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ASYMPTOTIC AND NUMERICAL DESCRIPTION OF THE
KINK/ANTIKINK INTERACTION

GEORGII A. OMEL’YANOV, ISRAEL SEGUNDO-CABALLERO

ABSTRACT. We consider a class of semi-linear wave equations with a small pa-
rameter and nonlinearities which provide the equations having exact kink-type
solutions. We declare sufficient conditions for the nonlinearities under which
the kink-kink and kink-antikink collisions occur, in the asymptotic sense, with-
out changing the shape of the waves and with only some shifts of the solitary
wave trajectories. Furthermore, we create an absolutely stable finite differ-
ences scheme to simulate the solution of the Cauchy problem and obtain some
numerical results for two-wave interaction. We present also some unexpected
results about three-wave interaction.

1. INTRODUCTION
We consider the semilinear wave equation
e2(up — Uge) + F'(u) =0, z€R, >0 (1.1)

with some smooth nonlinearities F'(u) and the parameter € — 0. It is well known
[1] that the unique completely integrable representative of the family (1.1]) is the
sine-Gordon equation (see e.g. [2])

£ (ugt — Ugy) + sin(u) = 0. (1.2)

At the seme time, there are many nonlinearities F'(u) such that the equation (1.1)
admits exact travelling wave solutions of the kink/antikink type:

z—Vt — o}
ua ) =w( A=), B=0-V)V w(m)eC*®)
w(mn) —0 forn— —oo, w(n)—1 forn— +oo.

(1.3)

It is easy to check that the conditions
(A) F(z) € C*(R), F(z) >0 for z € (0,1),
(B) FW(2) =0,i=0,1,...,k, F*D(2) > 0, where 2y = 0 and 2z, = 1, and
k=1or k=3,
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are sufficient for the existence of kink/antikink solutions such that
wm)| <™ asn— —oo, |w(n) =1 <ean™? asny — oo

Moreover, under the periodicity condition
(C) F(2+1)=F(2)
any combination of kink-antikink waves

al Vit — 0
ug:Zw(iﬁiu), 0y —a0>1, 0<t<1 (1.4)
i=1 €
will approximate sufficiently well the exact solution of the corresponding Cauchy
problem. This bring up the question about the character of interaction between
the entities .

There are some known asymptotic results about the interaction character for the
equation with a small parameter €. Namely, there are constructed asymptotic
in the weak sense solutions of the equation to describe the interaction of two
kinks [3] and the kink-antikink pair [4]. As a result, in the cited articles are found
sufficient conditions for F'(u) and V;, ¢ = 1,2, under which the interaction of two
solitary waves (1.3) preserves the sine-Gordon scenario (see Sec. 2). This means
that the interaction occurs without changing the shape of the waves and with shifts
of the trajectories. The main tool there was the weak asymptotic method ( see
e.g. [5, 6] B, 4] and references therein). The main advantage of this approach
is the possibility to reduce the problem of describing nonlinear waves interaction
to a qualitative analysis of some ordinary differential equations (instead of partial
differential equations). This method takes into account the fact that kinks (as well
as solitons [, [6]) which are smooth for £ > 0 become non-smooth in the limit as
e — 0. So it is possible to treat such solutions as a mapping C*>°(0,T;C>(R1)) for
e > 0 and only as C(0,7;D’(RL)) uniformly in € > 0. Accordingly, the remainder
should be small in the weak sense. This sufficiently trivial observation allowed
to reach a progress for some old problems about nonlinear wave interaction for
nonintegrable equations.

However, the constructed asymptotics are formal only. Moreover, it is clear
that the conditions [3] 4] are excessively restrictive. For this reason we created
an absolutely stable finite differences scheme for the equation (Sec. 3) and
applied it to some nonintegrable versions of . The numerical results (Sec. 4)
show that the kink—kink and kink—antikink pairs interact without changing the
shape of the waves including the case when the conditions [3| 4] are violated.

At the same time it turns out that the multi-wave situation is more unex-
pected. The point is that there is a hypotheses (Vladimir Danilov et alii [§], Boris
Dubrovin’s, private communication) that there are sufficiently many equations with
sine-Gordon scenario of two solitary waves interaction, but three waves can inter-
act in the same manner for the completely integrable equations only. Apparently,
we can not be such categorical: our numerical results show that three kinks can
interact preserving the sine-Gordon scenario (see Conclusion).

