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MULTIPLE SIGN-CHANGING SOLUTIONS FOR SUB-LINEAR
IMPULSIVE THREE-POINT BOUNDARY-VALUE PROBLEMS

GUI BAO, XIAN XU

ABSTRACT. In this article, we study the existence of sign-changing solutions
for some second-order impulsive boundary-value problem with a sub-linear
condition at infinity. To obtain the results we use the Leray-Schauder degree
and the upper and lower solution method.

1. INTRODUCTION

This article concerns the impulsive differential equation

y'(t) + f(ty(t),y' (1) =0, ted t#t,
AY'li=r, = Ik(y(tr)), k=1,2,...,m, (1.1)
y(0) =0, y(1) = ay(n),

where J = [0,1], f € C[J x RZRY], [, € C[RY, R, k=1,2,...,m, 0 < a < 1,
0=ty <ty <t2<"'<tm<’f]<tm+1:1.

The theory of impulsive differential equations describes processes which expe-
rience a sudden change of their state at certain moments. Processes with such a
character arise naturally and often, for example, phenomena studied in physics,
chemical technology, population dynamics, biotechnology and economics. For an
introduction of the basic theory of impulsive differential equation, we refer the
reader to [5].

In recent years, there have been many papers studying the existence of sign-
changing solutions to some boundary-value problems, see [2| [6l [8, @, [0, 5] and
the references therein. However, to the authors best knowledge, there are few pa-
pers that considered the sign-changing solutions for the impulsive boundary-value
problems. Usually, to show the existence of sign-changing solutions one employs
the variational method and the Leray-Schauder degree method. However, a suit-
able variational structure for impulsive boundary-value problems is yet unknown.
In 7, [12] 03], authors computed the algebraic multiplicities of the linear problems
corresponding to the discussed boundary-value problems, but we know that the
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algebraic multiplicities of impulsive boundary-value problem are not easy to com-
pute. Thus, there are many difficulties in studying the sign-changing solutions for
the impulsive boundary-value problem by the method mentioned above.

In this paper, we consider the sign-changing solutions for the impulsive three-
point boundary-value problem by the Leray-Schauder degree and strict upper
and lower solution method. We assume a sub-linear condition at infinity, and we
construct another pair of strict upper and lower solutions by conditions of f and Ij.
We will show a result of at least four sign-changing solutions, two positive solutions
and two negative solutions for . Moreover, we will give a description of the
exact locations of them.

2. PRELIMINARIES

Let J' = J\ {t1,t2,...,tm}, PCHJRY] = {x : J — R, 2/ is continuous at
t # ty, o is left continuous at t = t;, 2/ (t]) exists}. For x € PC*[J,R1], let

|zl per = max{|l]l, l2”[I},

where ||z| = sup,c;|z(t)| and ||2’|| = sup,c; |2/(¢)]. Then PC'[J,R'] is a real
Banach space with norm || - ||po1. Let 2,y € C[J,R!]. Define < as follows

x<yifz(t) <y(t) forallt € J.
Definition 2.1. A function u € PC[J,R'] N C?[J/,R!] is called a strict lower
solution of , if
u(t) + [t u(t),u' (1) > 0, &g,
AU |y, > Te(u(ty)), k=1,2,...,m, (2.1)
u(0) <0, wu(l)—au(n) <O0.
A function v € PC[J,RY| N C?[J’,R!] is called a strict upper solution of (1.1)), if
V() A+ S (o), (1) <0, tF# b,
AV =gy, < I(v(tr)), k=1,2,...,m, (2.2)
v(0) >0, v(1)—awv(n) > 0.
Let us introduce the following constants:

t
G = limsup maxilf( ,x,y)|7
lzl+ly|—oo t€7 ||+ [yl

Y S
6’“:1“?3‘119'%)" k=12..m, (2.3)
LRI P ¥
7_l—om k:1k.

To state the main results in this paper we need the following assumptions:
(H1) For each k € {1,2,...,m}, I+(0) = 0 and

jk(l')

lim
z—0

=dy > 0.
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(H2) f:1]0,1] x R? — R! is continuous, f(¢,0,0) = 0 and
i L&:%:9)
T

z—0

=d; < 0,
uniformly for ¢ € [0, 1].
From [3, Lemma 5.4.1], we have the following result.

