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EXISTENCE OF SQUARE-MEAN ALMOST PERIODIC MILD
SOLUTIONS TO SOME NONAUTONOMOUS STOCHASTIC
SECOND-ORDER DIFFERENTIAL EQUATIONS

PAUL H. BEZANDRY, TOKA DIAGANA

ABSTRACT. In this paper we use the well-known Schauder fixed point principle
to obtain the existence of square-mean almost periodic solutions to some classes
of nonautonomous second order stochastic differential equations on a Hilbert
space.

1. INTRODUCTION

Let B be a Banach space. In Goldstein and N’Guérékata [30], the existence of
almost automorphic solutions to the evolution

u'(t) = Au(t) + F(t,u(t)), teR

where A : D(A) C B — B is a closed linear operator on a Banach space B which
generates an exponentially stable Cy-semigroup 7 = (T'(¢));>0 and the function
F:RxB — Bis given by F(t,u) = P(¢t)Q(u) with P, Q being some appro-
priate continuous functions satisfying some additional conditions, was established.
The main tools used in [30] are fractional powers of operators and the fixed-point
theorem of Schauder.

Recently Diagana [20] generalized the results of [30] to the nonautonomous case
by obtaining the existence of almost automorphic mild solutions to

u'(t) = At)u(t) + f(t,u(t)), teR (1.1)

where A(t) for t € R is a family of closed linear operators with domains D(A(t))
satisfying Acquistapace-Terreni conditions, and the function f : R x B — B is
almost automorphic in ¢ € R uniformly in the second variable. For that, Diagana
utilized similar techniques as in [30], dichotomy tools, and the Schauder fixed point
theorem.

Let H be a Hilbert space. Motivated by the above mentioned papers, the present
paper is aimed at utilizing Schauder fixed point theorem to study the existence of
p-th mean almost periodic solutions to the nonautonomous stochastic differential
equations

AX(t) = AM)X(£) dt + Fy(t, X (£)) dt + Fa(t, X (£)) dW(t), t€R, (1.2)
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where (A(t)):er is a family of densely defined closed linear operators satisfying
Acquistapace and Terreni conditions, the functions F; : R x LP(Q2, H) — LP(Q, H)
and Fy : Rx LP(Q, H) — LP(,1L9) are jointly continuous satisfying some additional
conditions, and W is a Wiener process.

Then, we utilize our main results to study the existence of square-mean almost
periodic solutions to the second order stochastic differential equations

dX'(w,t) +a(t) dX (w,t)
= [— b(t) AX (w, ) + f1(t, X (w,1))] dt (1.3)
F folt, X (w,£)) AW (w, 1),

for all w € Q and ¢t € R, where A : D(A) C H — H is a self-adjoint linear operator
whose spectrum consists of isolated eigenvalues 0 < A} < Ay < -+ < A, — ©
with each eigenvalue having a finite multiplicity «; equals to the multiplicity of
the corresponding eigenspace, the functions a,b : R — (0,00) are almost periodic
functions, and the function f;(i = 1,2) : R x L*(Q, H) — L?(Q, H) are jointly con-
tinuous functions satisfying some additional conditions and W is a one dimensional
Brownian motion.

It should be mentioned the existence of almost periodic to in the case
when A(t) is periodic, that is, A(t +T) = A(t) for each ¢t € R for some T" > 0
was established by Da Prato and Tudor in [I7]. In the paper by Bezandry and
Diagana [9], upon assuming that the operators A(t) satisfy Acquistapace-Terreni
conditions and that F; (i = 1,2,3,) satisfy Lipschitz conditions, the Banach fixed
point principle was utilized to obtain the existence of a square-mean almost periodic
solutions to . In this paper is goes back to utilizing Schauder fixed theorem
to establish the existence of p-th mean almost periodic solutions to . Next, we
make extensive use of those abstract results to deal with the existence of square-
mean almost periodic solutions to the second-order stochastic differential equations

formulated in (1.3]).

2. PRELIMINARIES

In this section, A : D(A) C H — H stands for a self-adjoint linear operator
whose spectrum consists of isolated eigenvalues 0 < A} < Ay < -+ < A, — 0
with each eigenvalue having a finite multiplicity 7; equals to the multiplicity of the
corresponding eigenspace.

Let {e?} be a (complete) orthonormal sequence of eigenvectors associated with
the eigenvalues {)A;};>1. Clearly, for each

ue D(A) = {33 cH: i)\?HijW < oo},

j=1

[ee] i )
Ax = Z)\j kZ(m,ef)ef = z;)\jij
—1 j=

j=1
where Ejz = Y7 (x,ef)ek.
Note that {E;},>1 is a sequence of orthogonal projections on H. Moreover, each

x € H can written as follows:
oo
T = Z Ejx.
j=1
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It should also be mentioned that the operator —.A is the infinitesimal generator
of an analytic semigroup {7'(t) };>0, which is explicitly expressed in terms of those
orthogonal projections Ej; by, for all z € H,

T(t)x = Z e N'Ejw.
j=1

In addition, the fractional powers A" (r > 0) of A exist and are given by

D(A") = {x cH: iA?THijH? < oo}
j=1

and

A => N"Ejz, Vxe DA

Let (B, I| - ||) be a Banach space. If L is a linear operator on the Banach space B,
then D(L), p(L), o(L), N(L), N(L), and R(L) stand respectively for the domain,
resolvent, spectrum, null space, and the range of L. also, we set R(\, L) := (AI —
L)~! for all A € p(L). If P is a projection, we then set Q = I — P. If By, B,
are Banach spaces, then the space B(B1,B3) denotes the collection of all bounded
linear operators from B, into B equipped with its natural topology. This is simply
denoted by B(B;) when B; = Bs.

2.1. Evolution Families. Let B be a Banach space equipped with the norm || - ||.
The family of closed linear operators A(t) for ¢ € R on B with domain D(A(t))
(possibly not densely defined) is said to satisfy Acquistapace-Terreni conditions if:
there exist constants w > 0, 0 € (%77{), K,L>0and p,v € (0,1] with p+v >1
such that

SpU{0} € p(At) —w) 3\, [R(AA®) —w)| < ——

and
1(A(t) — w)R(\, A(t) — w) [R(w,A(t)) - R(w, A(s))} | <Lt —s|" |\~ (2.2)

fort,s € R, A€ Sp:={A e C\{0}: |arg\| < 6}.

