Electronic Journal of Differential Equations, Vol. 2010(2010), No. 135, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

A BOUNDARY VALUE PROBLEM OF FRACTIONAL ORDER
AT RESONANCE

NICKOLAI KOSMATOV

ABSTRACT. We establish solvability of a boundary value problem for a nonlin-
ear differential equation of fractional order by means of the coincidence degree
theory.

1. INTRODUCTION

This article is a study of the boundary value problem of fractional order with
non-local conditions

D¥u(t) = f(t,u(t),u'(t)), a.e te(0,1),
DG *u(0) =0, nu(§) = u(1),

where 1 < a < 2,0 < ¢ < 1and 61 = 1. It will be shown that, with the present
choice of boundary conditions, the boundary value problem is at resonance. We
apply a well-known degree theory theorem for coincidences due to Mawhin [16].

The monographs [10] 20, 211, 22] are commonly cited for the theory of fractional
derivatives and integrals and applications to differential equations of fractional or-
der. Contributions to the theory of initial and boundary value problems for non-
linear differential equations of fractional order have been made by several authors
including a recent monograph [I3] and the papers [I1 2, @1 15 24]. Although an ap-
plication of the coincidence degree theory to a fractional order problem is not known
to the author, we can account for several results that have been devoted to both the-
oretical developments [5l [I7, [19] and applications [23] to various types of boundary
and initial value problems. A broad range of scenarios of resonant problems were
studied in the framework of ordinary differential and difference equations [I7] (more
generally, dynamic equations on time scales [3],[I1]) on bounded and unbounded [12]
domains with periodic [I8], non-local boundary conditions [4] [ [7, [8 23] as well as
boundary value problems with impulses [14].

2. TECHNICAL PRELIMINARIES

We start out by introducing the reader to the fundamental tools of fractional
calculus and the coincidence degree theory.
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The Riemann-Liouville fractional integral of order a > 0 of a function u €
LP[0,1], 1 < p < 00, is the integral

Tou(t) = ﬁ /0 (t — )" u(s) ds. (2.1)

The Riemann-Liouville fractional derivative of order a > 0, n = [a] + 1, is defined
by

Dou(t) = ﬁ% /0 (t — 5)"Lu(s) ds. (2.2)

Let ACY0,1] denote the space of absolutely continuous functions on the interval
[0,1] and AC™[0,1] = {u € AC[0,1] : u™ € AC[0,1]}, n = 0,1,2,.... We make
use of several relationships between and that are stated in the next two
theorems (see [10] 20} 22]).

Theorem 2.1. (a) The equality D*I%g = g holds for every g € L[0,1];
(b) Forue L'0,1], n=1[a] +1, 3> 0, if I" %u € AC"1[0,1], then

IPDu(t) = D Pu(t) —

n—1 1B—k—1 (dn—k—l

= (B —k) dt"*kflzn_au> (0).

For a < 0, we introduce the notation 7% = D™,
Theorem 2.2. If 3,a+ 3 >0 and g € L*[0,1], then the equality
I07Pg. =110
Definition 2.3. Let X and Z be real normed spaces. A linear mapping L :
dom L C X — Z is called a Fredholm mapping if the following two conditions hold:

(i) ker L has a finite dimension, and
(ii) Im L is closed and has a finite codimension.

If L is a Fredholm mapping, its (Fredholm) index is the integer Ind L = dim ker L —
codimIm L.

In this note we are concerned with a Fredholm mapping of index zero. From
Definition [2.3] it follows that there exist continuous projectors P : X — X and
Q : Z — Z such that

ImP=kerL, kerQ=ImL, X=kerLPkerP, Z=ImLE&ImQ
and that the mapping
leomLﬂkerP :dom L NkerP — ImL

is one-to-one and onto. The inverse of L|qom rnker » We denote by Kp : ImL —
dom L N ker P. The generalized inverse of L denoted by Kp g : Z — dom L Nker P
is defined by Kpg = Kp(I — Q).

