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EXISTENCE OF SOLUTIONS TO N-TH ORDER NEUTRAL
DYNAMIC EQUATIONS ON TIME SCALES

QIAOLUAN LI, ZHENGUO ZHANG

ABSTRACT. In this article, we study n-th order neutral nonlinear dynamic
equation on time scales. We obtain sufficient conditions for the existence of
non-oscillatory solutions by using fixed point theory.

1. INTRODUCTION

This article concerns the n-th order neutral dynamic equation

(2(t) + p()2(7(1)>" + fi(t, 2(ra (1) — fo(t, 2(r2(t))) = 0, (1.1)
for t > tg, where t € T, n € N. We assume p € C.4(T, R),7,7; € Crq(T,T),
T is strictly increasing, 7(t) < ¢, 7(t) — oo, 7i(t) — o0, fi € Cra(T x R, R),
fi(t,u) fa(t,u) > 0, and f; is non-decreasing in u. In the sequel, without loss of
generality, we assume that f;(t,u) >0, i =1,2.

In 1988, Stephan Hilger [7] introduced the theory of time scales as a means
of unifying discrete and continuous calculus. Several authors have expounded on
various aspects of this new theory, see [l [6] [12] and references therein. Recently,
much attention is concerned with questions of existence of non-oscillatory solutions
for dynamic equations on time scales. For significant works along this line, see
[5 [8, 9 T0]. Many results have been obtained for first and second order dynamic
equations, however, few results are available for higher order dynamic equations.
Motivated by these works, we investigate the existence of non-oscillatory solutions
of .

In Section 2, we present some preliminary material that we will need to show
the existence of solutions of . We present our main results in Section 3.

2. PRELIMINARIES

We assume the reader is familiar with the notation and basic results for dynamic
equations on time scales. For a review of this topic we direct the reader to the
monographs [2, [3].

We recall z is a solution of (1.1)) provided that x(t) + p(t)z(7(¢)) is n times
differentiable, and x satisfies solution x of is called non-oscillatory if
x is of one sign when ¢t > T.
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We define a sequence of functions gx(s,t), k =1,2,... as follows.

go(s,t) =1, s,t €T,
G (s,8) = / gu(o(w), ) Au, st €T,
t

For gi(s,t), we have the following Lemma.

Lemma 2.1 ([I1]). Assume s is fired, and let g=(s,t) be the derivative of gi.(s,t)
with respect to t. Then

g (s,t) = —gr_1(s,t), keN, teT" (2.2)

Lemma 2.2 ([]). Let X be a Banach space, 2 be a bounded closed convex subset
of X and let A, B be maps from Q to X such that Ax + By € Q for every pair
x,y € Q. If A is a contraction and B is completely continuous, then the equation
Az + Bx = x has a solution in Q.

Lemma 2.3 ([]). Let X be a locally convex linear space, S be a compact convex
subset of X, and T : S — S be a continuous mapping with T(S) compact. Then T
has a fized point in S.

3. MAIN RESULTS

Theorem 3.1. Assume that 0 < p(t) < p < 1, and there exists b > 0 such that

/00 gn—1(0(s),0)fi(s,b)As < 00, =1,2. (3.1)

to

Then (L.1)) has a bounded non-oscillatory solution which is bounded away from zero.

Proof. Let BC be the set of bounded functions on [ty,c0) with sup norm |z| =
sup;>q, [2(t)], t € T. Let Q C BC, Q = {z € BC,0 < M; < z(t) < My < bt >
to,t € T}, where My < (1 — p)Ma, then Q is a closed bounded and convex subset
of BC.

Choose a such that pMy + My < o < M, and ¢ = min{My — o, — pMy —
M;}. We choose t; > tg, such that 7(t) > to, 7(t) > tg, ¢ = 1,2 ¢ > ¢; and
ft?o gn—1(0(s),0)fi(s,b)As < ¢, i =1,2. Define a mapping I" on 2 as follows.

