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GREEN FUNCTION AND FOURIER TRANSFORM FOR O-PLUS
OPERATORS

WANCHAK SATSANIT

ABSTRACT. In this article, we study the o-plus operator defined by

P 92 \4 p+q 92 \4\ k
o= (G- (3 2y

where z = (z1,22,...,2n) € R", p+ ¢ = n, and k is a nonnegative integer.
Firstly, we studied the elementary solution for the @* operator and then this
solution is related to the solution of the wave and the Laplacian equations.
Finally, we studied the Fourier transform of the elementary solution and also
the Fourier transform of its convolution.

1. INTRODUCTION

Consider the ultra-hyperbolic operator iterated k times,

0? 0? 0? 0? 0? 9% \k
k = — —_— DEEEEY —_—— — — . — s e — —
0= (637% + 0z3 et dxZ  OxZ,, 0xl,, 6x12)+q) (1.1)

Trione [6] showed that the generalized function R (x), defined by (2.1) below,
is the unique elementary solution for the [J* operator, that is DkRi(x) = § for
x € R”, the n-dimensional Euclidian space.

Kananthai [2] studied the Diamond operator, iterated & times,

p p+q
= (X5 (X )" 12

for x = (x1,22,...,2,) € R", where p + ¢ = n, n is the dimension of Euclidean
space R™, and k is a nonnegative integer. The operator ¥ can be expressed in the
form

OF = AROF = OFAF (1.3)
where A* is the Laplacian operator iterated k times,
82 82 82 k
A=+ S+ +—) . 1.4
(axf Tog T +8x%) (14)
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Kananthai [2] showed that the function u(x) = (—=1)*RS, (z) * RE (x) is the
unique elementary solution for the operator ¥, where * indicates convolution, and
RS, (z), RE (x) are defined by (2.5) and (2.2)) with o = 2k respectively; that is,

OF ((=1)F Ry (w) » R (2)) = 6.

(1.5)

Furthermore, The operator & was first studied by Kananthai, Suantai and Longani

[4]. The ©* operator can be expressed in the form

+ +
- [(am) - (X ) (g 3 gl
i= Jj=p+1 ~J i=1 j=p+1 7

P 82 .PJrq 82 k
DD -k
N R

The purpose of this work is to study the operator

:
= (Sa)' (3 35)Y)
= j=p+1 J

p+q

(X))~ (2 32 (L) (X a))

=1

Let us denote the operator

P 2 9 Ptq 92 \2\ k
kE _ -
© ((Zax2> + 8x2) )
i=1 ? j=p+1 J
By and we obtain
P 2 (9 p+q 82 2 k
k _ i
o= () (X 52))
i=1 z =p+1 J
A +0,2 A =027k
- [ (2D
A2+ 02 g
= 2 ) .
Thus, can be written as
o =0k e* .

(1.7)

(1.8)

For k = 1 the operator { can be expressed in the form = A = OA where O is

the Ultra-hyperbolic operator

82 82 82 82 82 82
0= — + > 4 ... - =~z _“ ... _
ox? * o3 o Oz Ox7,, 0x2,, o,

where p + ¢ = n and A is the Lapacian operator
0? 0? 0?

A= L9 L. L9
8z%+3$§+ +8z%

(1.9)

(1.10)

By putting p =1 and x1 = t(¢t = time) in (1.9), we obtain the wave operator

(1.11)
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From (1.6) with ¢ = 0 and k& = 1, we obtain
_ A4
® =Nl (1.12)

where
0? 02 0?
A = — 4 = =
P Oa? * o0x3 ot D2
Firstly, we can find the elementary solution G(z) of the operator @F; that is,
oFG(z) =0, (1.14)

(1.13)

where 0 is the Dirac-delta distribution. Moreover, we can find the relationship
between G(z) and the elementary solution of the wave operator defined by
depending on the conditions of p, ¢ and k of withp=1,¢g=n—1,k=1and
x1 = t(t is time) and also we found that G(z) relates to the elementary solution
the Laplacian operator defined by and depending on the conditions of
q and k of with ¢ = 0 and k£ = 1. In finding the elementary solution of ,
we use the method of convolutions of the generalized function. Finally, we study
the Fourier transform of the elementary solution of the ®* operator and also study
their convolution.

