log 7 1(72 )> AT}

{
:exp{/n s () o)
e { -

(sm Tm — log Q) AT}

: :3\

)
~ (. V2
:exp{— (smTﬂ—logT)}
T=n—2
1 1
= log = —.
exp{ og 2} 5
Then rM = 7! = 17% = 2. In a similar argument as the above process, it is not
2
difficult to calculate that n™ =1, n! = 1. Then rMnM =2,§ = TM"M =2 =2

rint 2X
Furthermore, f* =0 <2 and f° =0 < 27r hold, so conditions (H5) and (H6) are
satisfied. Choose ¢; = 1, then ¢z = dco = 2.
For ¢y < ||z]| < 2¢2, we obtain

Nl

@ 21822 . 1
/ |f(s,2,®)|o Asz/ 8z (5)(34’3111(17(5‘ )) + cos(u ’As
0 0 ex(é)
- 1 1822(s)(3 + sin(x(s — 1)) + cos(u(s)))
> or) |
s=0
! 1822(s)
= z(s) ‘
s=0 €
1
18¢2 36
= Z:U e2¢2 = 672
>4 = codw;

that is, (H7) holds.
In addition, it is obvious that (H1)-(H4) hold. By Theorem (4.2) has at
least three nonnegative 2-periodic solutions. O
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Example 4.3. When T = Z, the following system has at least three nonnegative
2-periodic solutions for % <AL %

1822(n)(3 + cos(x(n — 1)) + sin®(u(n)))

1+ 22(n) ’
Au(n) = —(0.85 — 0.05 cosnm)u(n) + 0.001z(n), ne€Z.

Az(n) = (1 — 5™ F )0 £ 1) 4 \

(4.3)

Proof. Corresponding to system (1.4, we have a(n) = €®5""~ | ,b(n) =
2

0.85 — 0.05cosnm, g(n) = 0.001z(n), f(n,z,®) = 182 (”)(3+COS(igz(n1)))+sm (u(m)

w = 2. So we obtain

eca(n,m—w) = exp{/ Log( li(;-())> AT}
:eXp{/n Qlog( la(T)>AT}
/2
{ / (coswr — log —2) AT}

n—1

:exp{ — Z <cos7’7r—log§)}

1 1
:exp{logi} =3

In a similar argument as Example it is not difficult to get that rMn™ = § = 2.
Furthermore, f*° =0 < 2 holds, so conditions (H5) and (H6) are satisfied.
Choose ¢ = 1, then ¢z = dcg = 2. For ¢y < ||z|| < 2¢q, we obtain

/w F(s, 2, D)o As = / 1822(s)(3 4 cos(z(s — 1)) + sin“(u(s))) ‘ As
0 0

1+ 22(s)
B 1822(5)(3 + cos(z(s — 1)) + sin?(u(s)))
g 1+ 22(s) ’
|36
> ;) =
> 8 = 2¢o0w;

that is, (H9) holds.

Choose ¢; = 0.01. For 0 < ||z]| < ¢1, we have ||f(n,z, ®)| < 90[|z||*> < ||z||; that
is, (H10) holds. In addition, it is obvious that (H1)-(H4) hold. By Theorem
has at least three nonnegative 2-periodic solutions. ([l
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