(Cz)(t) = (Trx)(t) + (Co2)(D),

where

(T12)(t) = {a —p)z(r(t), t=t, teT,

(le)(tl), to <t<t;, teT.
(1" [ gna(o(s), ) [f1(s, 2(71(s)))
(Daz)(t) = { —f2(s,2(72(5)))] As, t>ty,
(Tox)(t1), to <t <t.

For any z,y € Q, t > tg, t € T, we have

(T1z)(t) + (T2y)(t) < a+c < Mo,
(C1)(t) + (C2y)(t) > a — pMy — ¢ > M.
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Hence for t > ty, t € T, I'ix 4+ sy € Q. Clearly, I'; is a contraction mapping on €2
and I's is continuous. We shall show that I's is completely continuous. In fact, for
any x € Q, for to <t <ty, (T2x)(t) = (I'2z)(¢1), and for ¢ > 1, we have

(T (8) s/toogn L(0(5), D)1 f1(5,2(m () — fol5, 2(ma(5)))]| As
< / " g (0(8), ) (s, o(ma(s)))As
< /too gn—-1(0(5),0)f1(s,b)As < c.

Hence I'x€2 is uniformly bounded. For € > 0, there exists a 7', such that for ¢t > T,

/too gn-1(0(8),0)fi(s,b)As < %

For ¢,t' > T, we have

o}

(C22)(0) ~ (C20)(®) 2 [ gur(o(9).0fi(s0)As < =

T
For t,t' € [tl,T] we have

|(Ta)(t) — (o) ()]

|/ gn-1(0(s),)[f1(s, 2(11(s))) = fal(s, 2(72(s)))] As
*/ gn-1(0(s),t)[f1(s,2(71(5))) — fals, 2(72(s)))]As|

<[ gn-a(a(s),)f1(s, 2(m1(s))) — fa(s, 2(7a(s)))] As]

t

T
+ /t lgn-1(0(s),1) = gn-1(0(5), )| fr (5, 2(71(5))) — fa(s, 2(72(s)))|As
+ /TOo (9n-1(0(5), 1) = gn-1(0(5), )| f1(s, 2(1(5))) = fa(s, 2(72(5)))| As.

There exists a d, so that when [t —¢/| < d, [(T2x)(t) — (T2z)(t')| < e, which shows
that the family I'>Q is equicontinuous, I'y is completely continuous.

By Lemma 2, there exists a fixed point z € €2, such that 'z = z. It is easily
to see that x is a bounded non-oscillatory solution which is bounded away from
Zero. U

Theorem 3.2. Assume that 1 < p; < p(t) < pa, and (3.1) holds. Then (1.1) has
a bounded non-oscillatory solution which is bounded away from zero.

Proof. We choose t1 > ty such that
o . . >
To = min{7(t1), tlgtfl(ﬁ(t)), tgltfl(Tg(t))} >ty

Let BC' be the set of bounded functions on [tg, 00) with supremum norm ||z =
SUp; >y, |2(t)|, t € T. Define a set Q C BC as follows:

0= {xeBC,mA(t) <0,0 < My <a(t) <piMy <b,t>t,

2(t) = 2(t), To<t< tl.}
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Then Q is a closed bounded and convex subset of BC. Let ¢ = min{a— M, py M1 —
a}, where My < o < p1M;. We choose ty > t1, such that for ¢ > ¢,

/too gn—1(0(s),0)fi(s,b)As < c.

For z € Q, define

oo (=D la(r—'(t))
o) = 4 2= I o P2
¥(t2), To <t <t
where 790) = 1 () = 771 (0), 7)< 7000, Hult) =1, B0 =
HJ Op(T]( ), i=1,2,.... From M; < z(t) < p; M;, we have

0<¢(t)§P1M17 t2t27 teT.