If L is a Fredholm mapping of index zero, then, for every isomorphism J :
Im @ — ker L, the mapping JQ + Kpg : Z — dom L is an isomorphism and, for
every u € dom L,

(JQ+ Kpg) tu= (L+J 'P)u.
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Definition 2.4. Let L : dom L C X — Z be a Fredholm mapping, E be a metric
space, and N : E — Z be a mapping. We say that N is L-compact on E if
QN :E — Zand KpgN : E — X are continuous and compact on F. In addition,
we say, that NV is L-completely continuous if it is L-compact on every bounded
FCX.

The existence of a solution of the equation Lu = Nu will be shown using [16,
Theorem IV.13].

Theorem 2.5. Let 2 C X be open and bounded, L be a Fredholm mapping of index
zero and N be L-compact on §). Assume that the following conditions are satisfied:
(i) Lu # ANu for every (u, \) € ((dom L\ ker L) N 982) x (0,1);
(i) Nu ¢ Im L for every u € ker L N 98);
(i) deg(JQN |ker Lroa, 2Nker L,0) # 0, with Q : Z — Z a continuous projector
such that ker @ =Im L and J : Im Q) — ker L is an isomorphism.
Then the equation Lu = Nu has at least one solution in dom L N Q.
Suppose now that the function f satisfies the Carathéodory conditions with
respect to LP[0, 1], p > 1; that is, the following conditions hold:

(C1) for each z € R™, the mapping t — f(¢,2) is Lebesgue measurable;

(C2) for a. e. t € [0,1], the mapping z — f(¢, z) is continuous on R™;

(C3) for each r > 0, there exists a nonnegative ¢, € LP[0, 1] such that, for a. e.
t € [0,1] and every z such that |z| < r, we have |f(t,2)] < ¢,(¢).

3. MAIN RESULTS

Consider the differential equation

DYu(t) = f(t,u(t),u'(t)), a.e te(0,1), (3.1)
of fractional order 1 < a < 2, subject to the boundary conditions
D*?4(0) = 0, (3.2)
nu(§) = u(l),

where 0 < ¢ < 1 and
et =1. (3.4)
We let the following assumption stand throughout this article:
P) p> 5 and ¢ = b5
Let AC10c(0, 1] be the space consisting of functions that are absolutely continuous
on every interval [a,1] C (0,1]. We introduce the space

Xo ={u:ue AC[0,1], v' € AC)(0,1], D*u € LP[0,1]}.

Let
X ={uecC[0,1]nC0,1]: lim >~/ (t) exists}
t—0
with the weighted norm ||u| = max{||ul|o, |[t2~%u'||o}, where || - ||o is the max-norm
and [[t*~*v[lo = sup,e o1 [£*"“v(t)]. Let Z = LP[0,1] with the usual norm || - ||,

where p satisfies (P). Define the mapping L : dom L C X — Z with

dom L = {u € X : u satisfies (3.2) and (3.3)}
and Lu(t) = D*u(t).
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Define the mapping N : X — Z by
Nu(t) = f(t, u(t),u'(t)).

Lemma 3.1. The mapping L : dom L C X — Z is a Fredholm mapping of index
zero.

Proof. Tt is easy to see that ker L = {ct®~!: ¢ € R}. We claim that
ImL={geZ:nI%(&) =I%(1)}.
Let g € Z and
u(t) =I%(t) +ct* ', ceR.
Then Du(t) = g(t), a. e. in (0,1). By Theorem [2.2]
DO 2u(t) = T “u(t)
— I2—aIag(t) 4 CZQ—a(ta—l)
= T%g(t) + cl(a)t,

so that D*~2u(0) = 0. One can readily verify that, in view of (3.4)), u satisfies (3.3
provided nZ<g(€) = Z%¢(1). It is obvious that u € AC0,1]. Then u’ exists, for a.
e. t € (0,1], and, by Theorem

u'(t) =T tg(t) + cla — 1)t*72.