It should mentioned that the conditions and were introduced in the
literature by Acquistapace and Terreni in [2 [3] for w = 0. Among other things,
it ensures that there exists a unique evolution family & = U(t, s) on B associated
with A(t) satisfying

(a) U(t,s)U(s,r) =Ult,r);

(b) Ut,t)=Tfort>s>rinR;
(c) (t,8) — U(t,s) € B(B) is continuous for ¢t > s;
(d) U(-,s) € CY((s,00), B(B)), %—[tj(t,s) = A(t)U(t,s) and
A Ut 8)| < K (t—s5)7" (2.3)
for0<t—s<1,k=0,1; and
(e) OFU(t,s)r = —U(t,s)A(s)x for t > s and x € D(A(s)) with A(s)z €

DA,
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It should also be mentioned that the above-mentioned properties were mainly
established in [I, Theorem 2.3] and [50, Theorem 2.1], see also [3, [49]. In that case
we say that A(-) generates the evolution family U(-, ).

One says that an evolution family U has an exponential dichotomy (or is hyper-
bolic) if there are projections P(¢) (t € R) that are uniformly bounded and strongly
continuous in ¢ and constants § > 0 and N > 1 such that

(f) U(t,s)P(s) = P()U(t, 5);

(g) the restriction Ug(t,s) : Q(s)B — Q(t)B of U(t,s) is invertible (we then
set (NIQ(s,t) = Ugq(t,s)™1); and

(h) |U(t, s)P(s)|| < Ne =) and ||Ug(s,)Q(t)]| < Ne=3(¢=5) for t > s and
t,s € R.

This setting requires some estimates related to U(t, s). For that, we introduce the
interpolation spaces for A(t). We refer the reader to the following excellent books
[29], and [38] for proofs and further information on theses interpolation spaces.

Let A be a sectorial operator on B (for that, in (2.1)-(2.2), replace A(t) with A)
and let a € (0,1). Define the real interpolation space

B .= {x €B:|z|4 = Sli[o) lr“(A —w)R(r, A —w)z| < oo},

which, by the way, is a Banach space when endowed with the norm || - |2, For
convenience we further write

By =B, [ofd =], B :=D(4)

and
3 = [l(w — A)z].
Moreover, let B4 := D(A) of B. In particular, we have the following continuous
embedding
D(A) — B} — D((w— A)*) — B — BA — B, (2.4)

for all 0 < a < 8 < 1, where the fractional powers are defined in the usual way.
In general, D(A) is not dense in the spaces BZ and B. However, we have the
following continuous injection

A
ol

B4 — D(A) (2:5)

for0<a<pg<l.
Given the family of linear operators A(t) for ¢ € R, satisfying (2.1)-(2.2)), we set

B! .= Bg(t), Bt := BA®)

for 0 < a <1 andt € R, with the corresponding norms. Then the embedding in
(2.4) holds with constants independent of ¢ € R. These interpolation spaces are of
class J, [38, Definition 1.1.1 | and hence there is a constant ¢(«) such that

Iyl < c(@)lyll'=*1A®)yI*, y € D(A(R)). (2.6)
We have the following fundamental estimates for the evolution family U(t, s).

Proposition 2.1. [7] Suppose the evolution family U = U(t,s) has exponential
dichotomy. For z € B, 0 < «a <1 andt > s, the following hold:

(i) There is a constant c(«), such that

U (¢, 5)P(s)a]ly < cla)e 207 (t = 5)=*Ja]]. (2.7)
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(ii) There is a constant m(a), such that
1T (s, )R < m(a)e |z (2.8)
We need the following technical lemma.

Lemma 2.2 ([20, 21, Diagana]). For each x € B, suppose that the family of oper-
ators A(t) (t € R) satisfy Acquistapce-Terreni conditions, assumption (H.2) holds,
and that there exist real numbers p,a, such that 0 < p < a < f < 1 with
200> p+ 1. Then there is a constant r(u, o) > 0 such that

IAWDU (t, 5)zllo < r(p a)e 079t — )2 (2.9)
forallt > s.
Proof. Let x € B. First of all, note that ||A(t)U(t,s)||pEp,) < K(t — 5)~(1=) for

all t, s such that 0 <t —s <1 and « € [0,1]. Letting t — s > 1 and using (H2) and
the above-mentioned approximate, we obtain

[ABU(t, s)zlla = [[ABU(t,t = DU~ 1, 5)za
< [JARU(t,t = Dl pme)IUE—1,5)z]|
< MKePe 39|z
= Kye 9|z
= Kie 709 (¢ — )%t — 5) e~ 1= ||z

Now since e~ (=9)(t — §)* — 0 as t — oo it follows that there exists cq(a) > 0
such that

IA)U (2, 8)z]lo < ca(@)(t —s) "%~ ) |z]].

Now, let 0 <t — s < 1. Using (2.7) and the fact 2a > p + 1, we obtain

t+ s t+ s
(=)o

t+ s t+s
pEs.) V(= s)l

t+ s t+ s
<k ABUE )l s a0 IV )l

< k1K<t 3 s)a_lc(ﬂ)(t 3 S)_“ef%ufs)Hx”

< esla, p)(t — 5)° " M 10|

< es(a, p)(t —s) "% 10|z,

AU (t, s)xlla = [[A)U (2,

< [lA@®U(t,

Therefore there exists r(a, 1) > 0 such that
IAMU (t, )zl < r(a, m)(t — 5)~ e 107z
for all t,s € R with ¢t > s. O

It should be mentioned that if U(t, s) is exponentially stable, then P(t) = I and
Q(t) =I—P(t) =0 for all t € R. In that case, (2.7)) still holds and be rewritten as
follows: for all z € B,

1T (¢, )]l < el)e 207t — )= Ja]]. (2.10)
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2.2. Wiener process and P-th mean almost periodic stochastic processes.
For details of this subsection, we refer the reader to Bezandry and Diagana [9],
Corduneanu [14], and the references therein. Throughout this paper, H and K will
denote real separable Hilbert spaces with respective norms || - || and || - ||x. Let
(Q, F,P) be a complete probability space. We denote by Lo(K,H) the space of
all Hilbert-Schmidt operators acting between K and H equipped with the Hilbert-
Schmidt norm | - ||2.