Define a mapping I" on  as follows

a+ (=11 [T gu-1(a(s),1t)
(T2)(t) = { X i (=) fils, 9 (ri(s))As, ¢ > b,
(F'z)(t2), To <t <ts.

Then I' satisfies the following conditions:
(a) TQ C Q. In fact, for any x € Q, (Tx)(t) > a—c> My, Tz)(t) < a+ec < pi M.
(b) T is continuous which is easy to show.
(¢) Similar to Theorem 1, I' is equicontinuous.
By Lemma 3, there exists x € {2, such that = I'z; i.e.,

(t) = a+ (-1)" /too gn-1(0(5),t)[f1(s,¥(11(s))) = fa(s, ¥ (72(s)))]As.
Since (t) + p(t)w(7(t)) = x(t), we obtain
P(t) +p(t)(r(t))
=a+(-1)"! /t gn-1(0(5),1)[f1(s,¥(71(s))) — fa(s,¥(72(s)))] As.

So 1(t) satisfies (T.I)) for t > to, t € T, and 2=2a(r~1(t)) < 9(t) < z(t). The

pip2 -
proof is complete. ([

Theorem 3.3. Assume that —1 < p1 < p(t) <0, and (3.1)) holds. Then (1.1) has
a bounded non-oscillatory solution which is bounded away from zero.

Proof. Let BC be the set of bounded functions on [tg, c0) with sup norm |jz| =
sup;>, |2(t)|. We choose My, My < b such that 0 < M; < o < (1 +p;1)Ma. Let
Q={x e BC,M; < z(t) < My < bt > tp}. Then Q is a closed bounded and
convex subset of BC. Let ¢ = min{ao— My, (14p1) M2 —a}. We choose ¢1 > tg, such
that 7(t) > to, 7:(t) > to, for t > ¢1 and ftczo gn—1(0(8),0)fi(s,0)As < ¢, i =1,2.
Define a mapping I" on 2 as follows:

(Cz)(t) = (Trx)(t) + (To2)(D),
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where

(le)(t) = {Ot _p(t)x(T(t))a t> tl,

(Crz)(t1), to <t < tq,
(=)™ [ gno1(o(s), ) [f1(s, 2(11(s)))
(Toz)(t) = { —fa(s,2(ma(s)))] As, t>t,
(Taz)(t1), to <t <t.

For z,y € Q, t > ty, we have

(T1z)(t) + (T2y) () < a —p1Ma + ¢ < M,
(T12)(t) + (Tay)(t) > a—c > M.
Hence for t > tg, 'z + oy € Q. Clearly, I'1 is a contraction mapping on € and I’y

is continuous. Similar to Theorem 1, we can prove that I's is completely continuous.
So that there exists x € €2 such that £ = I'z. The proof is complete. O

Theorem 3.4. Assume that p1 < p(t) < ps < —1 and (3.1) holds. Then (L.1) has
a bounded non-oscillatory solution which is bounded away from zero.

Proof. Let BC be the bounded functions on [ty, 00). We choose 0 < My < My < b,
such that —p1 M7 < a < (=p2 —1)Mas. Let Q = {x € BC, My < x(t) < Ma,t > to},

mln{wiillmm (—p2 — 1)M5 — a}. Choose t; > to such that for ¢ > 1,

c =

oo

TN (7i(t) > to, / In-1(0(5),0)fi(s,b)As < ¢, i=1,2.
‘r*l(t)

Define two maps I'1, I's on €2 as follows:

___a ()
(Flff)(t)={ ) T pTy 2t

(Ty2) (1), to <t <t
S I 9n-1(0(5), D [fu(s, 2(m1(5))
(Toz)(t) = ¢ —fa(s, 2(72(s)))] As, t>t,
(Taz) (1), to <t <t.
For z,y € Q, (Ta)(t) + (Tay)(t) = 52 + % = My, (Dua)(t) + (Tay)(t) < 52 —

