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PERSISTENCE OF SOLUTIONS TO NONLINEAR EVOLUTION
EQUATIONS IN WEIGHTED SOBOLEV SPACES

XAVIER CARVAJAL PAREDES, PEDRO GAMBOA ROMERO

ABSTRACT. In this article, we prove that the initial value problem associated
with the Korteweg-de Vries equation is well-posed in weighted Sobolev spaces
x50 for s > 20 > 2 and the initial value problem associated with the nonlinear
Schrédinger equation is well-posed in weighted Sobolev spaces X9, for s >
0 > 1. Persistence property has been proved by approximation of the solutions
and using a priori estimates.

1. INTRODUCTION
In this paper we consider the initial value problem (IVP) for the Korteweg-de
Vries (KdV) equation
Ot + Ugga + a(u)ul’ =0, (ta x) €Rx Rv
u(z,0) = ugp(z),
where u a real-valued function and a € C*°(R,R) is a real function.
And the initial value problem for the nonlinear Schrodinger (NLS) equation
u=1i(Au— F(u)) =0, (t,z) e RxR",
u(z,0) = uo(),
where u a complex-valued function and F satisfies:

(F1) F € CHITY(C,C) with F(0) = 0.

(F2) If s < n/2 and if F(n) is a polynomial in n and 7, then deg(F) = k <
x(s) :=1+4/(n—20), —o0o <o <n/2. If s <n/2andif F(n) is not a
polynomial, then

ID'F(n)| <¢n*~% i=0,1,...,[s]+1, as |y — oo, (1.3)

where [s] + 1 < k < x(s).
The above conditions on a and F' guarantee the well-posedness for (1.1) and
(1.2)) in the usual Sobolev spaces H®, s > 2 and H?®, s > 1 respectively, see [4} [7].
We are mainly concerned with the question of the persistence property in weighted

Sobolev spaces. The aim of this work is to use Lemmas proved in [I0, Lemmas 3
and 4 ] and to apply this result to show persistence property of (I.1)) in X'*? (see

(1.1)

(1.2)
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definition in ) for s > 20 > 2 and persistence property of in X% for
s > 60 > 1. The notation we took are from [2].

In what follows we introduce the notion of well-posedness that we are going to
use throughout this work. We say that is locally well-posed in a Banach space
X, if the following hold.

(1) There exist T > 0 and a unique solution u in the time interval [T, T
(unique existence).

(2) The solution varies continuously depending upon the initial data (continu-
ous dependence); that is, continuity of the application

up — u from X to C([-T,T]; X).
In particular if uf — up when n — oo, then

sup |Jun(t) = u(t)|[gs — 0, (1.4)
te[-T,T]

where u,,(t) is solution of (1.1) with initial data uf.
(3) The solution describes a continuous curve in X in the time interval [-T, T
whenever initial data belongs to X (persistence).

Moreover, we say that is globally well-posed in X if the same properties
hold for all time T" > 0. If some of the hypotheses in the definition of local well-
posedness fail, we say that the IVP is well-posed.

Our main focus in this work will be to show the persistence property. In [2]
they proved the persistence property for an equation mixed Korteweg-de Vries -
Nonlinear Schrodinger with a weight of low regularity. To accomplish this they
used an abstract interpolation lemma ([2, Lemma 2.2]).

The interpolation lemma proved in [2] is quite general and applies to several
equations provided they satisfy certain a priori estimates. These a priori estimates
are related to the conserved quantities and are as follows.

[u(@)l[z2 < Clluoll z- (1.5)

[u(@)ll g1 < Clluoll g + Ax(lluol2)- (1.6)

[u(®)]l 2 < CAz([[uoll g2, [[uoll 71 [[uol £2)- (1.7)

() L2y < Clluollzeqai,) + As(IDguoll e, D5 uollze, - luollz2),  (1.8)
where ¢ = a(r) > 1, r € Z*, A, are continuous functions with A;(0) = 0,

AQ(0,0, 0) =0 and Ag(o, SN ,O) =0.

