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TRANSPORT EQUATIONS IN CELL POPULATION DYNAMICS
I

MOHAMED BOULANOUAR

ABSTRACT. In this article, we study a cell proliferating model, where each cell
is characterized by its degree of maturity and its maturation velocity. The
boundary conditions in this model generalize the known biological rules. We
consider also the degenerate case corresponding to infinite maturation velocity.
Then we show that this model is governed by a strongly continuous semigroup
and give its explicit expression.

1. INTRODUCTION

We consider a cell population in which each cell is distinguished by its degree
of maturity p and its maturation velocity v. At the birth, the degree of maturity
of each (daughter) cell is null (ux = 0) and at the division, the degree of maturity
of each (mother) cell becomes p = 1. Between the birth and the division of each
cell, its degree of maturity is 0 < g < 1. As each cell may not become less mature,
then its maturation velocity v must be positive (0 < a < v < b < ). So, if
f = f(t,u,v) is the cell density with respect to degree of maturity p and to the
maturation velocity v at time ¢ > 0, then f satisfies the following partial differential
equation

b
(?T]tc —|—vg£ =—of —|—/a r(p, v, ") f(t, p,v")dv' (1.1)
where, r(u,v,v’) is the transition rate at which cells change their velocities from v
to v" and

b
a(u,v):/ r(p, v, v)dv’ (1.2)

is the rate of cell mortality or cell loss due to causes other than division.

During each cell division, we suppose there is a kernel correlation k(v, v") between
the maturation velocity of a mother cell v and that of a daughter cell v. This
correlation is governed by the transition biological rule mathematically described
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by the boundary condition

b
0f(0,0.0) = 8 [ ko, 0) (61,0 (1.3)

where, 3 > 0 is the average number of daughter cells viable per mitotic.

The model — was introduced in [7] and only a numerical study was
made. Since then the model is rarely studied because there are no methods or
technics to study such models. For instance, before [2] one did not know whether
the model (1.1)-(1.3) was well posed for 8 > 1.

When 0 < a < b < oo, we have proved, in [2], that the model —
is governed by a strongly continuous semigroup and we have given its explicit
expression. Moreover, in spite of the obvious non-compactness of the right hand
side of , we could describe the essential spectrum of that semigroup.

When 0 < a < b = oo, then maturation velocities are not bounded and so
all announced results in [2] do not hold. This case corresponds to a new serious
mathematical difficulty and then the model requires other technics that we will
develop in this work. To show the extent of this new difficulty, we have shown, in [3],
that the model (L.I)-(L.3)) with the perfect memory property (i.e., k(v,v’) = §,/(v)),
has a unique solution if and only if 8 < 1. Namely, there are no solutions for the
most interesting and observed case 3 > 1 corresponding to an increasing cell density.

In this work, we are concerned with the case 0 < a < b = oo together with
the general biological rule mathematically described by the following boundary
condition

f(tv 071}) = [Kf(tv 1, )} (U) (14)
where, K is a linear operator into suitable spaces (see section 2). To study the
general model (1.1)-(L.4) in its natural setting L*((0,1) x (a,00)), we organize this
work as follows: Introduction, unperturbed model (r = 0), construction of the

unperturbed semigroup (r = 0), and perturbed semigroup (|1.1))-(1.4).
In Section [2| we show a generation result of a strongly continuous semigroup for

the unperturbed model (1.1)-(1.4) (i.e. » = 0). This is obtained by Hille-Yosida’s
Theorem and Pillips-Lumer’s Theorem given as follows.

Lemma 1.1 ([6} Theorem I1.3.8]). Let (A, D(A)) be a linear operator on a Banach
space X and let w € R, M > 1 be constants. Then the following statements are
equivalent

(1) A generates a strongly continuous semigroup (T'(t))i>0 satisfying
1Tl ex) < Me®t, >0,

(2) (A,D(A)) is closed, densely defined and for all A\ > w we have X\ € p(A)
and

[(A=A) " eex) < MA—w)™"
for alln € N.
Lemma 1.2 ([6, Theorem I1.3.15]). Let (A, D(A)) be a densely defined linear op-

erator on a Banach space X. If A is dissipative and the range rg(A — A) = X for
some A > 0, then A generates a strongly continuous semigroup of contractions.

Section [3] deals with the explicit expression of the unperturbed semigroup. This
expression will be very useful to describe the asymptotic behavior which is the main
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goal of [4]. The end of this work concerns the generation theorem for the perturbed
model ([L.1))-(1.4]), where we have applied the following perturbation results

Lemma 1.3 ([6l Theorem III.1.3]). Let (A, D(A)) be the infinitesimal generator
of a strongly continuous semigroup (T'(t));>0 on a Banach space X and let B be a
linear bounded operator from X into itself. Then, the operator C := A+ B on the
domain D(C) := D(A) generates a strongly continuous semigroup (S(t))i>0 given
by Trotter’s formula

S(t)r = lim [eiﬁBT(%)}nx t>0, (1.5)

n—oo

forallx € X.