2. PRELIMINARIES

Definition 2.1. Let = (1, 22,...,Z,) be a point of the n-dimensional Euclidean
space R™. Denoted by

2 2 2 2 2 2
V=27 X5t T, T Ty~ — Ty, (2.1)
the non-degenerated quadratic form, where p + ¢ = n is the dimension the space
R™.
Let Ty = {x € R" : 21 > 0 and u > 0} be the interior of a forward cone and T
denotes it closure. For any complex number «, define the function

a—n

v 2
R (v) = { K@)’ forx e I'y, (2.2)
0, forz g 'y,

where the constant K, («) is given by the formula

n—1

mE T(E5=)0 (52T (a)

P(EED)r(Ee)

Kn(a) = (2.3)
The function RZ (v) is called the Ultra-hyperbolic kernel of Marcel Riesz and
was introduced by Nozaki [5, p.72]. It is well known that R (v) is an ordinary
function if Re(a) > n and is a distribution of « if Re(a) < n. Let supp RY (v)
denote the support of R (v) and suppose supp R (v) C Ty, that is supp RZ (v) is
compact.
If p =1, then reduces to the function

Logn
M (v) = { T@) forz eIy, (2.4)

0, forz g Ty,
where v = 2% — a3 — - — 22 and H,(a) = 77 207 1T(2=242)[(2). The function

MH (v) is called the hyperbolic kernel of Marcel Riesz.



4 W. SATSANIT EJDE-2010/48

Definition 2.2. Let 2 = (x1,22,...,7,) be a point of R” and |z| = (22 + 23 +
-« +22)Y/2. The elliptic kernel of Marcel Riesz is defined as

R = 15 (25)
where N
Walo) = ey 2.6

with a a complex parameter and n the dimension of R".

It can be shown that R, (z) = (—1)*A*§(x) where A is defined by (L.4). It
follows that R§(z) = d(x); see [3]. The function RS, (z) is called the elliptic kernel
of Marcel Riesz and is ordinary function if Re(a) > n and is a distribution of « for
Re(a) < n.

Definition 2.3. Let f(z) € L1(R™) (the space of integrable function in R™). The
Fourier transform of f(z) is defined as

= 1

70 = Gyere [ e 1@ 2.7

where £ = (£1,&,...,&0), v = (21,22, ..., 2,) ER™, -2 = &1 +Ex0+ - +Epxn
is the usual inner product in R™ and dx = dxidxs...dz,. The inverse of Fourier
transform is defined by

_ 1 6T F(E)
@) = Gy | S Qe (2.9

If f is a distribution with compact supports by [8, Theorem 7.4-3], Equation (2.8)

can be written as )
€)= WU@); e i), (2.9)

Lemma 2.4. The function R (v) and (—1)* R, (z) are the elementary solutions
of the operator 0% and AF respectively, where OF and AF are defined by and
([1.3) respectively. The function R (v) defined by R-2)with o = 2k and RS, (z)
defined by with a = 2k.

Proof. We have to show that OFRI (v) = §(x) and that A*((—1)*RS, () = §(z).
The first part follows from [7, Lemma 2.4], and the second part from [2, p.31]. O

Lemma 2.5. The convolution RE (v)* (—1)¥RS, (x) is an elementary solution for
the operator OF dterated k times and is defined by (1.1))

For the proof of the above lemma, see [2], p.33].

Lemma 2.6. The function R (x) and R¢(x), defined by (2.2) and (2.5) respec-
tively, for Re(a) are homogeneous distribution of order o — n and also a tempered
distribution.

Proof. Note taht R (z) and R¢(x) satisfy the Euler equation; that is,

(a = m)RI(@) = Y mi - R (@), (0 = mR () = D i

i=1

R ().
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Then RY(z) and R¢(z) are homogeneous distributions of order o — n. Since
Donoghue [l pp.154-155] proved the every homogeneous distribution is a tempered
distribution, the proof is complete. O

Lemma 2.7 (Convolution of tempered distributions). RS (x)* RH (x) exists and is
a tempered distribution.

Proof. Choose supp R (z) = K C T'y where K is a compact set. Then R (z)
is a tempered distribution with compact support. By Donoghue [I, pp.156-159],
R¢ (z) * R () exists and is a tempered distribution. O

Lemma 2.8. The functions Rflzk(x) and (—1)kRe_2k(a:) are the inverse in the
convolution algebra of RE (x) and (—1)* RS, (x), respectively. That is,
R, (x) % Rjj(x) = Ry o1 (2) = Ry (x) = 8(2),
(1R g (2) * (~1)*R5),(2) = (=1)* RS gy () = R5(x) = 8(2)
For the proof of the above lemma, see [7, p.123], [1l p.118, p.158], [6, p.10].