It can be inferred that, if one has local well-posedness result for given data in H*®
and if the model under consideration satisfies a priori estimates —, then
with the help of an abstract interpolation lemma, it is easy to prove persistence
property in weighted Sobolev spaces.

A typical example of (|1.1)) that satisfies the properties (|1.5)—(1.8) listed above is
the IVP associated to the generalized Korteweg-de Vries (gKdV) equation (a(z) =

2F in (1.1))
Ot + Oppzu + uFOpu = 0, (t,z) € R? k=1,2,3,...

u(z,0) = up(x). (1.9)
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Another typical example is the IVP associated to the Nonlinear Schrédinger (NLS)
equation, (1.2) when F(x) = p|z|*"!.
i0pu+ Au = plu|*tu, p=+1,a>1, z€R", tcR

u(z,0) = ugp(z), (1.10)

the local well-posedness has been studied in [3] for given data in the weighted
Sobolev spaces. More precisely, the following result that deals with the persistence
property has been proved in [3].

Theorem 1.1. Suppose that ug € H*(R™) N L2(|z|*™dx), m € ZT, withm < a—1
if a is not an odd integer.

(A) If s > m, then there exist T = T(|luglls,2) > 0 and a unique solution

u=u(z,t) of with
uwe C([-T,T); H* N L*(|x[*dz)) N LIY([~T, T]; L? N LP(|z[*"dz)).  (1.11)
(B) If1 < s < m, then holds with [s| instead of m, and
Iy = (z; + 2itdy, ) u € C([-T,T); L*) N LI([-T,T]; L), (1.12)
for any B € (ZT)™ with |3] < m.
The power m of the weight in Theorem is assumed to be a positive integer.
In the recent work of Nahas and Ponce [I0], this restriction in m is relaxed by

proving that the persistence property holds for positive real m. To be more precise,
the result in [I0] is the following.

Theorem 1.2. Suppose that ug € H*(R™) N L*(|z[*™dz), m > 0, with m < a — 1
if a is not an odd integer.

(A) If s > m, then there exist T = T(|luolls,2) > 0 and a unique solution

u=u(z,t) of with
u € C([-T,T); H* N L3(|x[*™dx)) N LY([~T, T]; L? N LP(|x|*™dx)). (1.13)
(B) If 1 < s <m, then holds with [s] instead of m, and
TPy € O([-T,T); L?) N LY([-T,T); LP), (1.14)
where TP = ¢il#1*/4t2bb D (¢ile*/4t Y with | 8] = [m] and b= m — [m).

Kato [5] studied the IVP associated to the gKdV equation for given data in the
weighted Sobolev spaces and proved the following result.

Theorem 1.3 (Kato). Let r € Z*, then the IVP for (1.9) is locally well-posed in
weighted Sobolev spaces X277, and globally well-posed in X" if the initial data
satisfies ||uollr2 < 7.

In this work we are interested in removing the requirement that the power of the
weight in Theorem is integer, by proving the similar result for the non integer
values of 7 > 1 and also we present a proof simples for the persistence in weighted
Sobolev spaces for the generalized non-linear Schrodinger equation for the
non integer values of r > 1. In [10] they cover all possible values of the parameters
5,0 in the spaces X*?. The main results of this paper are the following.

Theorem 1.4. Problems (L.1) and (1.2)) are local well-posed in weighted Sobolev
spaces X5 for s > 20 > 2 and X*Y, for s > 0 > 1 respectively.
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Without loss of generality in the proof of Theorem [T.4] we will restrict our at-
tention to (1.9) and (L.10). As an application of Theorem [I.4]we have the following
result.

Theorem 1.5. Problem (1.1) is globally well-posed in X9, for s > 20 > 2, if the
initial data satisfies ||ugllrz < 7.

Is not difficult to see that a similar proof as in [2] proves local well-posedness for
(1.1), in weighted Sobolev spaces X*? s> 2 and 6 € [0,1].