Lemma 1.4 ([0, Theorem I1.2.7]). Let (A, D(A)) be the generator of a strongly
continuous semigroup (T'(t))i>0 of contractions on a Banach space X and let B be
a dissipative operator satisfying D(A) C D(B) and

| Bz|| < al| Azl + o]z
for all x € D(A), where, 0 < a <1 and b > 0. Then, A+ B is the infinitesimal

generator of a strongly continuous semigroup of contractions.

Finally, some of these results were announced in [5] and here we explicitly state
the detailed conditions and outline all the proofs. For all theoretical results used
here, we refer the reader to [6].

2. THE UNPERTURBED MODEL (r = 0)

In this section, we are going to study the unperturbed model (L.1)-(1.4) (i.e.
r = 0). So, let us consider the following functional framework L!(£2) whose natural
norm is

el = / (1, 0)] ds v (2.1)

where, Q = (0, 1) x (a, o©0) := I x J. We emphasize that we are only concerned
with the following important assumption

a>0 (2.2)
until the end of this work. We consider also the partial Sobolev space
0
WH(Q) = {p € L} (), v£ € L1(Q) and vy € L'(Q)}
whose norm is
d¢

lellwr @) = ””aﬁ”l + llvells-

Finally, we consider the trace space Y; := L' (J, vdv) endowed with the norm

16llv, = / () [do.

Lemma 2.1 ([1]). The trace mappings yop = ¢(0,-) and v1¢ = ¢(1,-) are linear
bounded from W1 (Q) into Y.

Thanks to Lemma above, it is easy to check the following useful lemma.
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Lemma 2.2. Let Ag be the following unbounded operator
0
Agp = 022 on the domain
ou (2.3)
D(Ag) = {p € W), 0 = 0}.
(1) The operator Ay generates, on L*(S2), a positive strongly continuous semi-
group (Up(t))i>0 of contractions given by

Uo(t)p(p,v) = x (1, v, t)p(p — tv,v) £ >0, (2.4)
where,
L if p=>to,
0, 1) = ‘ 2.5
X0, ) {0 if p<to. (2:5)
(2) Let A > 0. Then, for all g € L*(2), we have
lv(x = A0) gl < llgll- (2.6)

(3) t = nUs(t)p € Y1 is a continuous mapping with respect to t > 0.

Now, let us consider a linear boundary operator K from Y7 into itself until the
end of this work. This leads to write the boundary condition (1.4 as

Yo = Kme (2.7)
and allows us to give a sense, by Lemma[2.1] to the following unbounded operator
0
Agp = 02 on the domain
ou (2.8)

D(Ak) = {p € W'(Q), satistying yop = Kn}
To study Ak, let us define the operator
Ky :=0,K, where 0,(-)= e (2.9)
which plays an important role in the sequel.

Lemma 2.3. Suppose K is bounded satisfying || K| z(v,) < 1. Then
(1) For all \ >0, K is a linear bounded operator from Y7 into itself satisfying

KAy <1
(2) For all A > 0, the resolvent operator of (2.8) is given by
A =Ar)rg=a K - K\ 'm(A = A40) g+ (A= A0) g (2.10)

for all g € L*(R), where e (u,v) = e *%.
(3) The operator defined by ([2.8) generates, on L'(S2), a strongly continuous
semigroup (Ug (t))i>0 satisfying
Uk (el < el t =0, (2.11)
for all p € L1(9).

Proof. (1) This point clearly follows from || Kx || zv,) < [|K||lzv,) < 1 for all X > 0.
(2) Let A > 0 and g € L*(2). The general solution of
d¢

2.12
o +g (2.12)

Ap = —v

is given by
p=exp+ (A= A4y 'g (2.13)
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where 1) is any function of the variable v. If 0 € Y] then, by (2.6 we clearly have

lvells < el + lo(X = Ao) Mgl < l[9lly; + llglh < o0
which implies, by (2.12)), that

Oy A
Hvajgpul < Allelh+llglh < Zllvelh + llglh < oo

and therefore p € W1(Q). Now, ¢ € D(Ak) if and only if o satisfies (2.7). This

means that v is the unique solution of the following system
Y =Kme

» (2.14)

N =Kme+nA—40) g

As A\ > 0, then the first point implies that (I— K ) is invertible into Y7 and therefore
b =K(I—K\) ' —40)""g
which we put in (2.13)) to get ([2.10).

(3) Let ¢ € D(Ak). Then, we have

(sgnyp, Axp) = /(Sgnw(u, v)) (vgi(u,v)) dp dv

// vﬂ (1, v) dp do
= [ e 0leds = [t 0fede

= [[oellvy = Iellv: -
By , it follows that

(sgn, Ae) < (1Kl 2oy — 1) Imelly, <0 (2.15)

because of || K||z(y;) < 1 and hence, A is a dissipative operator. Furthermore, Ag
is densely defined because of C.(2) C D(Ag) C L*(2). Now, Lemmal1.2] completes
the proof. O

Clearly, Lemma above does not hold for the case |[K||z(y,) > 1 because (2.15)
can not be satisfied and therefore other ways are needed. So, according to the
compactness of the boundary operator K, we have the following result.