Lemma 2.2. H C PC'[J,RY] is a relatively compact set if and only if for any
x € H, z(t) and z'(t) are uniformly bounded on J and equicontinuous at any
Jk(]i} = 172, . 717”L), where J1 = [O,tl], Jz = (tiflvti]; 1= 2,37. Lo,m o+ 1.

Now we define the operator A : PC1[J,R'] — PC'[J,R!] as follows:
(Az)(t)
_ t
1-—an

- / (t—8)f(s,2(s), @/ ())ds + 3 [Tula(t)(t — 1)

0<tp<t

at

/ (1 - 5)f(s,2(s), 2'(s))ds / "= $)f(s.2(s). 2’ (5))ds
0 0

_1—a77

m

1 _tom Z{[l —t —a(n —tp)Ik(z(ty)}, x € PC[J,RY.
k=1

From Lemma we know A : PC'[J,R'] — PC*[J,R] is a completely continuous
operator. The following Lemma can be easily obtained.
Lemma 2.3. y € PC'[J,RY] is a solution of (1.1)) if and only if y(t) = Ay(t) for
t€10,1]
Theorem 2.4. Assume that u1 and ug are two strict lower solutions of (L.1),
0 <y <1, then there exists Ry > 0 large enough such that

deg(l — A,Q,0) =1,
where Q = {ax € B(#, Ry) : 01 < x}, 01(t) = sup,¢ ;{u1(t), u2(t)}.
Proof. If we let I, = 0 in the proof of [II, Theorem 2.1], we can easily get this
theorem by slight modification. But for the completeness of this paper we will give
details of the proof of this theorem. For 0 < v < 1, we take 8 > 3, B, > Ok,
(k=1,2,...,m) with

4
1—an

= 28+ ) <1 (2.4)
k=1

From the definition of 3, there exists N > 0, such that
[f(t 2,y < B'(Jxl+yl), VEe J|z[+]yl >N,

and so
[f(ta, )l < Bl +y) + M, Ve zyeR, (2.5)
where M = Sup( , e sxR2, |o|+|y|<n |f(t; 2, y)|. Similarly, we have
|Ii(2)| < B'p|z| + My, VoeR, (2.6)

where M}, is a positive constant. Take

1 4
1—91—-an

Ry > max{||u1 || pct, Jua|| por s (M+Y M)} (2.7)
k=1
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Let 01( ) = supye s{ui(t), up(t)} for all t € J. Then 01 € PC[J,R']. Now we define

I xR2 S RY J RS RY (B=1,2,...,m) as follows:
o f(t701(t),y)v $<01(t)7
ullsy) = {f(t,aw, v 2 01(0), 2
7 _ ) I(on(te)), @ < on(te),
Toa(a) = { etk (29)

Define the nonlinear operator A; : PC'[J,R'] — PC'[J,R] as follows:

(Avz)(t)
t L , at n )
= 1—an /0 (1 - S)hl(&x(s)v‘m (S))ds 1 an /0 (77 - 5)h1<8,$(8),$ (8))d8
— [ il s+ 3 Vealalia)) - )
0<tp<t
~ T A~ te—aln =t aa(t)} vee
k=1

Clearly, Ay : PC[J,R'Y] — PC'[J,R!] is a completely continuous operator. Let
B(0, Ro) = {x € PC'[J,R"] : ||z] pcr < Ro}-
For any = € B(6, Ry), by -, we have for all t € J,
|ha(t, x(t), &' ()] < B iglj{\x(f)h lur ()], [u2 ()]} + Bl ()| + M < 28'Ro + M,
and for k=1,2,...,m

| Jr (2(t)| < By max{|z(ty)], [ui (tr)], luz(te) |} + My < B Ro + M.