Moreover,

since

lim ¢~ g(t)] < lim £ gl =
— ~ =0t I'(a—1)((a — 2)g + 1)Y/4

Let t1,t2 € (0,1) and ¢ < t3. Then
T g(ta) — I Mg (ty)]
1 ta ) t1 )
- m‘/o (ta —5)*“g(s)ds —/0 (t1 —8)* “g(s) ds’

- 1 to 75&72 ) X t1 75a727 75&72 e
- F(a)| A (t2 = 5)* “g(s)d +/0 ((ta —s) (t1 — $)°72) g(s) ds|

1 ta o 1 t1 o o
<ty = as s [ (0077 = =9 )

a— 1 h oa— a— /a
<Cilta—t) gl + O [ (=977 = (2= 97" ds] gl
0

a—2+1 b 1/q
< Ci(ta —t1) 244 lgll, + Ca {/ ((t1 - s)(a72)q — (ty — S)(aﬂ)q) ds} lgll,
0
o—o4 1
< Ch (ta —t1) #a lgllp
a— a— — 1/q
+ Oy (7 (g — ) D) g

where C is a generic constant that depends only on v and p. Thus, v’ € ACi.(0, 1].
Combining the preceding observations, we obtain that v € dom L. So, {g € Z :
nZ%g(§) =1%g(1)} € Im L.
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Let u € dom L. Then, for D*u € Im L, we have, by Theorem [2.1(b) and (3.2),
Dailu(o) a—1 ’Da72u(0) a—2 u(t) o Dailu(o)
') MNa-1) B ')
which, due to the boundary conditions (3.2]), (3.3)) together with (3.4), implies
that Du satisfies nZD*u(§) = Z*D*u(1). Hence, InL C {g € Z : nI%g(§) =
Z%g(1)}. Therefore, InL = {g € Z : nZ%g(&) =Z%g(1)}.

Define Q : Z — Z by

Qg(t) = k (NI%g(&) — T*g(1)) t* 7,

ToD%u(t) = u(t) — to—!

where

Then
Q%g(t) = k (NI*Qy(¢ ) 7°Qg(1)) t*!

(

= x e— 9 Qg ds — —— [ (1 9 Qg(s)ds )t
F L(a) Jo
(i /

78047180171 S*i ! 78(17180471 S
e s — s [ (=9 as) Qo

Il
=

(n€>*~' = 1)Qg(t)

|
z

= Qg(t)
in view of (3.4). Therefore, Q : Z — Z is a continuous linear projector with
KerQ =ImL.
Let g € Z be written as g = (9 — Qg) + Qg with g — Qg € KerQ = Im L and
Qg € ImQ. Hence, Z =Im L +Im@Q. Let g € Im LNIm Q and set g(t) = ct*~! to

obtain that Ia)
cl'(a c
0=7Z%(¢) —I%(1) = el 1) = -
1Z%(§) —I%(1) ' 20) U3 )=
which implies that ¢ = 0. Hence {0} = ImLNImQ and so Z = ImL ¢ Im Q.
Note that Ind L = dim ker L — codim Im L = 0; that is, L is a Fredholm mapping

of index zero. O

Define P: X — X by

Pu(t) = mpa Lu(0)t*—t

Since 0 < v —1 < 1,

1 d

D lu(t) = F(Q—a)dt/o (t — 8)' 7 u(s) ds.

Then
P?u(t) = ﬁDa_l(Pu)(O)to‘_l
L (;lt /t(t —s)lmagal ds) ’t:OPu(t)

- T(2-a)T(a)
= Pu(t).
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We have that P : X — X is a continuous linear projector. Note that ker P = {u €
X : D u(0) = 0}. Foru € X,

1 -
[Pullo = =— D~ u(0)]

()
and
122 (Puly = ﬁma*um».
Hence,
IPull = g 17 ulO)] (3.5)

Define Kp : Im L — dom L Nker P by

Kpyg(t) =I%(t), te(0,1).
ForgeImL,

LKpg(t) = D*I%(t) = g(t)
by Theorem [2.1fa). For u € dom L Nker P, we have D*~24(0) = 0 and D~ 'u(0) =
0. Hence, by Theorem (b),

