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AN INVERSE BOUNDARY-VALUE PROBLEM FOR
SEMILINEAR ELLIPTIC EQUATIONS

ZIQI SUN

ABSTRACT. We show that in dimension two or greater, a certain equivalence
class of the scalar coefficient a(x,u) of the semilinear elliptic equation Au +
a(z,u) = 0 is uniquely determined by the Dirichlet to Neumann map of the
equation on a bounded domain with smooth boundary. We also show that the
coefficient a(z,u) can be determined by the Dirichlet to Neumann map under
some additional hypotheses.

1. INTRODUCTION

In this article, we study the inverse boundary-value problem (IBVP) for the
semilinear equation

Lo(u) := Au+a(z,u) =0 in Q CR",
ulog = f, [ e CH(89),
where 0 < a < 1 and 2 C R” is a bounded domain with smooth boundary. We
assume that the coefficient of the equation satisfies
a(x,u),a,(r,u) € C*(Q x R), (1.2)
ay(z,u) <0. (1.3)

Then the Dirichlet problem (T.1)) has an unique solution u € C%%(Q) [2, [§]. We
define the nonlinear Dirichlet to Neumann map A,:

ou
Aa(f) = % GQ’

where v is the unit outer normal on the boundary 9€2. The inverse problem is to
recover a(x,u) from knowledge of A,.
It was shown in [7] that if a(z,u) satisfies the condition

a(z,0) =0, (1.4)

then the uniqueness holds for the above inverse problem.

In this paper we shall study the above inverse problem without the assumption
. We first observe that in the general case, the Dirichlet to Neumann map A,
does not determine the coeflicient a uniquely.

(1.1)
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To see the nonuniqueness, let a be a coefficient satisfying (1.2) and (1.3]) and let
¢ be a function satisfying

¢(x) € C**(Q),  dlaa = Vélaa = 0. (1.5)
Define the transformation Ty by
(Tsa)(z,u) = a(z,u+ o(x)) + Ad(z) (1.6)

Then the new coefficient Tya satisfies the same assumptions (1.2]) and (1.3)). It is

easy to check that Lr,,(u —¢) = 0, and the assumption ¢|laq = Vé|aq = 0 implies
B o(u— o) ‘ B au’
(u=9)loa = uloa, v laa  Ovlea’

Therefore,
Arya = A (1.7)

We define in the set of coefficients satisfying (1.2]) and (1.3)) an equivalence rela-
tion induced by T as follows:

a~a if a=Tya. (1.8)

Then we see from the above discussion that A, remains the same for any coefficient
in the equivalence class [a]. Therefore, the correct uniqueness question for in
the general setting is to ask whether A, determines [a] uniquely.

The main purpose of this article is to give an affirmative answer to this question.
To state the result, let us define for each coefficient a, a set E, € R™ x R by

E, = ((z,u) C Q x R; 3 solution u of (1.1]) with u = u(x)), (1.9)
and the transformation of £, by Ty by
ToE, = ((z,u+ ¢(z)) C Q x R; I solution u of (L.1)) with u =u(x)). (1.10)

Theorem 1.1. Given a(z,u) and a(z,u) satisfying the conditions (1.2) and (1.3)).
If Ay = Ag, then there is a function ¢ satisfying (L.5)) such that

Es =T_y4FE,, (1.11)

a(z,u) = Tya(z,u) on Ej. (1.12)

As the example illustrates in [7], in general the set E, in may be a proper
subset, and thus is the best one can hope for.

Another purpose of this article is to generalize the uniqueness result proven in
[7. The condition implies that zero is a constant solution of the equation

(1.1). Thus, the equation (|1.1)) with the coefficient a satisfying (1.4]) must carry a
common solution u = 0. We shall show that the uniqueness holds in the general

case as long as a common solution, not necessarily u = 0, exists.

Theorem 1.2. Given a(z,u) and a(z,u) satisfying the conditions (1.2) and (1.3)).