Then
[Arz(t)]
1 ! o n ! ,
< 1-s)d —s)d 1 — s)ds|(28'Ro + M
<l [ a-wiss 2 [Tn—sds+ [C0- )R+ )
1 m B m
+ 7= Y (BiRo+ My) + Y (BiRo + My)
ankzl k=1
=, 1
< 20'Ry + M) 1)B,R )M
_1_a(ﬁ o+ +; ot 6k0+2 77+) k
2 T
< (2 M M
STz ﬁ-i—;ﬁk 170”7( +; k)

(2.10)
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Also we have

(O] < [ [ =9yt 12 [T opds 212 Ra + 1)

1 _
k=1 k=1
< 2 (2,6’+§:ﬁ’)R +—2 (M iﬂ )
=71_ an s k 0 1 n — k
(2.11)
Thus
4 i 4 U
1 < ! . :
lAszllper < 3— Om(Qﬁ + ;ﬂk)Ro + 1 an(M + I;Mk) < Rg
Then A;(B(0, Ry)) C B(6, Ry). Hence
deg(I — Ay, B(0, Ro),0) = 1. (2.12)

Now we prove that zg € Q whenever zg € B(f, Ry) with 29 = A;79. By Lemma

we have
xo (t) + ha(t,xo(t), 2o(t) =0, te€J, t#1ty,

Azpli—t, = Jpa(zo(te)), k=1,2,...,m, (2.13)
20(0) =0, xo(1) — awo(n) =0,
for any x¢ € B(0, Rp) with mg = A;x9. We need to prove
o1 < Zg. (2.14)
Let w(t) = o1(t) — zo(t) for all t € J. Then w € PC[J,R']. If is not true,
then sup,c;w(t) > 0. We have several cases to consider.
(1) w(0) = sup;eyw(t) > 0. In this case,
0 <w(0) = 01(0) — 20(0) = 01(0) = max{u;(0),u2(0)} <0,
which is a contradiction.

(2) w(l) = sup,eyw(t) > 0. Assume without loss of generality that oq(1) =
u1(1). Then

0 < w(l) = ur(1) — 20(1) < awi(n) — azo(n) < aw(n) < aw(l),

which is a contradiction.

(3) There exists ko € {1,2,...,m,m+1} and 79 € (tg,—1,tk,) such that w(m) =
sup;cyw(t) > 0. We may assume o1(79) = ui(70). We have two subcases: (3A)
u2(10) < u1(79), and (3B) ua(70) = u1(70).

For case (3A), we take dyg > 0 small enough such that [ro—0dg, To+00] C (tkg—1,tke)
and o1(t) = wuq(t) for all t € [19 — o, 70 + do]. Then w(t) = u1(t) — zo(t) for all
t € [0 — 0,70 + 6o]. Thus, w € C%[ry — by, 70 + do] and w(7p) is a local maximum
of w in [r9 — dg, 7o + dg]. Therefore w'(19) =0, w”(79) < 0 and so

0> w"(10) = uy(70) — g (10)
= uf (10) + h1 (70, 20(70), 2((70))
= u (70) + f(70,u1(70), u3 (70)) > 0,

which is a contradiction.
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For case (3B), let wy () = ua(t) —xo(t) for all t € (try—1,tk,). Fort' € (trg—1,tk,),
we have

Then wn (70) is a local maximum of wy in (tg,—1, ¢k, ). Thus wi(79) =0, wi(70) < 0.
Therefore

0 > wy(70) = uy(10) — 4 (70)
y 1(70, Z0(70), 2(70))

=uy(70) +h
= uy(10) + f(70,u2(70), u5(70)) > 0,

which is a contradiction.
(4) There exists ko € {1,2,...,m} such that w(tx,) = sup,c;w(t) > 0. We take

09 > 0 small enough such that w(ty, ) is a local maximum of w(t) in [tx, —do, tk, +00],
then we have w'(tx,) > 0 and w’(tzo) < 0. Thus,

+
+

0> w/(th) = uy(ty) — zo(tf,)
> [ull (tko) + jko (ul(tko))] - [‘ré(tko) + jko,l(xo(tko))]
= ull (tko) - x()(tko)

=w'(tg,) >0,

which is a contradiction.

From the discussion of cases (1)-(4), we see that holds. Since Q = {z €
B(6, Ro)|o1 < z}, it follows that Q C PC1[J,R!] is an open set. We see from
and the properties of topological degree that

deg(I — A1,,0) = 1.
Notice that A1z = Az for all z € Q, and so we have
deg(l — A,Q,0) = 1.
This completes the proof. (I

Corollary 2.5. Assume that uy is a strict lower solution of (1.1), 0 <~y < 1, then
there exists Ry > 0 large enough such that

deg(l — A,Q,0) =1,
where = {x € B(#, Ry) : u1 < x}.
Also we have the following Theorems.