Lemma 2.4. Suppose K is compact satisfying || K| v,y > 1. Then

(1) There exists Ao = Ao(K), with Ao > 0 if |K|lzcv;) > 1 and Ao > 0 if
I K| cevyy = 1, satisfying | Kx|lzevyy < 1 for all X > Ao and || Ky, ||l z¢v,) < 1.

(2) For all A > Ao, the resolvent operator of s given by ED

(3) The operator defined by generates, on L'(Q), a strongly continuous
semigroup (Ug (t))i>0 satisfying

A
Uk (el < e elpll >0, (2.16)
for all p € L1(Q).
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Proof. (1) Let A\, > 0 and let B be the unit ball in Y;. So we have
1Ky = Kylloevay = sup [|[Kxy — Kydblly,
YeB

= sup [|0ip —Ohollyy
pEK(B)

< sup [|0hp — Ol
PEK(B)

By the compactness of the set K(B), then there exists ¢y € K(B) (so independent
of X and p) satisfying

1K — Kplleery < 10x00 — Ongollv,
which implies
lim [|Kx — Kyll(vy) < lim [[0xpo — Opepolly, =0
A—n A—n
and therefore, the continuity of the mapping
A= [ Kx ey (2.17)

follows, for A > 0. Furthermore, proceeding as previously we obtain

KM cviy = sup [[Katlly, < sup [[0xaelly, = [[0xgollv:
YeB peK(B)

and therefore
Jim K7 2(vy) = 0. (2.18)
On the other hand, if n > A > 0 then for all ¢ € Y; we have
[Kyp| = 0y Kop| = 03O\ Ktp| = 0| K\ < [Kxy)|
which implies
1Knlleevy) < 1Exll2ev)
and therefore the mapping is decreasing.

Now, if [|K|lz(v,) > 1, then ||Kollziv)y = [[K]lzvy) > 1 together with
imply that the equation [|K||z(y,) = 1 has at least one strictly positive solution
(A1 > 0) and therefore the closed set

E:={A20, [Kxllcon) =1} (2.19)
is not empty and bounded. Now, it suffices to set
X:=maxFE > X >0

Next. If [|[K| zv;) = 1 then ||Kollzvy) = | K|lz(v;) = 1 implies that A = 0 is
obviously a solution of ||K[/z(y;) = 1 and therefore the closed set (2.19) is not
empty and bounded. Now, it suffices again to set

Ao :=max FE > 0.

Finally, in both cases we have || K)||zyv,) < 1if A > Ao and || Ky, |lz(v,) < 1.

(2) Following the proof of the second point of Lemma we have only to
solve . This clearly follows from the first point, and therefore (I — K)) is an
invertible operator into Y;.

(3) First, let us introduce on, L'(2), the following norm

el = / (s 0) |, 0) dpe o (2.20)
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where h(u,v) = e=*“%* | The norms (2.20) and (2.1) are clearly equivalent be-
cause of
el < lllelll < llella (2.21)
for all p € L1(Q).
Next, let A > Ao and g € L'(2). So, the second point means that (2.13) is
the unique solution of (2.12) satisfying (2.7). Multiplying (2.12) by (sgn¢)h and

integrating it over €2, we obtain

0
gl == [ o5 o) dudo+ [ s dhatnv) dudo =140, (222
For the term J, we obviously have
J <|llgllf1- (2.23)
Integrating by parts and using (2.7) and (2.9)), the term I becomes

I:/ ef%hp((),vﬂvdv—/ |gp(1,v)|vdv—|—)\o/ |ph|(p, v) dudo
a a Q

o0 )\0 o0
- / B K (v) [odv — / np(v) oy + Nol [l I

= [ K3l = Imelvi + Aolllellh
< (IExolleevy = 1) el + Xolllellh
and by the first point, we are led to
1< Molllelll- (2.24)
Putting (2.24) and (2.23) in (2.22), we obtain

lglll
(A= 2o)
Moreover, Ak is a closed operator (because of p(Ag) # () and densely defined

(because of C.(Q) C D(Ak) C LY(Q2)). Therefore, Lemma/[l.1|leads to the existence
of a strongly continuous semigroup (Uk (t)):>0 satisfying

Uk ®)glll < e™llgllls, ¢ >0. (2.25)
Then (2.21)) completes the proof. O
Lemmas [2.3] and [2.4] suggest to set the following definition.

llellls = [ll(A = Ax) " Hgllls <

Definition 2.5. K is said to be an admissible operator if (K is bounded and
| Klzev,) < 1) or (K is compact and ||K||z(y,) > 1).
In this case, the number
vy = 0, ?f K bounded and [|K||zv,) < 1; (2.26)
Ao, if K compact and || K|l z(y;) > 1.

is called the abscissa of the admissible operator K.

Lemmas [2.3] and [2.4] together with the definition above clearly lead to the main
result of this section.