B2 =5 < Mp. So (ix)(t) + (Fay)(t) € Q. Since pi < p(t) < p2 < —1, we get
I'; is contraction. We shall prove that I's is completely continuous. In fact, for all
x € Q, to <t <ty (F2$)(t) = (FQI’)(tl) For t > tq,

1 [ c

|(Toz)(t)] < —— gn-1(0(s),0) fi(s, z(7i(s))) As < ——,

P2 Jr-1(1) b2
so I'2€2 is uniformly bounded. By the conditions, for all € > 0, there exists a T > t;
such that

[ (o). 00 < 2

—H(T)
For all z € Q, t,t/ > T, we have

|(Ta)(t) — (Ta) (1 |<—f/ o1 (0(5),0)fi(5,5)As < .
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Since 771(t), m are continuous on [t1,T], they are uniformly continuous on

[t1,T]. Let |gn—1(c(t),0)fi(t,b)] < M, when t € [t1,T]. Hence for each € > 0, there
exists a 0 > 0 such that for ¢,¢ € [t1,T], |t — t'| <, we have

| 1 1 €

1) — 7Ly —Pb2¢
@) ey Sae OO g

/Oo |9n-1(0(5), 1) = gn—1(0(s), )| fi(s, D) As < %
T (t1)

For all z € Q, when ¢,t' € [t1,T] and |t — t'| < §, we have
|(Taz) () — (T2z) (1))

1 o0
CT0) /Tlm gn-1(0(s),)[f1(s, 2(71(s))) = fa(s, 2(72(s)))]As
1

=l AR ORGSO R AT IO NN

o0

1 1 e
< |p(7'71(t)) - p(r—1(t) | /7:1(t) Gn-1(a(s), ) f1(s,2(11(5))) — fa(s,x(72(s)))|As

1 T
+ IMH / oy SOOI oIS

ec M psle | |pa2le _

= E’
\pz\ 3M |172|3

which shows that the family ;€2 is equicontinuous, so I's is completely continuous.
By Lemma 2, there exists a fixed point z € ) such that 'z = x. It is easily to see
that x is a bounded non-oscillatory solution which is bounded away from zero. [

Example. On the time scale T = {¢" : n € Ny, ¢ > 1}, consider the dynamic
equation

_ 2(,2 2
(2(6) = z(p(e)* + 2N L O D ) .
(Vi-D@+ 1)+ 1)@ +g+1) 5 4 '
- 83 (t + )3 = (p°(t)) = 0,

where p is the backward operator, p*(t) = p(p(t)), p3(t) = p(p*(t)). In this equation,
n=4,p(t) = -5 7(t) = p(t) = , 11(t) = p*(1), m2(t) = p*(t),

WA= D(g+ D)@ +1)(¢* +g+1)
fi(t,b) =2 OBt + ¢2)?

o(b) = (\/5—1)(qu1()123(( 1))((1 +q+1)

b2

b2.
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By the definition of gk (s, t),

and

(Va—D@+1)*+1)(¢* +q+1)
91-1(0(s),0) - f1(s,b) < 5°2 7953 (s + ¢2)2

(VZ—1)(g+1)%(@+1)(¢*> +q+1)
q10s2

b2

<2 v,

—D(@+D*P+1)(®+q+1
9471(0(5%0)']"2(57[’)gsg(\/a )(qq1033((§+q2))3(q AR

(Vi—1D(q+1)*(*+1)(¢* +q+1)
< q10s3

b2

bQ

b2As < oo,

/°° (Va—1(g+1)%(> +1)(¢*> +q+1)
t qst
/°° (Va—D(qg+1)*(¢> +1)(¢*> +q+1)

2
41053 b*As < 0.

to

It is obviously that (3.2)) satisfies all conditions of Theorem 3. Hence (3.2) has a
bounded non-oscillatory solution which is bounded away from zero. In fact z(t) =
14 % is a solution of (3.2]).
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