Theorem 2.6. Assume that vi and ve are two strict upper solutions of (L.1),
0 <y <1, then there exists Ry > 0 large enough such that

deg(I — A,Q,0) = 1,
where Q={z € B(0,Ry) : © < 02}, 0a(t) = infiej{v1(t), v2(¢)}.
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Corollary 2.7. Assume that vy is a strict upper solution of (1.1), 0 <~ < 1, then
there exists Ry > 0 large enough such that

deg(l — A,Q,0) =1,
where @ = {x € B(0, Ry) : © < v1}.

Theorem 2.8. Assume that ui is a strict lower solution and vy is a strict upper
solution of (1.1), 0 <~ < 1, then there exist Ry > 0 large enough such that

deg(I — A,Q,0) =1,

where Q= {x € B(0,Ry) : u1 < x < v1}.

3. MAIN RESULTS

Theorem 3.1. Assume that (H1), (H2) are satisfied, 0 < v < 1 and has a
strict lower solution uy and a strict upper solution vy, such that uy < vy and uq,
vy are sign-changing on [0,1]. Then has at least four sign-changing solutions,
two positive solutions and two negative solutions.

Proof. From (H2), there exists 0 < g < Ry such that
f(t,—e,0) >0, f(t,e,0) <0, Vte]|0,1], Ve € (0,e9).
Let uq;(t) = —1/i, v1,;(t) = %, 1,7 = 1,2,.... Then there exists a natural number
ng > % such that
ui; A, ur A Uiy,

for each i, > mg. Since uy(t) = f% < 0, it follows that ui,(tx) = —1/i < 0,
k=1,2,3,...,m. By (H1) and (H2), we can easily show that

ufi(t) + f(tui(t),ui;(8) >0, t#t,

AUy le=, > Ti(uri(te)), k=1,2,....m,

u1,:(0) <0, ui,(1) —aui(n) <O.

So, uy 4(t) is a strict lower solution of . Similarly, we know vy ; is a strict upper

solution of (1.1)).

Take w1 5, and v1 n,, let
01 ={z € B(0,Ry)|u1 <z}, Oz={ze B(0,Ry)|r <v1},
O3 ={z € B(8,Ry)|u1.n, <z}, Os={x € B(,Rp)|x < vin,},
Q =0\ (01 N03)U(01NO03), Q2=02\(01NO02)U (03N O0y),
Q3=03\(01N03)U(03N0y4), Q=DB0,Ry)\ (01UO04UNUQ3).
From Theorems [2.4]2.8] and Corollaries we have

deg(I — A,04,0) =1,
deg(I — A,04,0) =1,

deg(I — A,0, N 04,0) =1,

deg(I — A,0,N03,0) =1,

deg(I — A,02N04,0) = 1.

St o R =
el
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Thus,

deg(I — A, Q,0)=1-1—-1= -1, (3.6)
deg(l —A,Q,0)=1-1—-1=-1. (3.7

So, there exist x1 € O1 N O2, x2 € 1, x3 € s, which are sign-changing solutions
of (L.1). From Corollaries and Theorem we have

deg(I — A,03,0) =1, (3.8)
deg(I — A,04,0) =1, .
deg([ —A,03N 0479) =1. (310)
Thus, from (3.4)), (3.7) and (3.9), we have
deg(I — A,Q3,0) =1—1—1=—1. (3.11)
From the proof of (2.12), it is easy to get
deg(I — A B(6,Ry),0) = 1. (3.12)

Then we have from (3.1)), (3.7), (3.9)), (3.11]) and (3.12)) that
deg(I —A,Qy,0)=1-1—-1—(-1)—(-1) =1

So, there exists a fourth sign-changing solution x4 € Q4. By , we can get
a solution x5, € O1 N O3 for i > ng. From ||xs5|| = ||Azs.]| < Ro, we know
{w5:}2,, is a bounded set. Notice that A is a completely continuous operator,
then {xs,i}g’ino is a relatively compact set. Without loss of generality, assume that
25, — T5 as ¢ — 0o. Then x5 is a solution of . Since uy,; — 0 as © — oo, then
x5 is a positive solution of . Similarly, we can get x4, x7 and zg such that

6‘-<5L'6-<R0, U1 74{E6 747)1’»,10.
—R0<SC7<1)1, —R0<$7<9,
—RO < xg < 9, UL, ng 74 s 74 V1.