Theorem 2.6. Let K be an admissible operator whose abscissa is wg. Then

(1) |1Kxllzevyy <1 for all X > wo and || Ky || 2(vy) < 1.
(2) For all A > wy, the resolvent operator of (2.8)) is given by (2.10)).
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(3) The operator defined by [2.8) generates, on L*(Q), a strongly continuous
semigroup (Ug (t))i>0 satisfying
Uk ¢l < e e llr, t>0, (2.27)
for all p € L1().

3. CONSTRUCTION OF THE UNPERTURBED SEMIGROUP (r = 0)

In this section, we are going to give the expression of the unperturbed semi-
group (Uk(t))i>0. This expression is very useful to describe the behavior as-
ymptotic which is the main goal of [4]. So, let us consider the Banach space
ZL = L'((—=00,0) x J, hy) (w > 0) whose norm is

oo 0
)
||sz;=// )l do do.

In this context we have the following result.

Lemma 3.1. Let K be an admissible operator whose abscissa is wg and let By (t)
be the operator

Br(t)e(u,v) = &(u,0,)(I = Hi) " Viep(n —to,v)  £>0 (3.1)

for almost all (u,v) € Q, where, the operators Hi and Vi are defined as

HKf(l‘,’U) = (K(é(L B —mv_l)f(l + .1?’0_1', )))(U)v
Vico(z,v) = (K (mUo(—zv")e) ) (v),
with
1 if p < to;

0 if u=>to. (32)

g(ﬂ’a v, t) - {

Then

(1) Hg and Vi are bounded operators respectively from Z1 (w > 0) and L*(Q)
into Z%. Furthermore, we have

IHrllczyy < 1Kwllen)s (3.3)
IVEllcr@),z1) < | Kollzm)- (3.4)

(2) Let w > wg. Then, for all t > 0, the operator Bi(t) is linear and bounded
from LY(Q) into itself.
(3) Forallp € L' (), the mappingt € Ry — Bk (t)p is continuous at : t = 0

and B (0) = 0.
(4) For all p € WY(Q) and for all t > 0 we have
V0B (t)p — KBk (t)p = KnUo(t)e. (3.5)

(5) Let K' be an admissible operator whose abscissa is w)y. Then, for all w >
max{wo, w(}, we have

@K — K'|| gy
(1 =Kol o)X = 1Kl 2v1))

| Bx(t) — Brer ()l o1 () < (3.6)
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Proof. (1) For all f € ZL (w > 0), we have
oo 0
cfle = [ [ 1KEQ =2 F1+ 2] @l

= / / | [Kf(l, at)f(l - t', )] (v)|e_“’(%+t)v dt dv
a 0
which leads, by (2.9), to

Ik Plecesy = | h [ / Kt (L ) F (L — 1) (v)|vdv} ot

(1—

d:L' dv

< NEwllzvh) /Oo [/Oo |€(1,v,¢) f(1 ftv,v)\vdv}e*“tdt

— !
Sl [ [ 6005 sl
< Kullzapll fll 2y
and therefore (3.3)) holds. A similar calculation implies that

Viellzy < [Kollconllelh

for all ¢ € L(Q) and therefore holds.

(2) Let w > wp and ¢ > 0. Due to the first point of Theorem together with
(3-3), we obtain (I — Hg) is an invertible operator into Z. So, the operator B (t)
given by is well defined and its linearity follows from those of (I — Hx)~! and
Vi . For its boundedness, we have

1Bx (£l = /Q &0, (I — Hie) Wicp(p — tv,v)| dysdo
[e'e] tv
g/ / e“V|(I — Hg) " Wio(u — to,v)| du dv

/ / (I — Hi) "Wip(x,v)| de dv
—tv

for all p € L'(Q) and therefore

1B (Bl < el +t/ /

This implies

) Wip(z,v)| d dv. (3.7)

1Bk ()¢l < e EHI|(I = Hi) Vol 2 (3.8)
and by (3.3) and (3.4)), we clearly have
1Bk ()¢l < e GH|(I = Hi) Vgl 2
=GN HE 2 Vel 2
n>0

1
< el Kol el
1= [[Kolleev) o
which leads to the boundedness of By (t) from L'(£) into itself.
(2) This point obviously follows from (3.7).
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(3) Let ¢ € W(£2). Using (3.1)), we obtain
[ [ Enta0eo) - 10Brthetv) - KnBr(pwlodtdo
a 0

= [T oot — 0 i) Vet
~ K [0, ) — Hr) Vgl —t-,)] (v)‘vdt .

The change x = —tv with dr = —vdt infers that
[ | 1EnUa®e) — 20Bictp() - KnBa®pt)|vdt o
a 0

- /:O /_OOO ‘vw(x,v) — (I — Hg) 'Vkg(z,v)

- K[, —av ") — Hx) 'Vl +av™ ")) (’U)’ dx dv

[eS) 0
:/ / [Vicwlie,0) = (1 = Hie) Vi, v)
— Hg (I — HK)_lVKga(ac,v)’ dxdv =0

and therefore (3.5 holds for almost all ¢ € R;. Now, thanks to the third point of
Lemma we obtain (3.5)) holds for all ¢ > 0.