2. ASYMPTOTIC SOLUTION

For essentially nonintegrable interaction problems it is impossible to construct
either explicit solutions (classical or weak) or asymptotics in the classical sense.
However, it is possible to construct an asymptotic solution in the weak sense [6].
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It should be noted that there is an obstacle to apply the standard D’ construction.
Indeed, in the D’ sense, the differential terms of the equation are subordinated
to the nonlinear term. Moreover, the left-hand side of is of the value O(g?)
in the weak sense for any u of the form and t < 1. Obviously, this prevents
the construction of the correct asymptotics for the Cauchy problem. To overcome
this obstacle, in [3] has been constructed a new definition of asymptotic solutions,
which involves in the leading term the derivatives of u with arguments z/e and t/e:

Definition 2.1. A sequence u(t,z,¢), belonging to C>(0,T;C>®(R.)) for € a pos-
itive constant and belonging to C(0,7;D’'(RL)) uniformly in ¢, is called a weak
asymptotic mod Op(g?) solution of (1.1)) if the relation

oo

2% N Pupuapdr + /O;{(gut)2 + (5%5)2 — 2F (u) }tppda = 0(62) (2.1)

holds for any test function ¢ = (x) € D(R!).

Here the right-hand side is a C*°-function for ¢ = const > 0 and a piecewise
continuous function uniformly in € > 0. The estimate is understood in the C(0,T)
sense:

g(t,e) = O(e®) = max [g(t,e)| < cet.
t€[0,T]

The left-hand side of is the result of multiplication of by ¥ (x)u, and
integration by parts in the case of smooth u. Therefore, it is zero for any exact
solution. On the other hand, the relation is just the orthogonality condition
which appears for single-phase asymptotics [9, [I0]. This condition guarantees both
the first correction existence and allows to find an equation for the distorted kink’s
front motion.

Definition 2.2. A function v(t,, ¢) is said to be of the value Op (¢*) if the relation

| vtew e = 0"

— 00

holds for any test function ¢ € D(RL).

Let us consider the interaction of two kinks,
2

z — Ou
U|t:0 = Zw(ﬁzT), EE
i=1

where 3; = 1/4/1 — V2, |V;]| € (0,1), and the initial front positions z{ are such that
23— 2% > 1. Obviously, it is assumed that the trajectories x = V;t +z? have a joint
point x = z* at a time instant ¢t = t*.

The asymptotic anzatz for the problem (1.1)), (2.2) has the following form:

T o (Ui WP PR IS RS

3
i=1 K

0
T —x;

), (2.2)

t=0 9

2
== BV (Bi
=1

Here ®; = ¢io(t) + €di1(7), ¢io = Vit + 2¥ are the trajectories of noninteracting
kinks, 7 = 1o(t)/e denotes the "fast time”, 1o(t) = ¢20(t) — ¢10(f), the phase
corrections ¢;; are smooth functions such that

¢i1 — 0 asT— —00, ¢i1 — @5 =const; as T — 400 (2.4)
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with a rate not less than 1/|7|. Furthermore, A;(7) € C* are exponentially vanish-
ing as |7| — oo functions, p is a sufficiently small parameter, ¢ < u < 1, and

d™Uo(n)
Up) = =20
(n) e
where m > 1 is an arbitrary number and Uy(n) € C™ is a sufficiently fast vanishing
function as |n| — oo.

The main result, which is known for the problem (1.1]), (2.2)), is the following.
Theorem 2.3. Assume (A)—(C). Set the additional assumptions

(D) F(1/2+2)=F(1/2 - 2),

(E) Let the function F(z) be such that the inequality

| rewremans [ {VFE@ - VEROD} & (29)

— 00

holds uniformly in 6 € (0,00). Then the interaction of kinks in the problem (1.1),
([2.2) preserves the sine-Gordon scenario with accuracy Op:(g%) in the sense of

Definition . The weak asymptotic solution of (1.1)), (2.2)) has the form (2.3)

with a special choice of the amplitudes A; and of the parameter p.

Remark 2.4. The symmetry (D) has been assumed to simplify the asymptotic
analysis and it is not very important.

Remark 2.5. The sense of the assumption (E) is the following. The phase cor-
rections ¢;; are solutions of a 2 X 2-dynamical system with a singularity which
support divides the phase plane into two parts with the possible exception of the
point (0,0). The assumptions are satisfied (consequently, the sine-Gordon
scenario takes place) if and only if there exists a specific trajectory which goes from
one half-plane to the other one trough the point (0,0). When A; in are equal
to zero, the existence of the trajectory implies the appearance of an additional very
complicated assumption. This condition can be made more coarse and transformed
to the simplest form . Such version can be treated as an admissible one since
it is satisfied for the sine-Gordon equation for any velocities V;,i = 1,2. The same
is true for the nonlinearity

F(u) = sin*(7u). (2.6)
Taking into account a freedom in the choice of the amplitudes A4;, i = 1,2, the
assumption (2.5) can be made weaker. However, the dynamical system with A; # 0,
i =1,2, is very complicated and it’s complete analysis remains undone.