For other results about persistence, for the problems and see the
work of Nahas and Ponce in [9], see also Nahas, [§] for persistence of the modified
Korteweg-de Vries equation (k=2 in (L.10))).

Notation and Background: We follow the notation introduced in earlier paper
[2]. For the sake of clarity we recall them here. We use dz to denote the Lebesgue
measure on R and, for 6 > 0, we use

dug(x) := (1 + |z*)? dz,
djig(z) := |z|*® dz

to denote the Lebesgue-Stieltjes measures on R. Hence, given a set X, a measurable
function f € L?(X;dug) means that

Hﬂhmm:LVMWm®<m

When X = R, we write: L?(dug) = L?(R; dug), and for simplicity
L? = L*(dpo),  L*(dp) = L*(dpa).

Analogously, for the measure djip. We will use the Lebesgue space-time LP L4
endowed with the norm

e = Wl = ([ ([ 1rtpar)™ae) ™ 1< poq < ).

When the integration in the time variable is on the whole real line, we use the
notation || f[|zrrs. The notation [lul[z» is used when there is no doubt about the
variable of integration. Similar notations when p or g are co.

As usual, H* = H%(R"), H® = H*(R") are the classic Sobolev spaces in R",
endowed respectively with the norms

[ llers = 1l 2> 1 F s = 11122 g -

In this work, we study the solutions of in the Sobolev spaces with weight

X%? defined as
X% = H* 0 L*(dpy), (1.15)
with the norm
1 lleo = 1 e + 11 z2(ap)-

Remark 2. We remark that, X*! C xX*? for all s € R and ¢ € [0, 1].
Indeed, using Hoélder’s inequality
£ 112 oy < UL N1 ay-
Remark 3. Let b € R to denote
D' f(x) = ((2rl¢)"F )" (@)
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We follow the notation of the classical 1. d.o’s in S7':

ST = {a € C®(R*") : 10707 a(w.€)] < Cap(l+ )™V Va, 5 € (ZF)").

The proof of the following lemmas can be found in [I0].
Lemma 3.1. Ifa € 8 and (z) := (1+ |z|2)1/2, then

a(x, D) : L*(R™; duy) — L*(R™;duy), Y b>0.
is the differential, limited operator.
Lemma 3.2. Leta,b > 0. Suppose that D*f € L*(R") and (z)°f = (1+|z|?)*/2f €
L?(R™). Then
[(z)"* D=0 f 12 < C|l(2)" £ 721 D* fII32° (3.1)
4. STATEMENT OF THE WELL-POSEDNESS RESULT

In this section we prove the well-posedness of the Cauchy problem (/1.1 in the
weighted Sobolev space X% for # > 1 and s > 2.

Lemma 4.1. If ug € L*(dfip), 0 € [0,1], A > 0 and uj(z) = FHX{le)<ny¥0) (2),
then
lug Il 22 (dgig) < ol 22 dfig)- (4.1)
If 6 = 0, (4.1)) is a direct consequence of Plancherel’s theorem and definition of
uj). If § = 1, using properties of Fourier transform we obtain
|zug (§)] = [0eup ()] = [Xq1g1< 2y 0o (€)] = X{je|<ry|Tuo(€)]-
Thus by Plancherel’s equality

/R ) (z) P = / ray ()[2de < / (a0 (€) e = / o () 2d.

When 6 € (0,1), we obtain (4.1) by interpolation between the cases § = 0 and
0 =1, see [1].