Lemma 2.9 (Convolution of RS (x) and RY (x)). Let RS (z) and RX(z) defined by
(2.5) and (2.2) respectively, then we obtain:

1) R¢(x) * R4(x) = RS, 4(x) where o and B are complex parameters;
(e B a+p
2) RE(2) « RY (x) = R”_,(x) for o and 3 are both integers and except only
« f6] a+f
the case both o and 3 are both integers.

Proof. Part (1) can be found in [I], p.158]. For the second formula, when o and
are both even integers, see [3]. When « is odd and (3 is even, or « is even and 3 is
odd, from Trione [7] we have

OFRE () = Ry (), (2.10)
OFRE (z) =6(z), k=0,1,2,3,... (2.11)
where (0% is the Ultra-hyperbolic operator iterated k-times defined by
D’“:( S ‘i)k.
— Oa? Pt dx3
Now let m be an odd integer, we have
DkRTI_YIL(I) = Rfm—Qk(x)a
R () * OFR} (x) = Rij(a) Ry _o(2)
or
(0" R (2)) * Ry () = Ryj,(2) * Rif_op,(2), 6 % Rij(«) = Ry () * Ry o (2)-
Thus
Ry () = Rij(x) * Riy_op,(2).
Since m is odd, hence m — 2k is odd and 2k is a positive even. Put o = 2k, § =
m — 2k, we obtain
Ril () * R (z) = Rg 5(x)
for « is a nonnegative even and [ is odd.
For the case « is a negative even and ( is odd, by we have

0" Ry (v) = RY, (),
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Dké = RI——I2I<: (1’),
where RY (z) = 6. Now for m is odd,

Ry (x) * O Ry (x) = Ry, () * Ry o ()

or
(0%6) « 0" Ry (x) = R () % Ry 1),

3 PRI () = REy () * Ry g ().
Thus

Rg—Q(Qk)(x) = RI—{%(%) * Rg-zk@)
Put o = —2k and 8 = m — 2k, now « is a negative even and ( is odd. Then we
obtain

Rf(:ﬁ) * Rgl(x) = RerB(ac).

This completes the proof. O

Lemma 2.10. Given the equation
©"H(z) = §(z) (2.12)

forx € R", where @ is the operator iterated k— times is defined by (L.7) and A is
the Laplace operator iterated k times defined by (T.4) and OF is Ultra-hyperbolic op-
erator iterated k— times is defined by (1.1). Then we obtain H(x) is an elementary

solution of (2.12)), where

H(z) = (RE () % (~1)* RS (2)) * (C*F(2)) " (2.13)
where
Cla) = S RY () + 5(~17Ri(x) (2.14)

Here C**(z) denotes the convolution of C(z) itself k times, (C*k(x))*fl denotes

the inverse of C**(x) in the convolution algebra. Moreover H(x) is a tempered
distribution.

Proof. We have
A%+ %k

O H(w) = (55 —) " H (@) = 3(x)

or we can write
1 1 1 1 k-1
AP+ P (5474 0% H(z) = 6(w).
(54°+50°)(54° +350°)" H(z) = ()
Convolving both sides of the above equation by R (z) * (—1)2R§(x),
1 1 1 1 —
(3074 30°) * (R (2) * (-1Ri(2)) (307 + 30°) " H(x)
= 0(z) * Ry (2) * (=1)*R{(2)
or
1 1 1 1 -
(3 A2(RY (@)« (F12R5()) + P (Rala) » (~1)284())) = (507 + 207 7 H ()
= 6(x) * R (z) * (=1)*Ri(z).
By properties of convolutions,

(3231 Ri(@) = Y () + 5 D2 (RY (1)
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* (—1)2Ri(x)) * (%AQ + %DQ)k_lH(x)

= («) * R (z) * (=1)*R{()
By Lemmas and we obtain

(%5 BT (2) + %5 (1 Rj(x)) » (%N + %D?)HH(JC) ~ RE(2) % (“1)2R%(x)
(3B1 @) + 5(-1°Ri(@) » (502 + 207) T H) = B (@) » (-1)°Ri(a)

keeping on convolving both sides of the above equation by RH (x) * (—1)2R§(x) up
to k — 1 times, we obtain
C**(z) * H(z) = (RY (2) * (~1)*R§(x)) ™" (2.15)

the symbol *k denotes the convolution of itself k—times. By properties of R (z)
and R¢(z) in Lemma we have

(R (2) % (1) R5(2))™ = R (2) = (1) RS ().
Thus becomes,
C*(2) * H(x) = (R (2) * (1) R, (2))
H(z) = (RiL(x) * (~1) Ry (2)) * (C*F(2))* (2.16)

is an elementary solution of (2.12)). We consider the function C**(z), since R{ (z)*
(—1)2R§(x) is a tempered distribution. Thus C(x) defined by is a tempered
distribution, we obtain C**(x) is a tempered distribution.