Obviously, all stated above remains true for the antikink-antikink interaction.
Let us focus attention to the kink-antikink interaction, that is to the equation
(1.1) with the initial data

2 0 2 0
T — T ou T — 1Y
—0 = S; iiz), | == _ SibiVi /<Si i Z), 2.7
uli=o ;w(ﬁ =) Bl = AV (S8 (2.7)
where S; = 1, Sy = —1, and the notation 3;, V;, 2? is the same as in (2.2)).
The asymptotic anzatz for the solution of the problem (1.1f), (2.7)) differs a little
bit from ([2.3)), namely
2
x— ®i(t,7,¢) x— ®i(t,7,¢)
= Si z%) Ai U(SZ z%)} 2.8
u=Y" {w(sm + Ai(m) U (Sipi = (2.8)

=1
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with the same notation and the assumption (2.4)).

Technically, the construction of is similar to the kink—kink case. However,
the resulting dynamical system for the phase corrections becomes much more com-
plicated. Moreover, it is impossible to simplify the additional assumption, which
appears here also, without lose of the adequacy. For this reason, to present the
additional condition, we should define some entities:

A = i/oo W' (' (On)dn,  az = /Oo (' (1)) dn,

az J o —oo
o) = [l on + )i, dalo) = [t (57
L(0) = 0 — Xa(0) + OXa(0), Ly = L'|oo,

By = % _Z {F(w(n) —w(Bn) = F(w(n) — F(w(9n))}dn,
Fo=(0+60-200971 N =\ +20\,|,—0)(by + 0b1),
v="V,-V, bi:%, 9:%, M =2L; — 1+ 0\,

R=1-2\0(2 + 02 — VQLFO(A? + 2];1%}2).

Theorem 2.6. Assume (A)—(D). Moreover, let
(E1) 6#1 and N2+ MR >0,
(E2) L1 #0 and L(oc) >0 for o >0.

Then the kink and antikink preserve mod Op:(€2) their forms after the interaction.

The weak asymptotic solution of (1.1), (2.7) has the form (2.8) with a special choice
of the amplitudes A; and of the parameter p.

Remark 2.7. Apparently, kink and antikink interact in the case 8 = 1 preserving
the sine-Gordon scenario. However, this case should be investigated separately.

Remark 2.8. The condition (E1) is much more restrictive than (E). In particular,
for the sine-Gordon equation it is satisfied for |#—1| < 1. Moreover, (E1) is satisfied
in the cases

Vr2—-n/4)-1<-Vi <1l iffd<«1land V5 >0,
VT2 -—m/4)—1<Va<l iff>1,

and (E1) violates when the last inequalities are broken. Furthermore, for the non-
linearity this condition is violated for any velocities V;, i = 1,2. We note also
that the actual sufficient condition should be much less restrictive than (E1) (see
Remark 2). However, it remains unknown until now.

Remark 2.9. Assumption (E2) prevents the appearance of another singularity. It
is verified for all examples under our consideration.

Finally we note that there is a correspondence between weak asymptotic solutions
and energy relations for the equation (|1.1)).

Theorem 2.10. Let the assumptions of the theorem (the theorem @) hold.
Then two kinks ([2.3) (kink-antikink pair ([2.8))) preserve mod Op:(2) their forms
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after the interaction if and only if they satisfy the conservation law

d o0
o n Uptizdr = 0
and the energy relation
d oo oo
Qa re2uguLd + / {(ewe)? + (euy)? — 2F (u) fdzx = 0.

3. FINITE DIFFERENCES SCHEME

The actual numerical simulation for the problem (1.1)), (2.2) or (1.1)), (2.7)) is

realized for a finite z-interval, € [0, L]. For this reason we simulate the Cauchy
problem by the following mixed problem:

e2(ugy — Uge) + F'(u) =0, x€(0,L), te(0,T),

g =ve ul,_p =vr, (3.1)

o7 ou (T
ul,_y =u - 785ﬂﬁ0_u =)

where u° is a kink-kink or kink-antikink combination of the form or ,
and u' is the corresponding time derivative, vy = uo\xzo, v, = u0|z:L. To simulate
by the interaction phenomena, we assume that L, T, and the initial front
positions z¥, i = 1,2, are such that the intersection point of the solitary wave
fronts belongs to Q7 = (0,L) x (0,T). Furthermore, let L, T, and z{ be such that
uniformly in t < T,

|us|zefo,s) — ve| < ce?, |us|zeip—s,L) — vr| < ce?

for some sufficiently small 6 > 0. Here uy is the combination of solitary waves of
the form corresponded to the initial value u.