For a symmetric nonnegative operator () € Lo(K, H) with finite trace we assume
that {W(t), t € R} is a Q-Wiener process defined on (2, F,P) and with values
in K. Recall that W can obtained as follows: let {W;(t), t € R}, ¢ = 1,2, be
independent K-valued Q-Wiener processes, then

Wi (t ift>0
W(t) = 1(t) 1 =
Wo(—t) ift <0
is @-Wiener process with R as time parameter. We let F; = o{W(s), s < t}.
Let p > 2. The collection of all strongly measurable, p-th integrable H-valued
random variables, denoted by LP (2, H), is a Banach space equipped with norm
X )| o) = (BIX [P,
where the expectation E is defined by

szlgwmww.

Let Ko = Q2K and LY = Ly (Ko, H) with respect to the norm
[2]Fg = 12 Q213 = Tx(2QP") .

Definition 2.3. A stochastic process X : R — LP(Q2;B) is said to be continuous
whenever

lim B[ X (1) ~ X(s)[” = 0.

Definition 2.4. A stochastic process X : R — LP(Q);B) is said to be stochastically
bounded whenever

lim supP{HX(t)H > N} =0.
N—ooteRr

Definition 2.5. A continuous stochastic process X : R — LP(€);B) is said to be
p-th mean almost periodic if for each € > 0 there exists {(¢) > 0 such that any
interval of length [(e) contains at least a number 7 for which
supE|| X(t+7) - X@)|F <e. (2.11)
teR
A continuous stochastic process X, which is 2-nd mean almost periodic will be
called square-mean almost periodic.
Like for classical almost periodic functions, the number 7 will be called an e-
translation of X.

The collection of all p-th mean almost periodic stochastic processes X : R —
L?(Q;B) will be denoted by AP(R; LP(€;B)).

The next lemma provides with some properties of p-th mean almost periodic
processes.

Lemma 2.6. If X belongs to AP(R; LP(Q);B)), then
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(i) the mapping t — E|| X (¢)||P is uniformly continuous;
(i) there exists a constant M > 0 such that E|| X (t)||? < M, for each t € R;
(ili) X s stochastically bounded.

Lemma 2.7. AP(R; LP(Q;B)) € BUC(R; LP(%;B)) is a closed subspace.

In view of Lemma it follows that the space AP(R; LP(2;B)) of p-th mean
almost periodic processes equipped with the sup norm || - || is a Banach space.

Let (By, |-]l1) and (Ba,|-[|2) be Banach spaces and let LP(Q;B1) and LP(9; Bs)
be their corresponding LP-spaces, respectively.

Definition 2.8. A function F : R x LP((;By) — LP(;Bs)), (¢,Y) — F(t,Y),
which is jointly continuous, is said to be p-th mean almost periodic in t € R
uniformly in Y € K where K C LP(Q;B;) is a compact if for any € > 0, there
exists lc(K) > 0 such that any interval of length [.(K) contains at least a number

7 for which

supE|Ft+7,Y)—-FtY)|E <e
teR
for each stochastic process Y : R — K.

We have the following composition result.

Theorem 2.9. Let F : R x LP(Q;B;) — LP(;Bs), (t,Y) — F(t,Y) be a p-th
mean almost periodic process in t € R uniformly in Y € K, where K C LP(Q;B;)
is any compact subset. Suppose that F(t,-) is uniformly continuous on bounded
subsets K' C LP(Q;B1) in the following sense: for all e > 0 there exists 6. > 0 such
that X, Y € K' and E||X — Y ||} < &, then

E|F(t,Y)—F(t,2)|5 <e, VteR.

Then for any p-th mean almost periodic process ® : R — LP(;B1), the stochastic
process t — F(t,®(t)) is p-th mean almost periodic.

3. MAIN RESULTS

In this section, we study the existence of p-th mean almost periodic solutions
to the class of nonautonomous stochastic differential equations of type (1.2 where
(A(t))icr is a family of closed linear operators on LP(Q;H) satisfying (2.1)-(2-2),
and the functions Fy : R x LP(Q,H) — LP(Q,H), Fy : R x LP(,H) — LP(22,L9)
are p-th mean almost periodic in ¢ € R uniformly in the second variable, and
W is @Q-Wiener process taking its values in K with the real number line as time
parameter.

Our method for investigating the existence and uniqueness of a p-th mean almost
periodic solution to consists of making extensive use of ideas and techniques
utilized in [30], [2I], and the Schauder fixed-point theorem.

To study the existence of p-th mean almost periodic solutions to , we suppose
that the following assumptions hold:

(H1) The injection H, — H is compact.

(H2) The family of operators A(t) satisfy Acquistapace-Terreni conditions and

the evolution family U(t,s) associated with A(t) is exponentially stable;
that is, there exist constant M, § > 0 such that

Ut )| < Me=00)
for all t > s.
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(H3) Let w,a, 3 be real numbers such that 0 < p < o < 8 < 1 with 2a > p + 1.
Moreover, Hf, = H, and Hj; = Hp for all ¢ € R, with uniform equivalent
norms.

(H4) R(C, A()) € AP(R, LP(Q; H)).

(H5) The function F; : R x LP(Q,H) — LP(Q, H) is p-th mean almost periodic
in the first variable uniformly in the second variable. Furthermore, X —
Fi(t, X) is uniformly continuous on any bounded subset O of LP(§2, H) for
each ¢ € R. Finally,

sup Bf|Fy (¢, X)” < M ([[X]l)
S

where M; : R™ — R* is a continuous function satisfying
M(r)

lim ———= =0.
T—00 T

(H6) The function Fy : R x LP(2,H) — LP(Q,1L9) is p-th mean almost periodic
in the first variable uniformly in the second variable. Furthermore, X —
F5(t, X) is uniformly continuous on any bounded subset O’ of LP (2, H) for
each ¢ € R. Finally,

sup B|Fy(t, X)||” < Mz (|| X|l)
teR
where My : RT — R* is a continuous function satisfying lim Mo(r)/r =

0.

In this section, I'; and I's stand respectively for the nonlinear integral operators
defined by

(TX)(¢) = /_ Ul(t,s)Fi(s,X(s))ds,

t
(T2 X)(¢) == / U(t,s)Fa(s, X(s)) dW(s).

In addition to the above-mentioned assumptions, we assume that o € (07 % — %) if

p>2andac (0,3)if p=2.

Lemma 3.1. Under assumptions (H2)—(H6), the mappings T'; : BC(R, LP(£2, H))
— BCO(R,LP(Q,H,)) (i =1,2) are well defined and continuous.