(4) Let w > sup{wo, wj}. A simple calculation, like the proof of (3.8), infers
that

1Bk ()¢ — Br: (B¢l < e*GHI (I = Hi) Wicp — (I — Hg) Vgl 23
As
(I —Hg) Vg — (I — Hg') Vi
= —Hg) 'V = Vg ]+ (I — Hg) ' [Hyx — Hgo'](I — Hyer )™MV,
we clearly have
1Bk (t)¢ — B (B¢
< e“GH) (I = Hi)™|View — Vierg|
+ e G |(1 = Hi) Y| Hi — He |I|(T = Hier) ™[ Vieoll

and therefore, by (3.3)) and (3.4)), we are lead to

| B (t)p — Bx(t)ell1
ey 1
1- ||Kw||E(Y1)
1 1
—————|Hx — Hr'|| m—
(1= IKullzviy) (=KLl zvy)

Ve = Virollza

4 e (G+t) 1K ull el
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Thanks to the obvious linearity of the mappings K — Hgx and K — Vi, (3.3]) and

(3-4) imply
1Bk (1) — Bier (8)plls < e(5+) 15 = Ko lleen el
- L= [IK | eov)
w(2+1) Ko — Kol ey 1Kol v el

(1= 1Kullevi) (X = [[KLl 2vi))

+e

< ew(%th) HKN - KLHE(YQ H@Hl
- (1= 1Kol vy (X = 1K, 2v))
ew(%th) ”K - K/||£(Y1) H@Hl
- (1= 1Kol avy) (X = 1K, 2v))
and therefore (3.6)) holds. The proof is complete. O

Theorem 3.2. Let K be an admissible operator whose abscissa is wg. Then, the
semigroup (Ug (t))e>0 is given by

Uk (t)p = Uo(t)p + B (t)p t =0, (3.9)
for all p € L*(Q) . Furthermore, the operator B (t) satisfies
BK(t)SD(NJa'U) = g(ﬂvvvt)K’Yl (UK (t - %) 90) (v)a t>0, (310)

for almost all (u,v) € Q.

Proof. Let t > 0 and € L'(Q) and let Sk(t) be the following operator
Sk(t) =Uo(t) + Bk (t), t>0, (3.11)

where, By (t) is given by . In the sequel, we are going to prove that (Sk(t))¢>o0
is a strongly continuous semigroup into L(£2). At the end of this proof, we will
show that Uk (t) = Sk(t) for all ¢ > 0. Then, let us divide the proof in several
steps.

Step one. This step deals with a useful expression of the operator Bg(t) like
(3-10). So, for all ¢ € W(2) and for almost all (u,v) € Q, (3.11) implies that

Sk (t=15) ¢(0,0) = Uo (t — &) (0,v) + B (t = ) ¢(0,)

which leads, by , to
(v, )8k (t = 4) (0,0) = &(p, v, ) Bie (t = &) 9(0,v).

Using we obtain

E(n,v, 1) Sk (t = 4) (0,v)

=&(p,v,t)¢ (071), (t - %)) (I — Hg) Vo (O - (t - %) ’U,’U)

= &(p, 0, )(I = Hie) ™ 'Vicp(p — t, v)
and therefore

(v, 070 (Sk (t = 5) @) (v) = Bre(t)p(p, v). (3.12)
On the other hand, implies
Y05k () — K71 Sk (t)e = %Uo(t)p + 0Bk (t)e
— KmUs(t)p — Ky Bk (t)e
=Bk (t)p — KmUo(t)p — K71 Bk (t)p.
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According to (3.5, we obtain
05K (t)p = K71 Sk (t)p

and hence
(kv )70 (Sk (t=4) ¢) (v) = &, v, ) Ky (Sk (E = 5) ¢) (v). (3.13)
Now, combining (3.12)) and (3.13)), we obtain the following useful relation

BK(t%D(/MU) = £(N7U7t)K’Yl (SK (t - %)) Lp(’U) (314)

Finally, the density of W1(Q) in L*(€), implies that holds again for all
v e L'(Q).

Step two. In this step, we are going to prove that (Sk(t))i>0 is a strongly
continuous semigroup into L!(Q). So, Lemma together with the second and the
third points of Lemma clearly lead to the linearity and the boundedness of the
operator Sk (t) from L'(Q) into itself and Sk (0) = Uy(0) + Bg (0) = I +0 = I and

lim [|Sk(t)e — ¢lly < lim [[Up(t)e —¢ll1 + lim [|Bx(t)el = 0.
t—04 t—04 t—04

Now, in order to state that the family operators (S (t)):>0 is a strongly continuous
semigroup into L'(£2), it suffices to prove that

G(t,s) := Sk(t)Sk(s) — Sk(t+s)=0 (3.15)
for all £ > 0 and all s > 0. So, by (3.11)) and (3.14)), a simple calculation shows that

G(t,5)p(p,v)
= f(u7’l},t)K’71 (UK (t - %) SK(S)"D) (’U)

+ (x(u,v,t)f (t+s—2)—&(t+s— 7))K71 (Sk (t+s—15.5)9) (v)

for almost all (u,v) € Q. Furthermore, (2.5)) and (3.2)) allow to reduce the relation
above to