Since it is impossible to create any finite difference scheme for the problem ,
which remains stable uniformly in e — 0 and ¢ € (0,7), T = const, we will treat
€ as a small but fixed constant. However, we will fix any relation between ¢ and
finite differences scheme parameters.

To create a finite differences scheme for the equation we should choose
appropriate approximations for the differential terms and for the nonlinear term.
Let us do it separately.

3.1. Preliminary nonlinear “scheme”. As usual, we define a mesh Qr 5 =
{(zi, tj) = (ih,j7),i=0,...,1I, j=0,...,J} over Qr and denote

j+1 J J J—1
j Y Y Y Y
yi =ul@inty), Y =T Y= o
j j J_

Let us consider the system of nonlinear equations

eyl —y Y+ F' ™ =0, i=1,...,1-1, j=23,...,

itt — Yiaz
y6:V€7 yizl/ra J=01,..., (3.2)
s T .
W= (Z). b=t (Tor). im0
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where ! (x; /e, 7) is such that last equality in (3.1)) is approximated with accuracy
O(7?). Obviously, the local approximation accuracy of (3.2)) is O(72 + h?).
To simplify notation, we will write

yi=yl, g —yf“ gi=yl "
So the short form of the equation (3.2 is
e (yui — ﬁx;f) + F'(9) = 0. (3.3)

Our first result consists in obtaining of the boundedness condition for the problem
(3.2) solution.

Lemma 3.1. Let € be a sufficiently small constant and let
T
2 < const. (3.4)

Suppose that the system (3.2)) is solvable for any j =2,...J. Then uniformly in j,
N = T . .
lewell* + ledall” + 21V F@IP + {1yl () + Ne*yaz () }
< {lleg? 112 + eyl + 20V FGDI2 7/ (1 + O(r)),
where || - || and ||| - |||(j) are the £L* norms, namely
-1
112 =Y 1R ARG —CSWWZ
i=1

Here and in what follows ¢ denotes any const > 0 whzch does not depend on h, T,
and €.

(3.5)

For the proof see Appendix. As a consequence of this lemma and the identity

j—1
vl =)+ 7y ok
k=0
we obtain the inequality

j—1 2
7117 < 20190017 + 27> lwfll® < 2019°)1% + 2*007 (3.6)
k=0

where ¢y > 0 denotes the right-hand side in (3.5). Obviously, this estimate is very
rough. However, it can be improved a little for the specific initial data (2.2)) and

2.

Lemma 3.2. Let the assumptions of Lemma[3.1] be satisfied. Then for the im’tz’al
data u®(x;/€), u'(xi/e, ), which approximate the Cauchy data or [2.7), the
following estimate holds uniformly in j,

VE{ I+ gl + 11} < (3.7)

For the proof it is sufficient to note that the £2-norms of ey, eyl, and /F(y!)
are of the value O(/€).
Furthermore, to investigate the stability let us consider the auxiliary problem:

2(ehy — Y + F (gl 4 ) - Pyt = A (3.8)

itt zam
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J_ J _ 0_ 1 0 _ /2
25=0, 2;=0, 2z =4;, ez;=1;,

where 9!, .7-'17 are such that

e ® < e, 022 + el < e, e ma |2 < e,

Lemma 3.3. Let the assumptions of Lemma be satisfied. Then uniformly in
Js

eI + fle=f P < ¢ max, oo/, (39)

For the proof see Appendix.

3.2. Linearization. Now we should verify the solvability of the equations in (3.2))
for any fixed j > 1, that is, of the equation

2
TR Ve 2 Flly™) =G, &=y +ry, (3.10)

as well as select a way to linearize the nonlinearity. To this aim let us construct
the sequence of functions ¢(s) := {®o(s),...,¢r(s)}, s > 0, such that ©(0) = ¢
and ¢(s) for s > 1 satisfies the equation

o(s) — T Puz(s)

+ ;{F’(w(s = 1) + F"(o(s — 1)) (p(s) — @(s — 1))} -, (3.11)
wo(s) =ve, @1(s) = vp.