Proof. We first show that I';(BC (R, LP(Q,H))) C BC(R,LP(Q,H,)) (i = 1,2).
Let us start with T'; X. Using (2.10) it follows that for all X € BC(R, L?(Q2, H)),

E[T X @)]12

<B[ [ et 9 et IR X)) as]

gd@%/lﬁ_@Jwe%t$@f1(/;eéﬂﬁwaaxwmww)
<eter(r- 23 ()7 (3) M0
<cap (- =27e) ™ (5)" M (1)
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and hence

T X8 o0 == iuﬂgEllFlX(t)IIZ < Ua, 6, p) M (
€

| Xloe)

» » p=1/ \p(l=a)
where [(a, 0, p) = c¢(a) (F(l -5 )) (3) .

Asto ', X, we proceed into two steps. For p > 2, we need the following estimates.
Lemma 3.2. Let p > 2, 0<a<1,a+%<€<1/2, and ¥ : Q x R — L3 be an
(Fi)-adapted measurable stochastic process such that

sup E[|¥(t)[|7o < 0o
teR 2

Then
(i) Bl [*_(t—s)CU(t,s)U(s) dW(s)||” < s(T,€,,p) sup,cz E[W(0)Ify;
(i) Bl [* Ut s)¥(s) dW(s)||% < k(T, 0, €,8,p) sup;c E[¥(@)7

where s(T',&,6,p) and k(T', o, €, 0, p) are positive constants with T' a classical Gamma
function.

Proof. (i) A direct application of a Proposition due to De Prato and Zabczyk [I§]
and Holder’s inequality allows us to write

B| / (t — o)~ ST (1, 0) ¥ (o) dW(o) |

<o [ 0o o))

— 00

< CPN”E{ /

—00

t p—1 t
< Cpr(/ (t — o) 26e=20(t=0) da) (/ e 2EDE| W (0)||7, da)
2

— 00 — 0o

2p¢ e 1\ "2 (1 »
S5 ) T () supEw ()7

< s(I',&,6,p) sup E[|W(t)[|7, .
teER 2

t p/2
(t = o) 220 W (o) |y do]

<N (P -

To prove (ii), we use the factorization method of the stochastic convolution integral.

/ U(t,s)\l’(s)dW(s):Sh;ﬂg(RgSq,)(t) as. (3.1)

— 00

where
t

(ReSw)(t) = / (t— )7 U(t, 5)Sy(s)ds

— 00

with
Su(s) = / (s — 0) U (s,0)¥(0) dW(o)

— 00

and ¢ satisfying o + % < & < 1/2. We can now evaluate

E| / U(t, 5)U(s) dW(s)|I,
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< S0 g / too(t—s)_5||U(t,S)S\1/(S)||ad5r

™

< M(a) ’SIH(W£)| E|:‘/_ (t_S)f—a—le—ts(t—s)”S\P(S)HQdS:|P

(

t _
R B T

™

t
X ( / e‘é(t_s)EHSq,(s)des)
(I, a,€,6,p) sup E[|Su (s)]|”.
seR
On the other hand, it follows from part (i) that
E[[Se (t)[|” < (T, €, 6, p) iuﬂgEll‘I’(t)Hi’o- (3-2)
c 2

Thus,

E| / 5) dW(s)7
<r(T,a,&6,p)s(T,€,6,p) b;llﬂrgEll‘l’(t)llﬁo
c 2

<K, 0, &6, p)sup B[ W (1)[]7, .
teR 2

We now use the estimates obtained in Lemma [3.2] (ii) to obtain
E[L2 X (@)[7 < k(a,&,6,p) SU£E||F2(S,X(S))Hio
te 2

k(e &0, p)Ma (|| X|lsc)
and hence
T2 X% o < E(a, &8, p) Mo (|| X]lo0)
where k(o &, 6, p) is a positive constant. For p = 2, we have

BIRX O =Bl [ U 9)R (s X(6)aw):

< e(a)? / (t - 5)"2e=00=IE|| Fy(s, X (5))]2,

< ¢(@)’T(1 = 2a)6" > M (| X ||
and hence
T2 X |2 oo < s(a, O)Ma([|X]loo)

where s(a,8) = c(a)?T (1 — 200" 2.

For the continuity, let X™ € AP(R; L?(Q,H)) be a sequence which converges to
some X € AP(R; L?(Q,H)); that is, | X™ — X||oc — 0 as n — oo. It follows from
the estimates in Proposition [2.1] that

B| / U(t, 5)[Fi (5, X" (5)) — Fy(s, X(s))] ds?
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<E| / C @)t - 5) e I Fy (5, X7 (s)) — Fi(s, X(5))] as)’

—00
Now, using the continuity of F; and the Lebesgue Dominated Convergence Theorem
we obtain that

E||/ U(t, 5)[Fi(s, X"(5)) — Fi(s, X ()] ds|?. — 0 as n — oo.
Therefore,
IT1 X" —T1X|lco,a — 0 asn— oo.

For the term containing the Wiener process W, we use the estimates in Lemma
to obtain

Bl [ U(5)[Fa(s, X"(5) ~ Fals X(9)] W)
< k(o .8,p) sup B Fa(t, X"(0) ~ Falt, X(0))”
for p > 2 and

B [ U85, X7 6) - Falo, X))

<) [ (@ e BB 5, X)) - P, X)) ds

for p = 2.
Now, using the continuity of G and the Lebesgue Dominated Convergence The-
orem we obtain that

E||/ Ul(t, s)[Fa(s, X"(s)) — Fa(s, X ()] dW(s)||5Z -0 asn — .

Therefore,
IToX™ —T9X|loo,a — 0 asn— oo.
O
Lemma 3.3. Under assumptions (H2)—(H6), the integral operator T'; (i = 1,2)
maps AP(]R, LP(Q,H)) into itself.