Now, RE (z) x (—=1)2) RS, (z) € &', the space of tempered distribution. Choose
S’ C D, where D}, is the right-side distribution which is a subspace of D’ of dis-
tribution. Thus R (z)* (—1)?* RS, (z) € Dj. It follow that RZ () * (—1)** RS, (z)
is an element of convolution algebra, since D% is a convolution algebra. Hence
Zemanian [§], has a unique solution

H(z) = (RiL(x) * (~1) R (2)) * (CF ()",

where (C*k(aj))*_l is an inverse of C**(z) in the convolution algebra. H(z) is
called the Green function of the operator ©.

Since RE (x) x (—1)?k RS, (x) and (C’*’“(a:))*_1 are lies in &', then by [8 p.152]
again, we have (R (z)x(—1)**R, (z)) = (C*k(x))*_l € §'. Hence H(zx) is a
tempered distribution. O
Lemma 2.11. The Fourier transform of ®&F§ is

1 a1k
G @8+ 8 = (G + Gt + 8]
where F is the Fourier transform defined by (2.7) and if the norm of € is given by

1/2
gl = (E+&+--+2)" then

Faoks=

Fahs< lelI®~.

(2m)n/2
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Since M is constant thus is F ©% § is bounded and continuous on the space S’ of
the tempered distribution. Moreover, by (12.8)),

=P [ G )~ (Gt G+ )]
Proof. By (210
Faks= @y (@5, e )
= W@ OF@F e ") by
1

(5,0 (%N + %D2>ke_i5"”>

1 k(fl)Qk 2 2\2 9 2 2
:(27r)"/2<6’<> 5 (E+... &)+ @+ +&-€,

762)2)k67i§'m>
1 —1)2k
= (27?)"/2<6’( 2) ((§%+"‘+§721)2+(€%+"'+5;2>* 12»+1*

_ 52)2)k<>k67i§.z>

CORE

B W< ((51 513)2 + <£§+1 +"'+§p+q) )Akmk - T)
pte 2k P 2
- e () + (j_;lf?) J e (Xe)
r+q
(ST
Jj=p+1
p+q
-t () - (X @) T
P pt+q
-l (S o)
@ ;n/‘z [(E+8++) — (Eu+ Gt +80)"T"

Next, we consider the boundness of F @* §. Since

—(@+8+ 48— (Gt a4
((&+ 48— (@t +)7) (€@++8)
F@utre))
—(E+ - +&) @+ +€-En 2N (@ ++8)
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+(127+1+"'+§r2b)2)k

Thus
1
f@kazw((gf+...+gg)(gg+...+5g_ 2 =)t
2 2\2 2 212\ "
X((£p+1++§n) +(€p+1++§n)> )
1
|f@k5|:W\(gf+...+gg)(E§+...+§§+1..._§5)|Ic

k
x| ) (o + D)

M
: W|(€f+~~~+€i)|k|(§%+~-~+§3)|’“;(§§+,,,+§3)|2k.

It follows that

Faks < 8k

7 86| < el

where M is constant and €[] = (¥ +& +--- +§%)1/2, &= 1,2,...,n) € R.
Hence we obtain F &* § is bounded and continuous on the space S’ of the tem-

pered distribution. Since F is one-to-one transformation from the space 8’ of the
tempered distribution to the real space R, then by (2.8))

_ 1 4
B0 =F s [(f%+5§+“'+f§)4_ (1 +&psat -+ E00y) } :
(2m)
That completes the proof. [

3. MAIN RESULTS
Theorem 3.1. Given the equation
orG(z) = §(z), (3.1)

where ©F is the Oplus operator iterated k times defined by (1.8)), 6(x) is the dirac-
delta distribution, x € R™ and k is a nonnegative integer. Then we obtain

G(z) = (RE;,(v) * (~1)"R5;.()) * H () (3.2)
or by and Lemma we obtain
G(x) = (RE(v) * (~1)** Re(2)) * (CF ()" (3.3)

is a Green’s function or an elementary solution for the operator @F iterated k—times

where ©F is defined by (1.8), and H(x) defined by (2.13)).
For ¢ =0, then(3.1) becomes