The solvability of the algebraic system (3.11)) is obvious for sufficiently small 7
and 7/e? < const. To simplify the notation we write ¢ := ©(s), ¢ = ¢(s — 1),
= ¢(s —2). Let also

Wi=p—@9, Wi=@Q-—@.
In view of the identity

1
F'() = F'(9) + F"(@)w + 5 F" (9:)w?,
where 1; is an intermediate point between ¢; and @;, we rewrite (3.11) as

2
1 .
0 — 2000 + Z—Q{F/(cp) — 5F/“(m)vﬂ} — (3.12)

Next let us assume the existence of the exact solutions y* of for all k =
2,3,...,j. Moreover, for the specific initial data and we can assume also
that 30 and y' satisfy the equation (in fact, it is not so important). Then,
subtracting one equation from the another, we obtain the following equations
for the sequence of the auxiliary functions w = w(s):

2 2
W — T2Waz + %F”(@)W = QT—EQF’”(ﬁi)\Tvz for s> 1, (3.13)
72
W= T Waz + 5 F'(y)w=1f for s=1, (3.14)
€

where f = 2yti - yg_l. Applying the standard techniques we verify the estimates
for ¢ and w (for the proof see Appendix).
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Lemma 3.4. Let the assumption (3.4]) be satisfied and T be sufficiently small. Then
2
T . . -
el + E*QIIES%II2 < U+ en) {1117 + vy 11° + llevi IIP)}

2
+ c{IIwl* + 7w |17},
g(1) < 073/2, g(s) <erg®(s—1) fors>1, (3.16)

(3.15)

where
g(s) = [w(s)[I* + 72[lwa(s)|%,
and ¢ > 0 denotes a constant which dos not depend on h, T, or €.

Combining the estimates (3.16]), we immediately conclude that the terms of the
w-sequence vanish very rapidly,

[w(D[? <er®?, lw@)|? <er’, W@ <ers... (3.17)
By (3.15)), the terms of p-sequence are bounded uniformly in s, and
le)II? < [l 11* (1 +O(v/7))- (3.18)

Furthermore, for any n > 0,

n o0
[ Wl
lp(s +n) — ()| <D Iwapill < lwegall D st:u < cf[weqall-
i=1 i=1 s

This implies the main statement of this subsection.

Theorem 3.5. Let assumption (3.4) be satisfied and € = const. Then for suf-
ficiently small T the sequence ¢ converges in the E%L sense to the solution of the

equation (3.10). Moreover,
Iyt = e (2)]| < er®/?, (3.19)
where ¢ > 0 dos not depend on h, T, or €.

3.3. Algorithm for the numerical simulation. Since the accuracy O(7%/2) is
much less than the accuracy of the finite differences scheme (3.2), we obtain the
following algorithm for the numerical simulation of the proble solution:
For a fixed j = 1,2,...,[T/7], T = const:
(i) define ©(0) := 97,
(ii) calculate ¢(s), s = 1,2, accordingly with ,
(iii) define y/*! := ¢(2), redefine j := j + 1, and come back to (i).
By the estimates and , this algorithm allows to calculate a bounded
in £%(Qr,p,-) numerical solution of problem (3.1)).
Note that this result can be improved. Moreover, it turns out that the algorithm
is absolutely stable. To prove this we state firstly the proposition (for the sketch
see Appendix)

Lemma 3.6. Let assumption (3.4) be satisfied and € = const. Then, uniformly in
S,
llewe(s)|| < const, |lews(s)] < const. (3.20)

Moreover, uniformly in j,

eyl + lle*yaa Il < —= (3.21)

C
\/g’
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where ¢ does not depend on T, h, €, and
leyi ™ —epi(s)| < e, eyttt — epa(s)l| < P (3.22)
with some p(s) which tends to infinity as s — oco.
An immediate consequence of lemmas is the following result.

Theorem 3.7. Let assumption (3.4) be satisfied and € = const. Then the solution
by the above described finite differences scheme converges to the solution of (3.1)
as T,h — 0, in the W3 (Qr) sense.

Finally, in view of the boundedness of the sequence ¢’ (s), s = 1,2, j =2,3,...,
it is easy to establish our last statement.

Theorem 3.8. Under the assumptions of Theorem [3.7 the above described finite
differences scheme is stable in the Wy (Qr.,.) sense.

4. RESULTS OF NUMERICAL SIMULATION

The numerical algorithm has been implemented as a program and tested using
the sine-Gordon equation in the cases of one, two, and three solitary waves.