Proof. Let us first show that I'; X(+) is p-th mean almost periodic et let fi(t) =
Fi(t,X(t)). Indeed, assuming that X is p-th mean almost periodic and using
assumption (H5), Theorem and [39, Proposition 4.4], given £ > 0, one can find
lc > 0 such that any interval of length [. contains at least 7 with the property that
Ut +7,5+7) = Ult,s)|| < ee 20—
forall t —s > ¢, and
Blfilo+7)— AP <7

for each o € R, where n(¢) — 0 as ¢ — 0. Moreover, it follows from Lemma [2.6] (ii)
that there exists a positive constant K7 such that

sup E|| f1 (0)|” < K.
og€eR

Now, using assumption (H2) and Holder’s inequality, we obtain

E[DX(+7) T X@)["
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> p
g3p—1E[/ |0+t + 7= 9)lfi(t+7—s) = fult — s)] ds]
0
1 *° P
+3 VB [ U= ) = Ut = s) | A1t~ s)]| ds]
EE )
43 UB[ [ UG+t =) - Ut - 9l - )] ds]
0
-1 > —0s P
<ETMPE[ [ e AT =)~ filt 5 ds]
0

+37 1 B T e — " e E| [ 2 it — :
1 s)||ds| +3P7"MPE 2e7 % f1(t — s)|| ds
0

€

< 3p—1MP(/OO ¢=b ds)pfl(/oo OB fi(t 47— 8)— fi(t — )P ds)
0 0
+ 3P~ 1eP (/OO e % ds)pil(/oo e’ (t—s)|P ds)
0 €
+ 6P~ M (/06 e %8 ds)p_l(/oE e_%EHfl(t —9)|? ds)

o0 P
< 310*1MP</ e 08 ds) supE| fi(t+ 71 —s) — fi(t — s)[|?
0 seR

(o)
P
+3p_1€p(/ e_‘ssds) suﬂgEHfl(t—s)Hp
s€E

€

€ P
—|—6”*1M”</ e ds) " sup B f1(t — )]
0 seR
1 1
<3P (5 )0+ 3T IMPKG (55 )+ 6T MK,

As for Ty X (+), we split the proof in two cases: p > 2 and p = 2. To this end,
we let fo(t) = Fa(t, X(t)). Let us start with the case where p > 2. Assuming that
X is p-th mean almost periodic and using assumption (H6), Theorem [2.9] and [39,
Proposition 4.4], given € > 0, one can find /. > 0 such that any interval of length
l. contains at least 7 with the property that

Ut +7,s+7) = Ut,s)|| < ee 30

for all t — s > ¢, and
Ellfa(o +7) = fa(o)[I” <n
for each o € R, where n(¢) — 0 as e — 0.

Moreover, it follows from Lemma (ii) that there exists a positive constant
K5 such that

sup E[[ fo(o)||” < K.
g€eR
Now

E[f2(t +7) = fa@)[”
< 3 1EH/ Ut+rt+7—23) |:f2(t+7' —38)— falt — s)} dW(s)|”

+3p_1EH/ (U7t 47— ) = Ut = )] folt — ) awi(s) P
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+3 g /O (Ut +mt 47— ) = Ult, 1 5)] folt — 5) W)

We then have

E|T2X(t+ 1) — T X ()P
p/2

< O] [T N0t 77 P+ 7 5) — ot 5y ]
0
. e’} 9 2 p/2
3P CpE{/ Ut +7t+7—5) —U(t,t—s) ||f2(t—8)||Lgd5}
L € 9 2 p/2
+PIGE[ [0+ rt4 T —0) Ut - )Pl — 9y ds]
0
p—1 P = 265 2 v
< ICMIB] [ e ot - s) — folt — )7 ds]
0
oo /2
4 3p_1CpspE[/ e folt — )2y ds]”

€ p/2
+ 3= lor/20 E[/ €208 || £y (t — 5)”11%3 ds}
0

2

cocpn( [T tsa) T ([T
0 0
o0 _ _pds pT4 o0 pds
+3P—10,,5P(/ e =5 ds) (/ B fo(t — )7y ds)
) € pds ’)2;26 € pds
+3p_12p/20pMp</ e p2 ds) (/ e_TEHfg(t—s)Hig ds)
0 0
o7} nés =2 [e%¢) s
§3p_1CpMp77(/ e r-2 ds) : (/ e~z ds)
0 0
o0 pds % o0 pds
+3pfle€ng(/ e 2=2) ds) (/ e 4 ds)
I

€

falt+7=5) = falt = 5)Fy ds)

p—

€ p—2 €
+3p712p/20pM1"K2</ = ds) : (/ e ds)
0 0

< 3P—1CpMpn(%)p_2(%)

_ 20p—2)\ 22/ 4 _
p—1 p p—1op/2 P p
+ 37 Cpe Kg( 3 ) (p5) + 3PT2PEC, MP KoeP.

As to the case p = 2, we proceed in the same way an using isometry inequality to
obtain

E|T2X(t+71) = T2X (1))

< 3M2</ 67258 ds) sup EHfQ(G' —+ T) — f - 2(0')”1%8
0 c€eR

o0 €
+3¢%( / e~"* ds) sup Bl o (o) + 614° / e ds) sup B (o)
g o o

M? K.
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Hence, I's X () is p-th mean almost periodic. O
Let v € (0,1] and let
BCY (R, LP(Q, H,)) = {X € BC(R, LP(Q,Hy)) ¢ [|Xlay < oo},

where

1/p
1/ [Elx(t) - X(s)lIz]
|Xlay = sup [EIX@IE] "+ sup
teR t,sER,s#L }t — S|’Y

Clearly, the space BC” (R, Lr(Q, HQ)) equipped with the norm || - ||~ is a Banach
space, which is in fact the Banach space of all bounded continuous Holder functions
from R to LP(Q, H,) whose Holder exponent is 7.

Lemma 3.4. Under assumptions (H1)—(H6), the mapping T'y defined previously
maps bounded sets of BC(R, LP(Q,H)) into bounded sets of BCY(R, LP(2,H,))
for some 0 <~ < 1.

Proof. Let X € BC(R, L?(Q,H)) and let f1(t) = Fi(t, X (t)) for each t € R. Pro-
ceeding as before, we have

BN X (1) < BT X (1) < - 1(8,6,p) M (I X]1)
Let t1 < to. Clearly, we have
E[[(T1X)(t2) — (M1 X)(t) 15

< 1g| / “Ultas)fa(5) s, + 20 E| / Uty ) — Ultr, )l fa(s) ds]?

to t1 to
—om [ v nea 2wl [ ([0 s as
t1 —00 t1 T

ta

to t1
= 1R U(tg,s)fl(s)dsng+2P—1E||/_ (t A(T>U(T7s)f1(8>d7)ds\\5

tl 1

= N; + Ns.
Clearly,
ta D
N < B{ [ 1U(t2,9) ()] ds)

ty

ta
< cfa)E{ / (ts = 5) e 30 py(s)] ds

< c(a)? (M1(||XH)) (/:2(,52 — s)ﬂae—g(tz‘_s))pl(/tl T ds)
< c(a)? (Ml(”XH)) (/:2(252 — 3)_%0‘)0_1 <t2 _ tl)

1
—(p—1)
< cla)? My () X)) (1 - Z%a) (ts — t1)P(1=)
Similarly, using estimates in Lemma

Ny < B /tl (/f |A(T)U (. 8) i) dr ) s}

— 00 t1
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<r(p, a)”E{/ ( / " e s H ) dr) ds}’

—0o0 t1

ty

p—1

<rlmarB[ [ ([ -t a) T

— 00

<(f " et ) ds) ar]

< rmar( [ !