A*G(x) = 5(x) (3.4)
By Lemma we obtain
G(z) = (-1)" R (z) = Rgy(z)

is an elementary solution of (3.4]) where A;ﬁk is the Laplacian of p— dimension,
iterated 4k— times and is defined by (L.13). Moreover, from (3.3), we obtain

R, (0) * (~1)* R ). () * (C**(z)) * G(x)
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= (Rik(v) * Ry (v)) * ((—=1)* Rgj,(x) * (=1)*" R g4 ()
s (O @) (@) ™) * Rl ().
By the above equation becomes

1\3k _ 1\5k
(B« rea) + B2 » O R @) <6 = BE0)  35)

as an elementary solution of the operator k times is defined by (1.4) In particular,
ifweputp=1,qg=n—1,k=1 and 1 =t in (1.4),(3.3)), we obtain

(_]‘)3Re MH (_1)5Re G _ MH 3.6

E Xl Ry + M)« SRR () Gy = M), (36)
as an elementary solution of the wave operator defined by
0? 0? 0? 02

TR 93 o o 7

where M£ (v) and MY, (v) defined by [2.4) with « = 2 and o = —4 respectively,

and v =t — x% — -+ —x2. The function R® 4(z) is defined by [2.5) with « = —6.

Proof. From and ., we have
BG(2) = (0F0") G(2) = 8(2). (3.8)

Convolving both sides of (3.8) by (R (V) * (— 1) Se(2)) * H(z), we obtain
(RE(v) * (—1)* R (2)) + H(z)  (0*6*)G(a) = (R%w) (1) Ry (@) + H ()
By properties of convolution
OF (R () * (~1)F Ry (2)) + 0" (H(2)) * G(z) = (REL(v) * (~1)* R (2) + H ().
By Lemma [2.5] and [2.10] we obtain,

5% 6+ G(z) = G(z) = (RE(x) * (1) RS, (v)) = H(z).
By Lemma and , we obtain

G(2) = RE.(0) * (~1)* Ry () + (C* () (3.9)
is an elementary solution or Green’s function of @F operator. Now, for ¢ = 0 the
(3.1) becomes

4k _
Ny G(x) = 0,. (3.10)

where A;‘,k is the Laplacian operator of p-dimension iterated 4k times. By Lemma
[2:4] we have
G(z) = (=1)" Rg;,(x)

is an elementary solution of (3.10).
On the other hand, we can also find G(z) from (3.9). Since ¢ = 0, we have
RE (v) reduces to (—1 *RS,.(z). Thus, by (3.9) for ¢ = 0, we obtain

)
= ()% Rg,(x) * Ry (@) * (—1)* Ry ()"
— (-

D Ry o (@) (1) R ()"
— Ry ().

Now, consider the case of the wave equation. From (3.3)), we have

G(w) = (RE(v) * (1) Ry () * (CF ()
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Convolving the above equation by R, (v) * (=1)3*R¢ ¢ (x) * (C**(z)) and by
Lemma [2.8] we obtain

RH, (0) * (—1)* Re g (2) x (C*F(z)) * G(x)
= (Rik(v) * RE, (0)) * ((=1)* R (2) * (—1)** R g4 (2))
# (@) + (@) ) + REL ().
By Lemma [2.8, we obtain
RE, . (0) % (1) RE g, (2)  (C**(2)) * G(z) = Ry (2) * R§(x) * 6(x) * Rgj(v)
RH, (0)  (—1)* R g (z) * (C*F()) * G(x) = 6(z) * 6(z) * 6(x) * RiE(v).
It follows that
R, (0) % (=1)* R% g, (z) % (C**(z)) x G(z) = R (v) (3.11)

as an elementary solution of the operator [J* iterated k times defined by (T.4)). In
particular , if weput p=1,¢g=n—1,k=1and z; =t in and (3.9) then
R, reduces to M (v) and R (v) reduces to M (v)where M* (v) and M (v)
is defined by with a = —4, a = 2 respectively. Thus becomes

MH, () * (=1)*R® 4(2) * (C*(2)) * G(x) = M3 (v) (3.12)
by , we obtain

12
M)+ (17 R g (o) ¢ (30 ) + I RG (@) » Gl = 2 (0)

or

(M) * (~1°RE () = 5 ME () + M 0)

(PR (o) * (-1 R5(@)) # i)

= M (v).