Example 4.1. Let us apply the above described algorithm to the equation (1.1))
with the nonlinearity (2.6). The kink type solution can be found explicitly in this
case,

w(n) = %arccot (- \/imy). (4.1)

For the kink—kink interaction we consider the mixed problem with ¢ = 0.1
over the space interval [0.5,2]. The first kink (at the left) is specified by 8; = 15
and it moves to the right with the velocity V3 = /1 — (1/15)% ~ 0.99778. The
second kink (at the right) is specified by 82 = 20 and it moves to the left with the
velocity Vo = —/1 — (1/20)2 ~ —0.99875. The initial front positions are 29 = 1
and 3 = 1.5. All calculations have been done for the mesh with the parameters
h =75-10"% and 7 = 2-107°. To explain the selection of h and 7 so small,
let us note that the single kink of the sine-Gordon equation varies over [0, h] as
exp(B2h/e) = exp(200h). So the selected node density implies the variation like
exp(1.5 - 1072). Such range is a little bit excessively small for the single kink
movement, but it is adequate for the process of interaction. For the same argument
we set T & h/4.

The result of the numerical simulation is depicted in Fig. 1. It is easy to
see that the solitary waves preserve the kink shape during all the time except a
small neighborhood of the time instant of interaction. Let us note finally that the
sufficient condition E) is satisfied for the nonlinearity for any parameters V
and V5.

We now turn the problem of kink-antikink interaction. One can prove that
the condition E1) is violated for the nonlinearity for any velocities Vp, Va.
However, our hypothesis that E1) is excessively restrictive, is verified numerically
for some pairs of the parameters V7, V5. The plot in Fig. 2 depicts the evolution
of the kink—antikink pair with the same parameters as above. Again, the solitary
waves preserve their forms during all the time except a small neighborhood of the
time instant t* = 0.5/(V; — V) of the interaction. In fact, the waves lose the kink
shape at ¢t ~ 0.25 and give it back at ¢ ~ 0.26 (see Fig. 3).
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F1GURE 3. Evolution of the kink-antikink pair for some values of time

Example 4.2. For the nonlinearity

! {2 — cos(2mu) — cos(4mu)}

F(U)ZR

11

(4.2)
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the explicit kink type solution does not have any representation in elementary
functions. By this reason we solve numerically the Cauchy problem

dw 1
an =+2F(w), 7>0, w|y=0= 3
and, by the condition C), define w with negative argument as w(n) = 1 —w(—n). To
calculate the solution of (4.3) we use the Runge-Kutta method of the forth order

with the mesh step h, = 0.01.

(4.3)

Next we set the same as above Cauchy problems for the kink—kink and kink-
antikink pairs and apply the numerical algorithm with similar mesh parameters.
Numerically, the results of calculations for the nonlinearities and are a
little bit different. However, at first sight they are the same and we refer the readers
again to the plots in Figures 1-3.

5. CONCLUSION

Summarizing all stated above, we can deduce that there exists a class of non-
linearities such that kink—kink and kink—antikink pairs preserve the sine-Gordon
scenario of interaction at least in the leading term in the asymptotic sense. Appar-
ently, this class can be specified by the assumptions A) - C).

FI1GURE 4. Evolution of the kink-kink—antikink triplet

As for multi-wave interactions, the situation is more complicated and much more
interesting (we thank Vladimir Danilov for the suggestion to investigate this prob-
lem more in detail). According to the popular hypothesis (see Introduction), we
expected that two kinks and one antikink will lose the structure after the triple
interaction. This has been realized and the plot in Fig. 4 depicts the evolution of
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FI1GURE 5. Evolution of the kink—kink and kink—antikink pairs

FI1GURE 6. Evolution of the kink triplet

such solution for the nonlinearity . The initial positions and the velocities of
the solitary waves are the following: x) = 0.5, Vi = 0.99999, zJ = 1, V5 = 0.15,
) = 1.5, V3 = —0.69999. The first unexpected phenomenon appeared when we
checked coupled interactions of the same waves (that is for trajectories which inter-
sect by pairs). It turns out that the solution structure goes to ruin after the second
interaction (see Fig. 5). Since the pairs of the same waves interact preserving the
structure, this result seems to be very strange and we can not explain it.
Moreover, it turned out that three kinks interact according the sine-Gordon
scenario. We refer the readers to the plots in Fig. 6 and Fig. 7 which depict
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FIGURE 7. The profile evolution before (curve 1), after (curve 3)
and at the time instant of interaction (curve 2)

the evolution of the kinks with the parameters x{ = 0.5, V; = 0.99999, 2§ = 1,
Vo = 0.15, 2§ = 1.5, V3 = —0.69999.

So it is clear now that the problem of multi-wave interaction for the sine-Gordon
type equation should be investigated more in detail. It will be done later.

6. APPENDIX

In what follows we use the notation

1l = (B 1A) Il
i=1
for the discrete analogs of the LP(0, L) and W4(0, L) norms, where W4 is the Sobolev

space. Again, for simplicity we write || f|| := || f|l, if p = 2.
Our main tools are the discrete versions of the Holder inequality

N
h‘ Z figi
i=0

and the Gagliardo-Nirenberg inequality

(IF12 + 105 F12)

1 1
< Wlllgle, - — 42 =1 1<pg<oo

. ~ 1 1
105 f 1o < el fllz°Nf NGy, 00= st (6.1)

which is the multiplicative form of the embedding theorem for z € R! (see e.g.
[11]). Here c is a constant which does not depend on h.