It is easy to see that xg is a positive solution of (1.1]), 7 and xg are two negative
solutions of (1.1). This completes the proof. O

Remark 3.2. Obviously, we can replace the sub-linear condition 0 < v < 1 with a
pair of strict upper and lower solutions, but then we need to introduce a Nagumo
condition for nonlinear item f.

In this paper, we give some existence results for sign-changing solutions. Up to
now, there were few papers that considered the existence of sign-changing solutions
for impulsive multi-point boundary-value problem. Moreover, we give the exact
positions of them. Therefore, the result of this paper is new.

The method of this paper is of interest even if there exists a jump of z(t) at
t=t, k=1,2,3,...,m at the same time.

Example 3.3. Let Ry = 100 and

.3 1 1 1
ul(t):sméﬂt—i, vl(t):81n§7rt+§, vt € [0, 1].
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Obviously, u1 (t) and v:(t) are sign-changing on [0,1] and u; < v1. Now let the sets
Dl, DQ, Dg, and D4 be defined by
Dy = {(t,us(t),ui(t)) : t € 0,1]}, Da = {(t,v1(t),v1(t)) : t € [0,1]},
Dy ={(t,100,0) : t € [0,1]}, Dy = {(£,0,0): ¢ € [0,1]}.
Then D1, Dy, D3, and Dy are four disjoint closed sets of R3. Let
1 ~ ~ ~
rog = 5 min{d(D4, Dl), d(D47 DQ), d(D4, Dg)} >0
and
-D4 = {(t,l‘,y) € RS : d((t,.’)&‘7y),D4) S TO}’
Define the function fby

307 (t,l‘,y) EDl,
~ -30, t,x,y) € Do,
fltz,y) = (,2,9) € Ds

1 (tvxvy) € D37

s~z +y), (ta,y) € Da.

From Dugundji’s extension theorem, see [4], there exists a continuous function
f:00,1] x R? — R! such that f(¢t,z,y) = f(t,z,y) while (t,x,y) € D; for each

i=1,2,3,4,and f([0,1] x R?) C f([0,1] x R?) C B(6,100). Consider the impulsive
three-point boundary-value problem

y'(t) + f(ty(t),y'(t) =0, ted t#t,

AY' =i, = Le(y(tr)), k=12, (3.13)
y(0) =0, y(1) = ay(n),
where t; = %0, to = %,a = %, n= % and I, (z) = 50%5”’ k = 1,2. From the definition

of u1(t) and f we have

9 3 9
ul (1) + f(t,ur(t),u)(t)) = —sz sin ot F(tui(t),uy(t) > —ZH +30 >0,

for all t € [0,1],

1, .3 1
Il(ul(tl)) = —(sm — T — *) <0= Au’1|t:t1,

S50 200 2
- 1 . 1
Iy(uyi(t2)) = 1—00(sm7r - 5) < 0= Au|t=ty,
1,.9 1 3
u1(0) <0, aui(n) = §(s1n 3T~ 5) >-5= ui(1).

Then wq(t) is a strict lower solution of (3.12). Similarly, v;(¢) is a strict upper

solution of (3.12)). From

I 1 _
K@) Lo L)=0, k=12,

li = —

we see that (H1) holds. Next note

. f(t,z,0) . flt,z,0) 1
— — t —
achnO . = alclrrb 100 <0, f(t,0,0) =0,
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uniformly for ¢ € [0, 1], then (H2) holds. Since

t
3= limsup maxM =0,
jal+lyl—oo t€7 [2] + Y]
; I(z)] _ 1

= limsup — 2 = — =1,2
Bk llgljgop 2] E0% ,2,

it follows that

4 = - 24
:72 = — 1.
Y 1_an(5+5l+ﬂ2) 125 <

Now all conditions of Theorem [3.1] hold. Therefore, the impulsive boundary-value
problem ([3.2) has at least four sign-changing solutions, two positive solutions and
two negative solutions.
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