By Lemma [2.8] we obtain

U pe s@) + M7y 0) « C Re () # Gla) = Mf 3.13
B —6 —4\v B —2\T x) = My (v) (3.13)
as an elementary solution of the wave operator defined by

0? 0? 0? 0?

|:| = — — — — —— — . — JR—

o3 Oz Oxd dz2’
and R€ (z) defined by (2.5) with & = —6. This completes the proof. O
Theorem 3.2.

F ((RE, () * (—1)** Rgy.(x))  (C**(2))* 1)
= ﬁ[(€f+£§+...+g§)4_ (€2, +§§+2+...+§;+q)4]k

and

|7 ((Rék(2) * (=1)** Ry (2)) * (C*F(2))* 1) | < M (3.14)

(2m)%
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for a large & € R, where M is a constant and C(x) is defined by (2.14). That is,
F is bounded and continuous on the space S’ of the tempered distributions.

Proof. By Theorem we have
(R (v) * (=1)* Rgy(a)) * (C*F(2)) ) = b(2)
or
(©%0) * (R (v) * (=1)*" Ry, (2)) * (C*(2))" 1) = 6(x).
Taking the Fourier transform on both sides of the above equation, we obtain

F((@"8) * [(RE) * (<) Ryp(w) + (C"Ha)1) = 78 = s,
By
7 ((8%0) ¢ [(REL©) « ()™ R (@) # (074 @) 1)) = i

By the definition of convolution

(275”/2«(@’“6) f [(REL(0) * (“ 1) Ry (@) # (O (2))*1]), e~ & @40y
- W
WG(R&(U) 5 (—1)% RE, (2)) % (CF(2)) 1), e EMY((@F5) , e~
- W
FURR) = (0 Rl) = (@)D @) 7 (849) =

F([(Ré(v) * (=1)* Ry, () * (8™ (2)) "))

k
(D[ ) = (Gt Gt )]
1
(27T)n/2 '
It follows that
F([(Rei(v) * (—1)** Ry (2)) + (C™*(2))*~1)
1

B _1)4k (202 | (£2 2. 2\4 _ (g2 2 o VA1
(1) 2m)" " [+ &G+ + ) = (Gin H oot i)

Since )
&+ +f§)4 — (Gt +§§+q)4
1
= 3.15
(@ + &+ (@t +ei)) 319

1
N GEEOIC R T N )
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Let &€ = (&1,&2,...,&,) € Ty with I'} defined by Definition Then (£ + -+ +
§§+§§+1 + 4 §§+q) > 0 and for a large k, the right-hand side of tend
to zero. It follows that it is bounded by a positive constant M say, that is we
obtain as required and also by F is continuous on the space S’ of the
tempered distribution. O

Theorem 3.3.
F(I(RE W) * (1) Ry () * (C** ()]
< [(REL (0) * (~1)*" R, (2)) + (C™"(2))"1))

= (2m)"2F ([(Rk(v) * (=1)** Rgi (2))  (C*(2))*71])

% F([(Rim (v) * (=1)*" R, () + (C*™ ()" 1))
1

@r)2 (@G + G+ + ) = (E+En+ o+,

4} k+m>
where k and m are nonnegative integer and F is bounded and continuous on the
space S’ of the tempered distribution.
Proof. Since RE (v) and RS, () are tempered distribution with compact support,
(I(RE(w) * (~1)* Ry (2))  (CF(2))])
« ([(RE () * (-1 R, () + (C*(2))" 1))
= (R (0) * REL, () * (=1 Rey (@) * R, (@)
s (e @) ™ (@)
= (Rl (0) 5 (CLPEFRE (@) 5 (C704m) ()

by [, pp.156-159] and [3 Lemma 2.5]. Taking the Fourier transform on both sides
and using Theorem we obtain

F (R )+ (~1) Rgy (@) (€ (@)1
i ([(RE () (<1 B, () + (C* ()]

1
= k+m
@O [(@+ @+ ) — (G + Gat o+ €4y ] '
1
= k
O (@ +G+  +) = (C+ Gt + )]
(27T)n/2
m"/? [(5 +52) (&1 +"‘+§§+q)4}m
(2) "”f ([(Rgh(v) * (=1)* R, () + (CH(@)"])

x F([(Rign (v) * (= 1)3’”Rem(fﬂ)) « (C ()" 71]).
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Since (R, 1) (v) * (—1)3(k+m) 6k rm) (@) * (C*E+m) ())*=1 € ') the space of
tempered distribution and by Theorem we obtain that F is bounded and con-
tinuous on S’. O
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