— 00

X {/’52 (/tl (T_S)*p%lae_%“_s) ds)%) dT}p
t1 —o0

< () ( / ! e 1R fy(s)]” ds)

— 00

X {/:2(7—151)_0‘(/:; e=3(r—9) ds>%> dT:|p
< r(uﬂ)”(/tl

— 0o

p

e H IR fy(5)]” ds)

_ 8t —s
e SO fi(s) |7 ds)

X {/ttz(Ttl)O‘(/ootl efgrdr>T) dTi|p

1 T—

< r(p, )’ My (]| X])) (i)p(l —B) (b — 1P

For v =1 — a, one has
E[[(T1X)(t2) — (1 X)(8)]5 < s(e, 8,0) M ([IX]])[t2 — ]

where s(a, 3,0) is a positive constant. O

Lemma 3.5. Let ,3 € (0,%) with o < 8. Under assumptions (H1)-(H6), the

mapping Iy defined previously maps bounded sets of BC (R, Lr(Q, H)) into bounded
sets of BCY(R, LP(Q,H,)) for some 0 <~y < 1.

Proof. Let X € BC(R,LP(Q,H)) and let fo(t) = Fa(t, X(¢)) for each t € R. We
break down the computations in two cases: p > 2 and p = 2.
For p > 2, we have
E|T2X (1|5 < cEBIT2X (1) < ¢~ k(B, & 6,p)Ma (|| X|l) -
Let t1 < ty. Clearly,
E[|(D2X)(t2) — (T2 X)(t1)[]5

< -1 / Ulta, 5) fols) AW (s)]2

t1
+ 2P 1E|| / [U(ta,s) = Ul(ta, s)] f2(s) dW(s)[%,
= N; + N,.
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We use the factorization method (3.1]) to obtain

sin(w€)
V= 2Dy [ 0098 0

< \M!’”E[ / (e - )50 (b2, 5)85, () |

™

ta
< M@ PR [T - 9 - e s (9] o]

< 210 2Oy ([0, g as)”

™ t

ta
< ( / (12— 5) P00 P IRS , (5) P ds )

t1

< vy ([ Yt sy as)

ta
X / (ty — 5) P8 ePE(t=s) ds) sup B[Sy, (1)[|P
teR

—(p—1)
<searp)(1- 2ra) " Ma(IX ) 12 070

where s(€,0,T, p) is a positive constant. Similarly,
=l [* [ [ Lot s asl
t1
—u) [ [ [ At syar] oy awiss.
—00 t1

Now, using the representation (3.1)) together with a stochastic version of the Fubini
theorem with the help of Lemma [2.2] gives us

Ny = ’sin:rf) "E|| /tt2 (A(T)U(T, t1) /tl (t1 — 8)* 71U (t1,8)St, (s) ds) dr||®

< [2EDpu] [*([" -9 AU ()50 6 ds) dr]”
<) IO PB] [ ([0 A5 0 ds) ar]”

where £ satisfies 3 —|— < & < 1/2. Since 7 > t1, it follows from Holder’s inequality
that

tl — 7§ T—S8 p
/ (s = 5)¢ e 48, () ds ) dr]

—0o0

ST(,u,a Sm(ﬂf’pE (/ adr)p
ty

™
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([ =ty

— 00

. t1 . P
<r(u, a)}—smfg (2 = 1)) ( / (b — )71 670Dt (7 g )

ty
([ et as) s Bls ol

M€ 8,01, p)(1 — 0) P Mo X|oc) (t2 — 1170~

For v =1 — «, one has

[BI(T2X)(t2) = (D2 X) (1)1

—1

}1/17

1/p
< (€80T p)(1 =) [ Ma(IX]1)| (2 =)
As for p = 2, we have
EI|Ds X (8)]2 < cE|T2X (1) < c- (8, 6)Ma (|1 X|oo) -
For t; < tg, let us start with the first term. By Ito isometry identity, we have

to
N < c(a)2{/ (ta — 5) 2 =27E| fo(s)||7, ds

< C(a)2(/t 2(t2 _ 5)72(1 d5> iggEHfQ(S)”]ig
< c(a)(1 = 2a) " Mo (|| X ||oo) (t2 — t1)" 2.

Similarly, using the estimates in Lemma [2.2] we have

M=) [ | [ U ar] ) aw (o)

*EH/ / U (. ) dr) fols) AW (s)]2

ty

=8| | " AU, m{ Ultr,5) fa(s) AW (s) } dr]

— 00

gE/ [ At e o))

o (tz—tl)/t {/n (r — 5) 2% 0B os)|2y ds  dr

— 00

to )
< ()t — ) / (r = 1) dr) e HETIE| fo(s)|2y ds)
21 5o

< (s @)* (1= 20) " Mo (|| X [loo) (£2 — 12)20 ).
For v = % — a, one has

[BX)(t2)- X @)IE] ' < rie.5.0)0-20) 2 [Ma(1x10)]  (t—t1)

Therefore, for each X € BC(R, LP(£2,H)) such that E|| X (¢)||? < R for all ¢ €
R, then T';X(¢) belongs to BCY(R, LP(Q,H,)) with E|| ;X (¢)||? < R’ where R’
depends on R. (]
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Lemma 3.6. The integral operators T'; map bounded sets of AP(Q, LP(Q2,H)) into
bounded sets of BCY(R, LP(Q,H,)) N AP(R,LP(Q,H)) for0 <y < a ,i=1,2.

The proof of the above lemma follows the same lines as that of Lemma and
hence it is omitted. Similarly, the next lemma is a consequence of [30, Proposition
3.3]. Note in this context that X = LP(Q,H) and Y = LP(Q, H,).