Lemmas [£.4] and tells nothing new; we present a proof for the sake of com-
pleteness

4.1. A priori estimates for the nonlinear Schrédinger equation.

Lemma 4.2. Ifu € S(R™), »r > 1. Then

1-1 1/
/<m>2r’2|Dmu|2dx§(/ () uf? dz) (/ |D"ul? dx) "
n Rn RTI,

1

Proof. We apply the Lemma takinga =b=7rand § =1 — =, then r > 1 since
r

0<6< 1. O

Lemma 4.3. If u € S(R™). Then
/ <x>2b|Vu(t,x)\2dz < br,n/ <x>2b|Dmu(t,x)|2dx + bnn/ <x>2b|u(t, :E)|2dx.
&

1+ [¢]
3.1} we can see that the operator a(z,€) is bounded and a € S . O

Proof. Since @L(f) = [£|u(§), we consider a(z,§) :=

and using the Lemma
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Lemma 4.4. If u is a solution of the IVP for the NLS (1.10) with up € X",
s>r>1. Then

/qul?‘de{Cr,n sup [u(t)l|Frr @y + [0(0) 1724y, e (4.2)
R» te[-T,T)

Proof. Consider () := (1 + |z|>)" = ()?" to € R™ Multiplying the term ¢u

where u € S(R™) in equation ([1.10) and after integrating on R™, we obtain taking
real part

2?)?{/R uppt de } —2%{2’/}}{ Aupudr} = —Q,u%{i/R lu|*¢ dx } (4.3)
observe that dyu.w = 2R{u.%;}. Replacing in (4.3), we obtain
8,5/R @dxlul* = 23‘%{2’/]R Aupudz}, (4.4)
on the other hand

/ 02 wudr = — Or, (W) Oy, u dx
: R (4.5)
= / (@02 7 + 20,,00,,u+ 02 pu)udz,

of , we obtain
/ pAut dr = / (pAT + 2Vp.Vu + Ayt )udz,
which leads us to
2i / eS{Auu} dx = /RAgo|u|2dx—|—2 A V. Vuudz, (4.6)
of and , we obtain
6,5/ olu*dx = i/RAcp|u|2 dx + 2i Ve .Vuude,

RTL
and taking real part

8,5/ <p|u|2dx:2§R{i/ V. Vaudz}. (4.7
R’IL Rn

Notice that
Vel < 2r(a)? ", (4.8)

SO

’%{/ Vo.Vuudz}| S/ Vol Vu|u| dx
R7l R"'L
< 2r/ (2)" ul(z)" " V| do (4.9)
Sr/ <p|u\2dm+r/ <x>2r72|Vu|2dx.
Applying Lemma (4.4) and (4.9), we have

Bt/ cp|u|2dx§cr,n/ <p|u\2dac+cnn/ (x)* Y Dyul? da, (4.10)
n RTL ]Rn
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and using Lemma [£.2] we obtain

0t/ <p|u\2da?§cnn/ ap|u|2dx+cnn/ |Dwu|2dx—|—cnn/ |D™ul|? da.
n ]Rn Rn Rn
Thus
o [ eluPdo < con [ plul do o+ cnnllulfs oy, (411)
R R
applying Gronwall, we obtain the result. O

4.2. A priori estimates for the generalized Korteweg-de Vries equation.

Lemma 4.5. If u is a solution of the IVP for (1.9) with ug € X%, s > 20 > 2.
Then

/ plul2de < Copd sup [ulfg + sup [l oo
R te[—T,T] te[—T,T)

+ [ u(0) 12 () €

Proof. Let uw € S(R). In (L.9) consider k¥ € N, s > 26, § > 1. Now multiply the
equation by the term u and after integrating on R, where () := (1 + |z|?)°.

8t/ olul? de = —2/<puuxm dx—?/ outu, d
R R

R
1 2 / k+2
=—= u”dr + 3 Upp b dr — —— O u* 2 dx
2/R<pxacx R‘px TT k+2 RQO T (412)
2
:/H£¢$xxu2dx—34¢x|u$|2dx—m Rgaa,cuk+2dx.
—_— —_—
13 14
Is obvious that
/R%MIU\deS CeA@IU|2d$~
Applying interpolation
1-35 1/(20)
1] < Collull ey + ([ o luf?az) ™ ( [ 102 do)
® ® (4.13)
LG s fu)lfge) [ oluldo
te[=T,T) R
Using Young
1] < Con( sup_Ju®lmey+ sup a3 )
te[-T,T te[-T,T)
(4.14)