Assume that the equation (L.1)) carries a common solution for both coefficients a
and a. If A, = Ag, then

Ea = La, (113)

a(z,u) = alz,u) on E,. (1.14)
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Similar problems have been studied for various semilinear and quasilinear elliptic
equations and systems [4], [5, [6] [TT], 13, [3, ©9]. We refer to the survey papers [12] [14]
for other recent developments in the field of inverse boundary value problems for
semilinear and quasilinear elliptic equations.

The proof of both theorems are based on a linearization argument and the
uniqueness result for the linear elliptic equations. In the next section, we give
a proof of Theorems [I.1] and [I.2]

2. PROOFS OF THEOREMS

Let uy be the unique solution to (L.I)). Using the argument in [I2] that is based
on Schauder’s estimate, we can show that the map f — wuy is differentiable in the
space C%9(Q) for any ¢ with 0 < § < a.

Let g € C%%(09). Denote by u* the unique solution to the linear problem

Au* 4+ ay(z,up)u” =0, ulgn =g. (2.1)
Then for any 6, 0 < § < «,
. Ufitg — U *
tim [| ==L — | as ) = 0. (2:2)

We denote by s, the solution u* in (2.1) as the derivative of u at f in the
direction g. Similarly, we have that uyy., is differentiable in ¢ at any value of ¢
under the C%?(Q) norm, 0 < § < «, and the derivative, denoted by Ufyig,q, Satisfies

Atpiig + au(@, Vupirg) - Vigirgg =0, Upteggloo =g (2.3)

Proof of Theorem[I.1. Given a(z,u) and a(z,u) satisfying the conditions and
(1.3). We denote by us the unique solution of and by @y the unique solution
of ([L.1]) with a replaced by @, where a and @ are two semilinear coefficients assumed
in Theorem Under the assumption that A, = A;, we have that

Oup| _ 0ty

= 2.4
v laa  Ov lon (24)
for each f € C?%(99). Then for any g € C%*(99),
Ouftig lfiig
— = —— Vvt € R. 2.5
v laa B lon U S (25)
Differentiating (2.5]) in ¢t at ¢t = 0, we get
3itf g 3ﬁf g ‘
: = : 2.6
v ’89 v oo’ (26)
where i, and iy , satisfy
Aﬂf’g + au(ir,’UJf)’L.l,fyg =0, ’L'Lf,g‘ag =g, (2.7)
Aﬂﬁg + &u(:c,'&f)ﬁfyg =0, ﬁf,g‘ag =g. (28)

Since for a fixed f € C?%(99), (2.6 holds for all g € C%(dN), we have that the
Dirichlet to Neumann maps of (2.7) and (2.8) must be equal; i.e.

Nouway) = M) (2.9)
Then the uniqueness results established in [I0] can be applied to obtain

ay(x,uf) = ay(z,%y) on €, (2.10)
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and consequently,

g () =iif4(x) on Q. (2.11)
Replacing f by tf and g by f in (2.11) we get
dtﬁf(l‘) = ﬁtﬁf(a:) on 2, Vt € R. (2.12)

In other words,
d/dt(uip(z)) = d/dt(des(z)) on Q, Vt € R.
Thus, there is a function ¢ € C>%(Q), independent of ¢, such that
up(z) =as(x) + o(x), €. (2.13)

Clearly, the function ¢ is independent of f, since by , each f carries the same
¢ as f =0 does.
Since (2.13)) holds for all f, we have that implies . Also, combining
with (2.13]), we see that ¢ satisfies the boundary condition in .
Substituting the right hand side of in , we obtain

Ay + ¢) + a(z, if + ¢) = 0. (2.14)

Since
Aiig + iz, iig) =0, (2.15)

combining (2.14) with (2.15]) yields
which implies (1.12). This completes the proof. O

Proof of Theorem[I.3 Repeating the argument used in the proof of Theorem [I.1}
yields that (2.13]) holds for all f. Since there is a common solution, we have that
the function ¢ must be the zero function. Thus, for all f,

up(z) =us(x), =€ (2.16)

This shows that E, = Ej, which is (1.13). Substituting (2.16]) in (1.1)), we obtain
that for all f,

a(z,uf) = a(z,dy), =€
Therefore,
a(z,u) =alz,u), (r,u) € E,.
This completest the proof. ([l
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