Lemma 3.7. For 0 <~y < a, BC(R, LP(Q,H,,)) is compactly contained in
BC(R, LP(Q,H)); that is, the canonical injection
id: BC"(R, LP(,H,)) — BC(R, LP(Q2, H))
is compact, which yields
id : BCY(R, LP(Q, H,)) N AP(R, LP(Q, H)) — AP(R, LP(€, H))
is also compact.

The next theorem is the main result of Section 3 and is a nondeterministic
counterpart of the main result in Diagana [21].

Theorem 3.8. Suppose assumptions (H1)—-(H6) hold, then the nonautonomous
differential equation Equation (1.2]) has at least one p-th mean almost periodic so-
lution.

Proof. Let us recall that in view of Lemmas [3.7] and [3:3] we have
1(Ts + T2) X oo < d(8,8) (M (I X [l) + Ma(| X |sc) )

and
E[(Iy 4 T2) X (t2) — (T1 + T2) X (t1)]%

< (0, 3,0) (M1 (1 Xl1) ) + Ma(1 X o) ) 2 = ta]”

for all X € BC(R, LP(2,H,)), t1,t2 € R with t; # to, where d(8,9) and s(«, 3,0)
are positive constants. Consequently, X € BC(R,LP(Q,H)) and || X]ew < R
yleld (Fl + FQ)X € BC’Y(R, LP(Q,HQ)) and ||(F1 + FQ)XHZ,OO < Ry where Ry =
(e, 8,6) (M1(R) + M2(R)). since M(R)/R — 0 as R — oo, and since E|| X||P <
cE|| X% for all X € LP(Q2,H,), it follows that exists an r > 0 such that for all
R > r, the following hold

(1 +Tg) (BAP(R,LP(Q,H))(07R)) C Bpev®,Lr(@H.)) N Bapmw,rr(o,m) (0, R) .

In view of the above, it follows that (F1 + Fz) : D — D is continuous and compact,
where D is the ball in AP(R, LP(Q, H)) of radius R with R > r. Using the Schauder
fixed point it follows that (I‘1 + Fg) has a fixed point, which is obviously a p-th
mean almost periodic mild solution to . (Il

4. SQUARE-MEAN ALMOST PERIODIC SOLUTIONS TO SOME SECOND ORDER
STOCHASTIC DIFFERENTIAL EQUATIONS

In this section we study and obtain under some reasonable assumptions, the ex-
istence of square-mean almost periodic solutions to some classes of nonautonomous
second-order stochastic differential equations of type on a Hilbert space H
using Schauder’s fixed-point theorem.

For that, the main idea consists of rewriting as a nonautonomous first-order
differential equation on H x H involving the family of 2x2-operator matrices £(t).
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Indeed, setting 7 := <

H x H in the form
dZ(w,t) = [£(t)Z(w,t) + F1(t, Z(w,t))] dt + F2(t, Z(w,t))dW(w,t), (4.1)

where t € R, £(¢) is the family of 2 x 2-operator matrices defined on H = H x H

by
0 1
(1) = (—b(t)A —a(?)IH> (42)

whose domain D = D(£(t)) is constant in ¢ € R and is given by D(£(t)) = D(A) x
H. Moreover, the semilinear term Fj;(i = 1,2) appearing in (4.1) is defined on
R x H,, for some a € (0,1) by

Fi(t, Z) = (fi(t(?X))’

where H, = 7:la x H with ﬂa is the real interpolation space between B and D(.A)
given by Hy := (H, D(A))
First of all, note that foraboo< a < g <1, then
L*(Q,Hp) — L*(Q,Ha) — L*(Q;H)

are continuously embedded and hence therefore exist constants k1 > 0, k(o) > 0
such that

X 3 . . .
dX(t)) , Equation (1.3]) can be rewritten in the Hilbert space

E|Z|? < kE||Z||2 for each Z € L*(Q, Ha,),
E|Z|2 < k(a)E|Z||} for each Z € L*(, Hg).

To study the existence of square-mean solutions of (4.1]), in addition to (H1) we
adopt the following assumptions.
(H7) Let f;(i =1,2) : Rx L?(Q; H) — L2(Q; H) be square-mean almost periodic.
Furthermore, X +— f;(¢, X) is uniformly continuous on any bounded subset
K of L?(;H) for each t € R. Finally,

sup B fi(t, X)|I* < M (]| X]|)
teR

where M; : Rt — RT is continuous function satisfying
lim 7./\/11'(7’)

r—00 r

=0.

Under the above assumptions, it will be shown that the linear operator matrices
£(t) satisty the well-known Acquistapace-Terreni conditions, which does guarantee
the existence of an evolution family (¢, s) associated with it. Moreover, it will be
shown that $U(¢, s) is exponentially stable under those assumptions.

4.1. Square-Mean Almost Periodic Solutions. To analyze (4.1]), our strategy
consists in studying the existence of square-mean almost periodic solutions to the
corresponding class of stochastic differential equations of the form

dZ(t) = [L(t)Z(t) + Fi(t, Z(¢))]|dt + Fa(t, Z(t))dW(t) (4.3)

for all ¢+ € R, where the operators L(t) : D(L(t)) C L*(Q,H) — L?(Q,H) satisfy
Acquistapace-Terreni conditions, F;(i = 1,2) as before, and W is a one-dimensional
Brownian motion.
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Note that each Z € L?(Q, H) can be written in terms of the sequence of orthog-
onal projections F,, as

o0 TYn o0
X =) > (X.ehek => E.X.
n=1

n=1k=1
Moreover, for each X € D(A),

o] Yj [e’e}
AX =) N> (X eheh =Y NE;X.
j=1 k=1 j=1

X

Therefore, for all Z := (Y

) € D(L) = D(A) x L*(Q,'H), we obtain

102~ (ioa iHnn) ()
_< b(tAX—a ) ( bt /\EXE—BL/()Z;L’O_IE,,Y>
=2 (oo, o) (v 50
=§:An(>
where -
and

0= (Luiip, ) *=1

Now, the characteristic equation for A, (¢) is
A2 4 a(t)A 4+ \pb(t) =0 (4.4)
with discriminant A, (t) = a?(t) — 4\,b(t) for all t € R. We assume that there
exists dg, 7o > 0 such that

inf 2 inf . 4.
tHElRa(t) > 200 > 0, inf b(t) > v >0 (4.5)

From (4.5)) it easily follows that all the roots of (4.4]) are nonzero (with nonzero
real parts) given by
v —a®) VB —alt) — VA

wi(r) = ~MOEVEA iy - ZMOZ VAT,

that is,
o(4n(t) = N1, 251) }.

