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OSCILLATION CRITERIA FOR SEMILINEAR ELLIPTIC
EQUATIONS WITH A DAMPING TERM IN R"

TADIE

ABSTRACT. We use a method based on Picone-type identities to find oscillation
conditions for the equation

"9 0
" 'L - b 7V :07
”ZZI 92, <a () o2 )u + f(z,u, Vu) + c(z)u

with Dirichlet boundary conditions on bounded and unbounded domains. In
this article, the above method substitudes the traditional Riccati techniques
[3L [8] used for unbounded domains.

1. INTRODUCTION

We consider semilinear Dirichlet problems associated with the elliptic equation

fu = Z ai(aij(m)aij)u + f(z,u, Vu) + e(x)u =0 (1.1)

ij=1

in a smooth, open and bounded (or unbounded) domain G C R™, n > 3.
Oscillation conditions for when f does not depend on Vu are shown in
[7]. Inspired by those results, we find conditions on f, a;; and c for to be
oscillatory in R™. We recall that is said to be oscillatory in R if for all R > 0,
any of its (classical) solutions (extended to the whole space) has a simple zero in
Qp:={zeR":|z|| > R}
In this article, we use the notation:

Dif} = (b= (s

n
a(Y,W):= Y ai;Y'W/, for Y, W €R", a € Myxn,

i,j=1

where M, «, denotes the space of n X n-matrices. The function f(z,u, Vu) plays
the role of the damping term in (1.1). We use the hypotheses:
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(H1) The functions a;; € C1(G;R,) are symmetric and continuous with
D ai(@)6& >0 V(x,§) € GX R (>0if £ #0).
ij=1

(H2) The function ¢ € C(G;R); f € C(R™ x R x R™;R) is non constant; R :=
(0,00) and R := [0,00). The (classical) solutions for are those which
belong to the space C1(G) N C?(G).
(H3) Teh function f satisfies: for each t € R, £ € R™,
(i) tf(z,t,€) >0 or
i) tf(z,t,8) <0
for all z € G.
Oscillatory solutions will be extended to the whole space, if they were expressed
only in a bounded set G. When the domain is the whole space R™, Hypotheses
(H1)—(H3) need to hold outside G, for the oscillatory results to be true.

2. PRELIMINARIES

For (smooth) functions v and w, as in [I], from the expressions D;{ua;; Dju —
(u?/w)a;;Djw} and ulu satisfies the property that if w # 0, then

n 2
Z Di{uaij(x)Dju — % aiijw}

Ve (2.1)
2
= wa (VL VL)) + by - 42 LT T T,y
w w w w "
and if u # 0, then
i 2
> Di{waij(x)Djw -Z aiiju}
u

o (2.2)

2{f($au7vu) Sz, w, Vuw)

2
= u2a(V[g}, V[BD Fwlw — Lty +w
u u u u w

Lemma 2.1. Assume (H1)—(H3) hold. Let u and v be solutions of

e S o o e e =0 s 2

"9 0 .

Then as in (2.1),

- v? v v
421 Di{va;;(z)Djv — ” aijDju} = uza(V[z], V[a]) —vf(z,v, Vo)
,)=
ifu#0in G and if v#0 in G
- u? u u
Z Di{uaij(x)Dju — 7 aiijU} = ’U2CL(V[E],V[;]) +

ij=1

’LL2 f(:E,’U,V’U) .
v
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Then the two solutions cannot be simultaneously non zero throughout G. Conse-
quently

(i) there is no non negligible domain Q C G in which the solutions u and v
satisfy uv > 0 and ulgpo = v|sg = 0;
(ii) in between two consecutive zeroes of each one lies one zero of the other.

Proof. Assume that in G two solutions v and v are of the same sign and have value
zero on OG. Assume that (H3i) holds. Then integration over G of (2.1)) where v
replaces w, gives

0= /G [v%(V[%}, V[%]) —HLQM}dx (2.6)

v

which cannot hold as the second member is strictly positive. Assume that (H3ii)
holds . Then integration over G of (2.2) with v replacing w gives

v v

0= /G {uza(V[a},V[E}) - vf(x,v,Vv)}dx (2.7)

and we get the same conclusion as the second member of the equation is strictly
positive. O

Remark 2.2. Among the admissible functions f we have:

(A1l). Define f(z,u,Vu) := gi(x,u) + go(u, Vu) for all t # 0, £ € R*, z € R".
In the case (H3i), tg1(z,t) and tga(t, &) are strictly positive functions. In the case
(H3ii), tg1(z,t) and tga(t,&) are strictly negative functions. In either case

/uawdﬁzo,
G

v
(A2). Define f(z,u, Vu) := g1(z,u) + §.V§(u), where
tgi(z,t) <0 forall (z,t) € R" x R, (2.8)

B = (by(),ba(x),...,by(x)) is a vector field, uV{(u) = Vib(u) for some ¢ € C1(R)
which keeps the same sign in R and either

Ob; , o . .
>0 fori=1,2,...,n,if ¥ is a non negative function, (2.9)
T
ob; . e . .
3 <0 fori=1,2,...,n,if ¥ is a non positive function. (2.10)
z;

Simple calculations show that anyone of the two conditions (2.9)) or (2.10) leads to
/ {—uf(z,u,Vu)}dx >0
el
and (2.7)) applies.