KpLu(t) = ZD%u(t)
D h(0) ,y DORu(0)
I'(«) P(a—1)

a—2

= u(t)
= u(t).
Thus,
—1
Kp = (L|domLmkerP) .
Furthermore, using (P), we have

127 (Kpg)'llo = max [t*7*(Kpg)' ()]
te(0,1]

t27a t
< — [ (t—s)"2 d
< max e [l
2 t 1/q
< - t— (a*2)qd>
< max e ([ =9 ras)
—o-d . Il
" T(a) ((a—2)q+ a9
Similarly,
|Kpgllo = max |Kpg(t)
t€[0,1]
1 ¢ X
< _— t—s)” d
< s o [ (0= 9" gt ds
1 t 1/q
< t — g)la=bay )
< s o ([ =9 0as) "l
- ! Il
" T(a) ((a— g+ ¥l
Hence

1Kpgll < Allgllp, (3.6)
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where

1 a—1
T R RS L (e ey (37)
We introduce
QNu(t) = K(nZ* Nu(€) — T° Nu(1))=~!

K

= T(a) (77 /05(5 — ) L f(s,u(s),u'(s)) ds

_/O (1—8)*"1f(s,u(s),u'(s)) ds)ta—l

and

KpoNu(t) = Kp(I - Q)Nu(t) = = (”a) /0 (t — $)°~L(Nu(s) — QNu(s)) ds.

Now we are in position to prove the existence results. We impose the condiitions

(H1) there exists a positive constant K such that v € dom L \ KerL with
mingeoq7 [P (t)| > K implies QNu(t) # 0 on (0, 1];
(H2) there exist §, 3,t*~2v, p € LP[0,1] and a continuous nondecreasing function
¢ :]0,00) — [0,00) and z¢ > 0 with the properties:
(a) -
181l + 1=l < s
(b) for all z > x¢
o E4(4T@N)l,
~ (@) = A+ T(@M)UBlp + 11t ~27llp)
n 1+ T(a)A)[pllp
I(a) = 1+ T (@A) Bl + 122 ~27lp)

(c) f:]0,1] x R? — R satisfies

[f (&2, 9)| < 6() + B) ]| +v(O)ly| + p(t)d(|]);

(H3) there exists a constant B > 0 such that, for every ¢ € R satisfying |c| > B
we have

(3.8)

B(z);

sgn [e(nZuc(§) — Tuc(1))] # 0,
where u.(t) = et~ 1.

Theorem 3.2. If the hypotheses (P), (H1)-(H3) are satisfied, then the boundary
value problem (3.1)-(3.4) has a solution.

Proof. Let Q; = {u € dom L \ Ker L : Lu = ANufor some A\ € (0,1)}. Applying
(H1), QNu(t) = 0 for all ¢t € [0,1]. Hence there exists t; € (0,1] such that
|D*"(t)| < K. By Theorem 2.1 with 3 = 1,
ID%u(to) = D tu(ty) — D> u(0) — D*2u(0)ty "
= D* tu(ty) — D u(0)

since u € dom L. That is,
to
D 1u(0) = D tu(ty) — D%(s) ds,
0
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which implies
to
D 1u(0)] < [D*uty)] + / Du(s)] ds
0

< K + || Lul|
< K + ||[Nul|p.

By (3.5),

1 1
Pu|| = =——[D* 'u(0)| < = (K + || Nul|,)-
I1Pull = g D u(0)] < gy (€ + 1¥ull)
Since (I — P)u € domL NKer P =Im Kp, for u € Q4, ||(I — P)u|| < A||Nu||, by
(3.6) and (3.7). Also Pu € Im P = Ker L C dom L and, therefore,
K 1
< Pl + 10— Pl < 2 (L) v
l[ull < [Pull +[|( Jull < OO [Nullp
From (H2) and the previous inequality, it follows that

ey K 1
127l < gy + (a5 *+ ) (190 + 10 el

12 #2724 o + llells(llulo) )

or

1204 < K+ (1 +T(e)A)]|6]], (1L+T(@)A)[Blp lullo
I(a) = (L+T(@A)[[te=2]l, -~ T(e) = (1 +T(a)A)[[t29],
(1 + F(O‘)A)”p”P ¢(||U||O)
[(a) = (1+ () A)[[tr =27l '
(3.9)