In view of the above, it is easy to see that there exist v9 > 0 and 0 € (g, 7r) such
that

Sp U {0} C p(L(t) — vol)
for each t € R where

ng{ze(C\{O}:‘argz’ SQ}.
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On the other hand, one can show without difficulty that A, (t) = K, 1(t)J, (¢) K, (t),
where

Jn(t)(/\?o(t) xgo(t))’ K"(t)(/\’fl(t) A31(t)>

and

o 1 ()1
K““)Aﬂw—xyﬂ<xﬁw —4)'

For A € Sp and Z € L*(Q, H), one has

(A= An() " Pz

NE

R\, L)Z =

n=1

Kn,(t) (A = Jo(t)P,) 'K L (t) P, Z.

n

M

n=1

Hence,

E|[RO\NDZIP <Y [Kn(8) Pa(A = Jn(t) Pa) " K, (8) Pall B BN Pa Z

n=1

<D KO Pall B | = Tu(O)P) ™ B0 15 () Pall B BN P Z .
n=1
Zy

Moreover, for Z := < Zs

> € L?(Q,'H), we obtain

E|Kn(t)PoZ|? = Bl EyZy + EpZo|® + E| N EnZy + \Ey Zo||?
<3(1+ A|")El 212
Thus, there exists C7 > 0 such that
E||K,(t)P,Z||> < Ci|AL (1) |E| Z|* for all n > 1.

Z

Similarly, for Z := < Zs

) € L?(Q,H), one can show that there is Cy > 0 such that

C

B ORZI < oy

E|Z|* foralln> 1.

Now, for Z € L*(2,’H), we have
1 0 9
EHAJMQRJlﬂz_EH<kM#) i (ZQH
0 =z ) \Z2

1
< ————E[Z]?
S poanmp Al

Let Ag > 0. Define the function

— E||Z,|%

R
N = TR0

It is clear that 7; is continuous and bounded on the closed set

Yi={AeC: |\ < g, |argA| <0}
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On the other hand, it is clear that 7 is bounded for |A\| > Ag. Thus 7 is bounded
on Sy. If we take

stup{m:)\eﬁg, n>1, j:1,2,}.
Therefore,
E[|(A = J.()P) 1 Z|? < T IAIEHZHQ, A€ Sp.
Consequently,
IROL L)) <
1+ ||

for all A € Sp.
First of all, note that the domain D = D(L(t)) is independent of ¢t. Now note
that the operator L(t) is invertible with

. —a(®)b ')A - (t)A!
Lt = (TOPOAT 04 g

Hence, for t,s,r € R, computing (L(t) —L(s))L(r)~! and assuming that there exist
Lo, Ly > 0 and p € (0,1] such that

la(t) — a(s)‘ < Lot — 8|#, b(t) —b(s)| < Ly|t — s
it easily follows that there exists C' > 0 such that
E[(L(t) = L(s)L(r) " Z|* < Clt — s

- (4.6)

*E|z|%.

In summary, the family of operators {L(t)} +eR satisfy Acquistpace-Terreni condi-
tions. Consequently, there exists an evolution family U (¢, s) associated with it. Let
us now check that U(¢,s) has exponential dichotomy. First of all note that For
every t € R, the family of linear operators L(t) generate an analytic semigroup
(e7FM), 54 on L2(Q,H) given by

etz =" Ki(t)" ' P " PK () PiZ, Z € L*(Q,H).
=1
On the other hand,

Elle™"OZ|> =Y 1Ki(6) " Pill o €™ Pl B |1 Ki(8) Pill 00 EIPZ?,
=1

with for each Z = (Z1>,
Z

PiT 2
EHBTJZPIZHQ — H ef1 El 10 <Z1) H
0 €p2TEl Z2

< E|eE 21 |* + E|e?" Ey Zo |
S 6_2607—E”Z”2.

Therefore,
et @) < Ce™®, 7 >0. (4.7)
Using the continuity of a, b and the equality

R(A, L(1)) = R(A, L(s)) = R(A, L(8))(L(t) — L(s)) R(X, L(s)),
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it follows that the mapping J > t — R(A, L(t)) is strongly continuous for A €
S, where J C R is an arbitrary compact interval. Therefore, L(t) satisfies the
assumptions of [42, Corollary 2.3], and thus the evolution family (U(¢,s))i>s is
exponentially stable.

It remains to verify that R(vyo, L(-)) € AP(R, B(L?(2;H))). For that we need to
show that L=1(-) € AP(R, B(L?(Q,H))). Since t — a(t), t — b(t), and t — b(¢t)~*
are almost periodic it follows that t — d(t) = —% is almost periodic, too. So for
all € > 0 there exists I(¢) > 0 such that every interval of length I(¢) contains a 7

such that
1 1 €
< dt+r)—dt
o b < A [T A

for all ¢t € R. Clearly,

€

< e
JATV2

L7t +7) = L7 )| < (}ﬁ _ %t)ﬁ + |d(t+7) — d(t)|2)1/2||A*1||B(H)

<e

and hence t — L~(t) is almost periodic with respect to L?(£2, H)-operator topol-
ogy. Therefore, R(vp, L(:)) € AP(R, B(L*(Q; H))).

To study the existence of square-mean almost periodic solutions of , we use
the general results obtained in Section 3.

Definition 4.1. A continuous random function, Z : R — L2(Q;H) is said to be a
bounded solution of (4.3)) on R provided that

2(t) = / Ut s)Fy(s, Z(s)) ds + / UL, 5)P(s) Fa(s, Z(s)) dW(s)
for each t > s and for all £,s € R.

Remark 4.2. Note that it follows from (H7) that F;(i = 1,2) : R x L2(;; H) —
L?(Q;H) is square-mean almost periodic. Furthermore, Z +— F;(t, Z) is uniformly
continuous on any bounded subset K of L?(Q;H) for each t € R. Finally,

sup B[ Fi(t, Z)[* < Mi (]| Z]| )
teR

where M; : RT™ — R is continuous function satisfying

lim 7/\41(7’)
r—00 r

=0.

Theorem 4.3. Suppose assumptions (H1), (H3), (H7) hold, then the nonauto-
nomous differential equation (4.3) has at least one square-mean almost periodic
solution.

In view of Remark the proof of the above theorem follows along the same
lines as that of Theorem B.8l and hence it is omitted.

Acknowledgments. The authors would like thanks the anonymous referee for the
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