Proof of Lemma[3.1] Let us multiply the equation by hy; and use the equal-
ities
2y5yr = (y?)f + T(ytf)27 2:0583/;81& = (yf:)t =+ T(ywt)Q-
Then, summing over ¢ the result of the multiplication and “integrating by parts”
we obtain the identity
-1
& {0ullyell® + Oellya|* + llyerll* + Tllyeel*} + 20 F'(§i)yse = 0. (6.2)

i=1

Next, taking into account the Taylor formula, we write

F'(§)ye = 0(F(y) = SF ()i,
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where 195 is an intermediate point between yf and yf *1. In view of the assumptions
A), C), the derivatives of F' are bounded by a constant. Therefore, summing over
j, we transform (6.2)) to the following inequality:

I-1
j ; j T N, T ,
lew? I + llewt 12 + 20 Y S (™) + SlluallPG) + eyl ()
i=1

(6.3)
2

J
T
<cot ey ey
k=1

where ¢; > 0 and
I-1

co = lleg?I® + leya > + 20 Y F(y;)-
i=1
Applying the finite differences version of the Gronwall’s lemma, we arrive at the

estimate ([3.5)). O

Proof of Lemma[3.3 Obviously, it is sufficient to consider the nonlinear term in
(13.8). We write:

J

I—-1
TY B IF @ 2T = Pl 1]
k=1 =1

J
<7 Y IAINIE @7y + (1 87)27 ) max |7
k=1

i
< ever I 1114,
k=1

where the specificity of the initial data (2.2)), (2.7) has been used. O

The rate ct;/e3/? of the exponent in (3.9) is bad. However, we do not know how
to improve the estimate.

Proof of Lemma[3.4 Multiplying (3.12)) by h¢, summing over 4, and “integrating
by parts”, we obtain the inequality

1 , 72 72
lell” + 72 [lpel* < §{|IGJ 1>+ (1 + 2;2)||<PH2 + E*Q(IIF'(SO)H2 + C\\Wllﬁ)}-
Let us estimate G7 in the form
IG71? < L+ VDI I? + (72 + 7) |y |1 (6.4)
Next, applying the Holder inequality and (6.1) for p = 4 and r = 0, we obtain
rllwli < erllwl?[[wlly < e(llwl® + 72 [[w. |[*)2. (6.5)
Then, in view of the assumption (3.4]), we obtain the estimate
(1 = en)llell? + 272l pa |
<A+ VO + (VT +1)leyi? + er + e(llw]? + 72 |lwa[*)?,
which is equivalent to (3.15]).
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To prove the inequality (3.16]) for s > 1 we use the estimate of the form (6.5))
again; that is,

7_2 N-—-1 B B 1 B B
gh‘ > P @a)wiwi| < erllwll[wli < Slwl® + er(Iw])* + 72 w2 ]|*)?.
i=1

By (3.4]), (3.7), to prove the estimate (3.16) for s =1 it is sufficient to note that

I—-1
T
Th Y| S Fiw? — fowi| < erliwll? + e/ Veyl1w)
=1

O

Sketch of the proof for Lemma[3.6l Let us prove firstly the additional a-priori es-
timate (3.21)). We differentiate the equation (3.2) with respect to z, multiply the
result by he?y,;, and sum over i. By the identity

" (9:) = F" (i) Jias (6.6)
we arrive at the estimate

T T RN
Olle®ya)” + Oulle®vaz I” + 1l yaril® + e tumill” < ellgall® + eyt |

Summing over j, using , and applying the Gronwall lemma, we obtain the
desired a-priori estimate.

Furthermore, repeating similar manipulations with the equation we obtain
the equality

2 2 2 2
lewal? + S5 e pasl

N-1 N-1 (6.7)
=72} Z {F/((ﬁl) + FN(QZ?Z)WZ}E iz + e2h Z Gmgﬂm
i=1 =1

By and the boundedness of F*),

N-1 N—-1
2] 3 F (@i = 7] D 0 (61— wia)pu
i=1 i=1

< e (lall” + [Iw=]?) o
< cer(llepel? + llews ).
Next we write
(F"(@i)wi)a = F"(@i)Wiz + F" (0:)(Piz — Wiz)Wis1-
The Gagliardo-Nirenberg inequality for p =4, r =1, , and imply
N—-1
2 3 P @i | < el v
= (6.9)