G(t, s)p(p, v) = E(u, v, ) Km (Gt = 5. 5)¢) (v). (3.16)
Next, let w > wp. On one hand, (3.16)) implies

[ et = [t [ e gl
// e (L v, ) K (Gt = 5, 8)9) (v)|vdt do

:/ /le*“’t|K~yl(G(t—%,s)gp)(vﬂvdtdv

/ / oty )|K71G(:v $)p(v)|v dx dv
which leads, by (2.9), to

/ G, s)pllv,dt = / / " K Gl(z, $)p(0)|odude
0 0 a

- / | Ko Gz, s)¢lvi da
0



EJDE-2010/144 TRANSPORT EQUATION 13
and therefore,
| e Gl < I [ e Gt selnd @17)
This obviously means that
|Gl =0 (3.18)
because of the first point of Theorem On the other hand, implies

IG )¢l = [ &G0l (G (¢ = .5 ¢) )] dudo
:/:o/ow K (G (t— 2,5) @) (4)] dudo
_ /aoo /Ot K G, 8)o(v)]o da dv
-/ G s)ollvde

t
< 1K e / ImG (e, s)glly: de

and therefore,
1G(t,5)elly < ”K”L(Yl)/o [71G(, s)ollyv, dz. (3.19)

Now, (3.18) and (3.19) obviously imply G(¢,s) = 0 and therefore (3.15) holds for
all £ > 0 and all s > 0. Hence, (Sk(t))i>0 is well a strongly continuous semigroup
satisfying

SK (t)@(:u‘? U) = UO (t)ga(,u, U) + 6(:“‘7 U, t)K71 (SK (t - H) (P) (’U) (32())

v
because of (3.11]) and (3.14)).
Step three. Let A\ > wy and ¢ € L'(Q) and let B be the generator of the

semigroup (S (t))i>0. Then, by (3.20)) we obtain
(A= B)"'p(u,v)

_ /OOO e M S5 (D, v)dt

= /0 e MUt o)t + /O e M0, 1)K (S (t=15) @) (v)dt

= (A= Ao) p(u,v) +e v / e MK Sk (t)p(v)dt
0

= (A= A0) Fo(p,v) + eiA%Kvl [/000 e_’\tSK(t)godt} (v)

B _
= (A= A9) Fo(p,v) +e Ao Kyi(A = B) 'o(v)
for almost all (u,v) € €2, and therefore
A=B)lo=exEm(A=B) '+ (A= 4g) o (3.21)
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22
where, ey = ¢ *v. Applying 1 to (3.21)), we infer that
NnA=B)lo=EKxyi(A = B) o+ (A = Ag) e
and thanks to the first point of Theorem it follows that

NA=B)"lo= (I - K\ (A -4t (3.22)
because of A > wg. Now, putting (3.22)) in (3.21]), we finally obtain
(A=B) o =axK(I — Kx) "' (A = Ao) T+ (A — Ag) o (3.23)

Step four. By (2.10) and (3.23)), we have (A — Ax)~! = (A — B)~! and hence,
Uk (t) = Sk (t) for all t > 0 because of the uniqueness of the generated semigroup.
Moreover, (3.10]) holds because of (3.14)). Now, the proof is complete. O

Corollary 3.3. Let K be an admissible operator whose abscissa is wy. Then we
have

o5} t
/ / ey (Uk(x)p) (v)|vdrdv < 1_”|L((P|||1|, t>0, (3.24)
a 0 w ﬁ(Yl)

for all p € L}(Q).

Proof. The corollary is obvious for t = O So, let t > 0 and w > wq be a given real
and let ¢ € W'(Q). Applying v; to and ( we obtain

N Uk (z))(v) = 71(U0($)¢)(U) + 5(17%33) [K% (Uk (z—=2)v)] (v)

—WwT

for all x > 0 and for almost all v € J. Multiplying the relation above by e and

integrating it over (0,t) x J, we infer that

/ / "y (Uk (7)) (v) v da dv

/ / x(1,v,2) (1 — zv,v)|v dz dv
<[ /O e (1, 0,2) K (U (2 — 1) ) ()|o da dv

where we have used (2.4]). A suitable change of variables leads to

/Oo /t e | Uk ()9) (v)|o da: dv

/ / L T (v 52) ()] dpdo
- / /0 e~ eV Ky (Uk (y)9) (v)]vdydo

t
< [t olldudo+ [ e Kom Wielw)w) Iy, da
Q 0

which implies

/:o /Ot e " In(Uk(x)¢)(v)|v de dv

[e'e] t
< ¥l + ||Kw||£(Yl)/ /0 ey (Uk (z)v)(v)|v dz dv.
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Therefore,
oo t 1
/ / e (U (2)9) (0) v dar dv < ————— ||
A L= |Kullcom)

because of the first point of Theore Now, the density of W1(Q) in L1(£2) leads
to (3.24) for all p € L1(Q). O

Note that a rank one or a compact boundary operator is admissible and therefore
Theorem 2.6/ holds. Accordingly, we give three important results very useful for the
results in [4]. The first one is as follows.