+Co(1+ swp u)lfne) [ elul da.
te[—T,T) R

Applying similar ideas to the case Nonlinear Schrédinger (NLS) equation and using
Gronwall, we complete the proof. O
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4.3. Proof of Theorems [1.4] and [I.51

Proof of Theorem[1.4] (case gKdV). The case NLS follows a similar argument. Let
ug € X% s > 20 > 2, ug # 0, we know that that there exists an function
u € C([-T,T], H®) such that is local well-posed in H®. Is well know that
S(R) is dense in X*?. Then for ug € X*? there exist a sequence (uy) in S(R) such
that

u) —up  in X% (4.15)
By (1.4) (continuous dependence) the sequence of solutions u*(t) associated to
IVP (T.1) with initial data u)
o +ud,, + (wMrFud =0, (t,z) € R?
\ T (4.16)
u (I,O) = Ug (.’L‘),
satisfy
sup  [ut(t) — u(t)||g- "0, s> 20> 2. (4.17)
te[—T,T)

The solutions u* of (4.16)) satisfy the conditions (1.5)-(1.8)) of Section |1} Therefore,
Lemma [£.5] gives

/@wﬁmgcw{$m M 2+ s |20y Je T
R te[—T,T) te[—T,T]

+ [ (0172 dyug) €7

Taking the limit when A\ — oo, (4.17)) implies
[ olul o < Cosl sup ullay + sup ulFegey e T
R te[-T,T) te[-T,T)

+ u(0) 172 (g €+

Thus u(t) € X*% t € [T, T], which proves the persistence. The local well-
posedness theory in H® implies the uniqueness and continuous dependence upon
the initial data in H*, this imply uniqueness in X'*°.

Now we will prove continuous dependence in the norm || - || z2(ay,)- Let u(t) and
v(t) be two solutions in X 50 of (1.10) with initial dates ug and vy respectively,
let u*(t), v*(t) be the solutions associated with (1.10]) with initial dates u} and v}
respectively such that u), v} € S(R),

uy — ug, vy — v in XY (4.18)
and with A > 1, we have
A A A
[u(t) = v(®)llL2ane) < ult) = v )l L2(@pe) + 107 (E) = 07 ()l 2(ap0)
+ [0 (8) = 0(t) [l L2 (a0) -
The convergence

sup ||u’\(t) —u(t)||gs — 0, sup ||v)‘(t) —v(t)||gs — 0, (4.19)
te[-T,T] te[-T,T)

as A — oo, where s > 20 > 2, implies for A > 1 that
fua, 1) — u* (@, 1)) < 2Jule, )] and  [o(e,t) - (D] < 2o, )]
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The Dominated Convergence Lebesgue’s Theorem gives
[u(t) =)l L2(aig) — 0 and [[0*(t) = v(t)l| 22 (dg) — O-
Let w* := u* — v*, then w? satisfies the equation

w) +w),, + (M) + v A, ut)wt =0,

TxrxT
where A(x,y) = 2F "1+ 2k 2y .- payF—2 4 4P L
Then, we multiply the above equation by ¢w?, integrate on R, to obtain by
Gronwall’s Lemma that

/<P|wA(157I)|2 da < {/WIMA(O,I)I2d$+Ce sup [[w? ()30 JeT,  (4.20)
R R te[~T.T)
where kg is a constant to A > 1. Observe that the convergence (4.18)) and (4.19)
imply

1w (0) | 22 (dpae) = 14t — V3 122 (due) < 2l0 — voll L2 (dpue)»

and
[ (@)l 20 = lu*(®) = v (Ol 20 <2 supu(t) — v(t)]| o,
te[—T,T]
if A > 1, which together with (4.20)) gives the continuous dependence. O
Proof of Theorem[1.5 Is a direct consequence of the proof of Theorem [I.4] and the
global theory for the gKDV equation (see [5]). O
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