The condition (A2) applies for example to the perturbed Schrodinger equation
(see [3])
N

Au+ (b (z),Vu) + c(x)u =0.

2.1. Oscillation criteria.
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Definition. A function u is said to be oscillatory in R™ if for all R > 0, u has
a simple zero in Qp := {z € R™ : |z| > R}. A solution of (1.1) will be said to

be oscillatory if its extension over R™ is oscillatory. Equation (1.1]) is said to be
oscillatory if it has oscillatory solutions. For the equation

"9 0 on
L= 3 g (wila) g Ju+ clwju =0 in K (211)

17=1
and for » > 0 and I,, :== {(4,7) : 4,4 € {1,2,...n}}, define
A(r) == max }{aij(x)}, C(r) :== min ¢(x),

{In:|zx|=r || =r
p(r) :==r""YA(r), q(r):=r""1C(r)
and the associated equation
(p(r)y) +a(r)y=0 inR,. (2.12)
For 7o > 0, define

P(t) ::/ Ar if lim p(t) = oo

ro P(r)  t—o0
and

todr
II(¢) := —— if lim p(¢) < cc.
@)= [ 05 i Jimpto)

From [2, Lemma 3.1 and Theorem 3.1], we have the following result (see also [7]).

Lemma 2.3. Let rg > 0,
. (oo}
(i) [, a(r)dr=oco or

/oo q(r)dr < oo and lim inf {P(T’) /OO Q(S)ds} > i

r,/ 00
(ii) II is bounded and f;? (r)2q(r)dr = oo, or
*° 1 *° 1
/TO I(r)2%q(r)dr < oo and hmri}lgo{H(T)/T II(s)%q(s)ds} > 1

If either (i) or (ii) holds, then (2.12)) is oscillatory, and so is (2.11)).

The above lemma also holds when A(r) and C(r) are replaced, respectively, by

A(r) == ! /_ max{a;;(z)}ds and C(r):= ! /|_ c(x)ds,

wyrn—1 I, wyrn—1

where w,, denotes the area of the unit sphere in R™. ([7])

3. MAIN RESULT
From Lemma 2.3 and the preceding results, we have the de following theorem.

Theorem 3.1. Consider, in a bounded and regular domain G C R™, the equation

lu = ”z::l Bixz (aij(x)(aij)u + f(z,u, Vu) + c(z)u=0 in G, (3.1)
where (H1), (H2) hold in the whole space R™. If in addition
(a) either (H3) holds in R™ and the functions a;; and ¢ satisfy (i) or (i) of

Lemma[2.3, or
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(b) £8) (Z10) hold

then (3.1)) is oscillatory in R™.

Proof. From Lemma conditions (i) and (ii) imply that (2.11)) is oscillatory.
From Lemma [2.1] and Remark 2.2} if (2.11)) is oscillatory, so is (3.1)

(1]
2]

(3]
(4]
(5]
[6]
[7]

(8]

O

REFERENCES

J. Jaros, T. Kusano & N. Yosida; Picone-type Inequalities for Nonlinear Elliptic Equations
and their Applications J. of Inequal. € Appl. (2001), vol. 6, 387-404 .

T. Kusano, J. Jaros, N. Yoshida; A Picone-type identity and Sturmian comparison and oscilla-
tion theorems for a class of half-linear partial differential equations of second order, Nonlinear
Analysis, Vol. 40 (2000), 381-395.

R. Marik ; Oscillation Theory of Partial Differential Equations with p— Laplacian Folia Univ.
Agric. et Silvic. Mendel. Brun. Brno. (2008) .

S. Sakaguchi; Concavity properties of solutions to some degenerate quasilinear elliptic Dirichlet
problems, Ann. Scuola Norm. Sup. Pisa (1987), 404-421.

C. A. Swanson; A dichotomy of PDE Sturmian theory, SIAM Reviews vol. 20, no. 2 (1978),
285-300.

Tadié; Comparison Results for Quasilinear Elliptic equations via Picone-type Identity: Part
I: Quasilinear Cases, in print in Nonlinear Analysis (10;1016/J.na.2008.11073)

Tadié; Comparison results for Semilinear Elliptic Equations via Picone-type identities, Elec-
tronic J. of Differential Equations vol. 2009(2009), no.67 , 1-7.

Z. Xu; Oscillation of damped PDE with p— Laplacian in unbounded domains Nonl. Anal. series
A: TM&A . (2009 )( in print).

TADIE

MATHEMATICS INSTITUT, UNIVERSITETSPARKEN 5, 2100 COPENHAGEN, DENMARK

E-mail address: tad@math.ku.dk



	1. Introduction
	2. Preliminaries
	(A1)
	(A2)
	2.1. Oscillation criteria
	Definition

	3. Main result
	References