Combining the above inequality with

K 1
llullo < m + (m

12 12272 o + [lpllyé(llullo) )

+ 8 (151 + 181 Mo

we obtain
L(a) = (L+T(@)A) 1Bl + 1t >7llp)
. A+ T()M)lpllp S(llullo),

I(a) = (L+T(@)M) (1Bl + E2271lp)
for all u € Q. Suppose that Q; is unbounded. If {|[t>7%u/|lo : u € Q;} is un-
bounded, then, by (8.9), so is {|jullo : v € Q1}. So, it suffices to consider the
case that {||ullo : w € 1} is unbounded. Then, in view of (3.8), we arrive at a
contradiction. Therefore, €2y is bounded.

Set Qy = {u € ker L : Nu € Im L}. Hence u, € ker L is given by u.(t) = ct®~1,
¢ € R. Then (QN)(ct*™1) = 0, since Nu € ImL = ker Q. It follows from (H3)
that |Jue|| = max{||ucllo, [[t2~%u.||o} = max{|c|, (o — 1)|c|} = |¢| < B; that is, Q2 is
bounded.

Define the isomorphism J : Im Q — ker L by Ju, = ue, u.(t) = ct®~! for c € R.
Let Q3 = {u € ker L : —AJ'u+ (1 = N\)QNu = 0, X € [0,1]}, if sgn[c(nZu.(£) —
Tuc(1))] = —1. Then u € Q3 implies Ac = (1—\) (nZuc(§) — Zuc(1)). If A =1, then
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c=0and, if A € [0,1) and |¢| > B, then 0 < Ac? = (1—\)c (nZuc(€) — Zu.(1)) <0,
which is a contradiction. Let Q3 = {u € ker L : \J " lu+(1-A\)QNu =0, A € [0,1]}
if sgn [c (NZuc(€) — Zu.(1))] = 1, and we arrive at a contradiction, again. Thus,
lucl] < B, for all u. € Qs.

Let © be open and bounded such that U_;Q; C Q. Then the assumptions (i)
and (ii) of Theorem are fulfilled. It is a straightforward exercise to show that
the mapping N is L-compact on €. Lemma establishes that L is a Fredholm
mapping of index zero.

Define

H(u,A) =£AIdu+ (1 — X\)JQNu.
By the degree property of invariance under a homotopy, if u € ker L N 982, then
deg(JQN |xer Lnoq, 2 Nker L,0) = deg(H(+,0),Q2 Nker L, 0)
=deg(H(-,1),Q2Nker L,0)
= deg(+1d,Q2 Nker L,0) # 0.
Therefore, the assumption (iii) of Theoremis fulfilled and the proof is completed.
O

Suppose that the hypothesis (H2) is replaced by
(H2’) there exist 4, 3,t* 2v,t“"2p € LP[0,1] and a continuous nondecreasing

function ¢ : [0,00) — [0,00) and yo > 0 with the properties:

(a)

_ I'a)
a—2 .
180+ 12 < T g
(b) for all y € [0,00) and ¢ € [0,1],
27 (y) < o(t*y);
(c) for all y > yo,
. K+ (14 T()A) 3],
~ D(a) = 1+ T(@)M)([IBllp + [[t2>lp)
L+ T (@A)t 2pll,
[(e) = (L +T(@)A) 1By + 1t =>7llp)
(d) f:]0,1] x R? — R satisfies
[f(t, 2, y)| < 6(8) + B0)]=] + (@)Yl + p(t)(ly])-
Then we have the following existence criterion whose proof is analogous to that
of Theorem 3.2

Theorem 3.3. If the hypotheses (P), (H1), (H2’), (H3) are satisfied, then the
boundary value problem (3.1)-(3.4)) has a solution.
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