Theorem 3.4. Let K and K' be two compact operators. Then, we have
UKk (t) = Urer ()l e ) < 4eETINK = K||eqyyy, 20 (3.25)
for all w big enough.
Proof. Let w be a positive real and let ¢t > 0. First, and clearly lead to
G| K — K|l vy
(1= [[Kulleon) (X = 1Kl 2v))
Next, let B be the unit ball in Y;. So we have

Uk (t) = Uk (D)l rr (o) < (3.26)

[Kollzvy) = sup [Kutlly, = sup [0uelly, < sup [[6ug]ly;-
YEB K(B)

pEe peK(B)

By the compactness of the set K(B), then there exists po € K(B) (independent of
w) satisfying

1Kulleeny < 10up0llyy
and hence
Jim Kol = Jim [[0ugolly, = 0.

Therefore, there exists w; > 0 such that

1
w>w = Kyl < 3 (3.27)

The same calculation above holds for the compact operator K’ and therefore there
exists wj > 0 such that

1
w>wy = K|l < 5 (3.28)

Finally, if w > sup{ws,w]} then (3.26) and (3.27) and (3.28) clearly lead to (3.25).
O

The proof is complete.
Let us end this section by the following result.

Lemma 3.5. Let K be a rank one operator in Yi; i.e.,
Ky = h/ k() )w'dv', heYy, keL®(J).

Then, for all ¢ € LY(Q), we have
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where, Uy(t) is given by (2.4) and

Ui(t)p(p,v) = &(pu, v, t)h / k(vi)x (Lo, t — &) o (1= (t = &) vy, v1) vidvy

and, form > 2, by

oo m—1 m

Un(®)p(1 ) = E(10,)h / -/ T ) TT ko)
=1 =1
m tzmes
“ (m—2) 1 “ (m—1) 1
X §(1,’ij_17t — ; — — U—)x(l,vm,t — E — Zz:; ;Z)
m—1 1
xw(l—(t—ﬁ— —)vm,vm)vlvg-~-vmdvl-~-dvm.
vooaa v
Furthermore, for allt >0,
N
Jim{|UK(2) ZOUm [ (3.29)
m=

Proof. Let p € L'() and let w be a large real. By Theorem it is easy to check,
by induction, that for all integer N > 1 we have

Uk +ZU )+ Rn(t)

where Ry (t) is given by
RN (t)LP(M> U)
N+1 (V=1 4

— (w0, t)h(v) / / Hhvj Hk:vj ( vN,t—%— 3 E)

N i=1
(N + 1) times

N
1
X Y1 (UK (t — % — Z —)cp) (vns1)v1 - ONg1 dog - -dUN$1-

-1 Ui
As1 = e T emw ST < ew/ag—w T for all (1, v) € Q, then
RN ()¢l
oo o0
<ew/a/‘ ,u7v7t)h(u)/ /
a a
(N + 1) times
N N+1 u (N-1) 1
X Hh(vj) H k(vj)f(l U, t— o Z v—)
j=1 j=1 i=1 "

N
1
X Y1 (UK (t _B_ E —)@) (vNg1)v1v2 -+ - ON41 dvy -+ - don | dpdo.
v v;

i=1 "
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By the change of variables z =t — £ — ZZV 1 U— with vdx = —du, we infer that
BN (@)l
t N 3} e3¢} 1 N
< 6w/a efw(zftwL;)h(,U)\/ . / e*“-’( i=1 v, H U]
a a J::l
(N +1) times
N+1
X H k(vj)m (UK(x)go) (UN41)V10V2 - - oNdU -+ - dUN 41 ‘v dx dv
j=1
o0 w o0 w N
< ewlaget {/ e |h(v)lud] [/ e % (o) k() od
a
/ / (0w 1)yt Uk (@)9) (x4 1)on 1] do s dar

As k € L*°(J), then we obtain

. o N+1
IR ol < /e (1Kl [ e ¥ lh(wn)lodo)
a
t [e%e]
<[ [T Ur@)9) v owe o do
0 a

o0 t
= /0| K, ||]gvﬁ>/ /0 e Im (Uk (2)¢) (vn41) oy 41 do don

which, by (3.24)), implies

IRN (D)l < e/%et 1Kz lel
N({)Pll1 S € [ T T 1
1 —[|Kullzov)

and therefore
Jim ([ Uk (1) Z Un®ll ez = Hm IRy ()l @) =0

because of the first point of Theorem The proof is now complete. O

4. THE PERTURBED SEMIGROUP (|1.1))-(1.4)

In this section, we are going to prove that the perturbed model — is
governed by a strongly continuous semigroup like a linear perturbation of the un-
perturbed semigroup (Uk(t));>0 already studied. So, let us define the following
two perturbation operators

Rso(u,v):/ 7 (1,0, 0" ), 0"V

Se(p,v) = —o(p, v)e(p,v),
where o is given by . Let us impose the following hypothesis
(H1) r is measurable positive, and o € L>(Q).
Denoting
g :=essinf(, ,)eoo(pu,v) and T :=ess SUDP (4, 0)€0 o(u,v),

we have the following result.
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Lemma 4.1. Suppose that (H1) holds. Then, S and R are linear bounded operators
from LY(Q) into itself. Furthermore, S+ R is a dissipative operator.