5/4
< e M4l ]|,
< er V(|| Vepl? + [lerell?y )
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and

< er?[[wllllollllwa lla

N-1
TQh‘ > P (0)WiaWig1Pia
i=1
6.10)
< er' || Vep [P erollhy llerwlly |
< er' " |IVepl + llemelfy + llemwllty }-
Furthermore, in view of (3.7)) and (3.10)),
leGall = lle(2yl —y2~ )l < eve. (6.11)
Combining (6.7)—(6.11])) we arrive at the inequality
72 T2
lewall® + S5 l1euall? < (Ve +71/19) 4 e (llewal? + S lle?wacl?). (6.12)
To close the estimates, we should come back to the equations (3.13]), (3.14) again.
For s = 1 we use the inequality similar to ; that is,

N-1

Tzh’ Z (F" (i) Wi)aWia

i=1

< er?(lwall + lyalllwllallwell)

< et (llews|]® + lleTwaz|?) + er13/10,

This and (3.21]) yield
2
-
llew,||* + €f2||€2vvm||2 <ecJr, s=1. (6.13)
To estimate ew,, for s > 1 we write firstly:

1 o o 2
< Sllews|” + er® {[wwe || + g w2}, (6.14)

N—-1
2 "G N2
- h‘ ;(F ()% | < 5

where ¥; = ;@; + (1 — )4, a; € [0,1]. Furthermore, by ,
TR W, || < er® B W] + eTwas|*}
and by and (6.12)),
72| @2 < er®/3|er |0 w7/ lerwllsy < er®2 (IS + lerwaz]|?} -

Next
N-1

| 3 (F (@) wi)awa
=1

< er{{lwall* + @a llIwllallwolls}

3/8

< erllews* + e P leal[{ 1wl + llewaz|* }-

Taking into account (3.16f), (6.12]), and denoting
2
-
F() = {1l + lewall® + Zz (lewa|* + ll®waz *) } (),
we arrive at the inequality
fls) Ser®BLet 4 AV 4 7 /f(s = D)} f(s) + er® 10 f2 (s = 1) (6.15)

In view of (6.13]),
F(1) < evr. (6.16)
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From this and it follows that holds uniformly in s > 1. Therefore,
f(s) <er310f2(s —1), s>1, (6.17)
which implies the convergence of the sequence ||ep,||(s) as s — co. Moreover,
lews|(s) < e, s> 1,

where ¢ does not depend on 7 or €, and p(s) — oo as s — oo. In particular,

1 19 41 85

1)=- 2) = — = — 4) = —.

() =7 p2) =5 pB)=55 p(4) = 53
To prove the second part of Lemma statement we do the same as above but for
the derivative with respect to t. ([l

Sketch of the proof for Theorem[3.8 By Lemma it is sufficient to prove the sta-
bility of the ¢(s) calculations for s = 1,2. To this aim let us consider the recurrence
equation

7_2
©(s) = T20(s)oz + o5 { F' (s = 1) + ®(s = 1)) = F'(1o(s — 1))
+F"(p(s — 1) + (3—1))(80(5)4-@(8)—go(s—l)—@(s—1)) (6.18)
— F"(p(s = 1)) (¢ w(s—l))}:@ s=1,2

for the difference ®(s) = p1(s) — p2(s) of two pairs p;(s), s = 0,1,2. We assume
that

[DO)[* + [[e®(0)] + [le: (0)[* < p*2, (6.19)

1G> + lleGal® + [|Gil* < . (6.20)

Multiplying (6.18) by ®(s) and using the boundedness of F(*), we obtain the in-
equality

7_2
92 + 7210a I < (5 +eS )10 + i + e (10013

(6.21)
+lles) (s — D + (s — 1)||2)~
Next the Gagliardo-Nirenberg inequality and the assumption (3.4) imply

72

Sle@)} < er 2o (Io6) 2 + 2l ea()?),  (6.22)
2
-

gl\‘l’(S)IIZ < er A 2D (s)[[|R () |2 (7] @ () )2 (6.23)

By (3.18)), ||®(s)]| is bounded uniformly in s: ||®(s)|| < 1/y/e. Therefore, combining
(6.21))-(6.23)) we arrive at the inequality

12() 12 + 72 @a(s) 2 < ev/T (1 0(s = DI + 72| @ (s = D7) + pab.
In view of ,
1D ()]1% + 721 @u(s) 7 < (1 + ev/m)2ubs. (6.24)

Repeating the same for the derivatives e®,(s), e®:(s), and taking into account
Lemma [3.3] we complete the proof. O
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