Proof. Let ¢ € L*(£2). The boundedness of the operators S and R clearly follows

from
1 s} [e%s)
HRSOHlS/O / / (g, v, 0")|(p, v |dv' dvdp
1 aoo ¢ fo%e)
:// [/ T(M%v')dv}Iw(u,v’)ldv'du
0 a a
1 [e%e]
= [ [ ot et = 15,1
and

I8¢l = [ o0t o)l dudo < alplh
Furthermore, we have

(sen @, (S + R)p)

z/ﬂsgw(mv) (Reo(p,v) + Sep(p,v)) dpdo
< [ [T1 rmeradicniasan - [ otuotoo ol

= [ oot s’ = [ ot ololu,o)] duds
Q
and therefore
(sgne, (S + R)p) < 0.
The proof is complete. O

Let us define the perturbed operators Lx and Tk as follows
Ly :=Ag+ S,
D(Lk) = D(Ak)

and
Tk =Lxk+R=Ax+S+R,

D(Tx) = D(Ak)
for which we have the following generation results.
Lemma 4.2. Assume (H1) and let K be a bounded operator with |[K| s,y < 1.
Then

(1) The operator defined by (4.1) generates, on L'(2), a strongly continuous
semigroup (Vi (t))i>0 satisfying
Ve ()¢l < e ol t>0, (4.3)
for all p € L1(9Q).
(2) The operator defined by (4.2) generates, on L'(2), a strongly continuous
semigroup (Wi (t))i>0 satisfying
Wk @)l < llell, =0, (4.4)
for all p € L1(Q).
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Proof. (1). First, Lx = Ak + S is a bounded linear perturbation of the generator
Ay and therefore, Lemma implies that Ly is a generator of a strongly con-
tinuous semigroup which we denote as (Vi (t))i>0. Next, Trotter’s formula (1.5)
implies
: —ot/n N
Vk(t)p = lim {e UK(f)} w, t>0, (4.5)
t—o0 n
for all ¢ € L'(Q). By (2.11)), we obtain
Vi@l < Jim e 1] ol < e gl ¢ >0,

and therefore holds.

(2) By the third point of Lemma the operator Ag generates, on L!(Q), a
strongly continuous semigroup of contractions. Furthermore, Lemma implies
that S + R is a bounded and dissipative operator. As we have, D(Ax) C L*(Q2) =
D(S + R) and

1S+ R)ells < 1S+ Rlllells = 0.l Al + 115 + Rllllellx

for all ¢ € D(Ak) then, all conditions of Lemma [1.4]are clearly satisfied. The proof
is complete. ([

Lemma 4.3. Assume (H1) and let K be a compact operator with || K| zcy,) > 1.
(1) The operator defined by (4.1) generates, on L'(S2), a strongly continuous
semigroup (Vi (t))i>0 satisfying
A
IVic(®)ells < e el >0, (4.6)

for all p € L1().
(2) The operator defined by ([4.2) generates, on L'(S2), a strongly continuous
semigroup (Wic(t))eso-

Proof. (1) Following the proof of Lemma 4.2} it suffices to show (4.6). So, applying
the norm (2.20) to Trotter’s formula (4.5)), we obtain

n
Vi@l < Jim [e2/mei gl < ' Dgll;, ¢ 0

for all ¢ € L'(), where we have used (2.25). Now, completes this part of
the proof.

(2) Clearly, Tk = Lk + R is a bounded linear perturbation of the generator L
and therefore, Lemma implies that Tk is a generator too. The proof is now
complete. O

We can summarize Lemmas [£.2] and [4.3] as follows.

Theorem 4.4. Suppose that (H1) holds and let K be an admissible operator whose
abscissa is wg.
(1) The operator defined by (4.1) generates, on L'(S2), a strongly continuous
semigroup (Vi (t))i>0 satisfying
IVic (el < e oD pl ¢ >0, (4.7)

for all p € L1(9Q).
(2) The operator defined by (4.2) generates, on L'(2), a strongly continuous
semigroup (W (t))i>o0-

Let us finish this work with the following Remarks
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Remark 4.5. Inequality a > 0 has been used in many places in this work. So the
open question is: What happens when a = 07

Remark 4.6. According to Theorem we can say that the model 1'
is well-posed. However, the case corresponding to ||K||z(y,;) < 1 in Lemma is
biologically uninteresting because the cell density is decreasing. Indeed, for all ¢
and s with ¢ > s we have

Wk ()¢l = [Wi(t = )Wk (s)elh < e 2Wi(s)plh < [Wk(s)el

for all initial data ¢ € L'(Q2) . However, the case corresponding to ||K||z(v;) > 1
in Lemma means that the cell density is increasing during each mitotic. This
corresponds to the most observed and biologically interesting case for which we ask
the following natural question: What happens when the cell density is increasing?
The answer is given in [4].
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