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TWO MODIFICATIONS OF THE LEGGETT-WILLIAMS FIXED
POINT THEOREM AND THEIR APPLICATIONS

KYRIAKOS G. MAVRIDIS

ABSTRACT. This article presents two modifications of the Leggett-Williams
fixed point theorem, and two applications of these results to a terminal and to
a boundary value problem for ordinary differential equations.

1. INTRODUCTION

This article presents two modifications of the fixed point theorem named after
Leggett and Williams [9], published in 1979, as well as two applications of these
results to a terminal and to a boundary value problem for ordinary differential
equations. The widely used version of the Leggett-Williams fixed point theorem
provides conditions which ensure the existence of at least three fixed points. How-
ever this version of the theorem is only an extension of the original result, presented
in the same paper by the authors, which is in turn a modification, but not a true
extension, of the well-known Krasnoselskii fixed point theorem. The original result
presents conditions which guarantee the existence of at least one fixed point, just
like the Krasnoselskii fixed point theorem does. One of the differences between
the two theorems, lies in the sets chosen to replace the order intervals, which are
present in the class of fixed point theorems based on the classical Schauder the-
orem. Namely, at the Krasnoselskii fixed point theorem that set is of the form
{z :a <||z|| < b}, where a,b € (0,400), whilst at the Leggett-Williams fixed point
theorem that set is of the form {z : a < a(x) and ||z|| < b}, where a,b € (0, +0c0)
and « is a properly chosen functional. Although the two approaches are not easily
comparable, using the functional «, which, by its definition, cannot coincide with
the norm, allows for easier calculations and more versatile results. In this context,
although the essence of the two theorems, and indeed lots of others based on them,
is more or less the same, it is preferable to use the Leggett-Williams approach.

Here, following the ideas demonstrated in [2] 4] [ [6], see also [T, 8, [12], the set
{z : a < a(z) and ||z|| < b} is replaced by the set {z : a < a(x) and B(x) < b},
where (3 is another properly chosen functional. This modification is an extension
of the original Leggett-Williams fixed point theorem, since the functional (3 can
coincide with the norm. A closely related result can be found in [3]. Additionally,
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going a step further, the set {x : @ < a(x) and ||z|| < b} is replaced by the set
{z : v < A(x) and B(xz) =< v}, where A, B are operators and u,v are functions.
Since we are not aware of any known proofs for these results, we use the fixed point
index to prove them.

A specific example regarding a terminal value problem and another one regarding
a boundary value problem, both for second order differential equations, are provided
to demonstrate the applicability of the results and to pinpoint the advantages of
their use. These problems are well-known in the literature, for example the terminal
value problem is studied in [I0} [T}, T3] and the boundary value problem is studied
in [7]. It is worth mentioning that, to the best of our knowledge, the results we
obtain here are new.

2. EXISTENCE THEOREMS

Let R be the set of real numbers. For any interval I C R and any set S C R,
by C(I,S) we denote the set of all continuous functions defined on I, which have
values in S.

Lemma 2.1 (Fixed Point Index). Let Q be a retract of a Banach space E. For
every open subset U of Q and every completely continuous map A : U — Q which
has no fized points on OU (i.e. the boundary of U), there exists an integer i(A, U, Q)
satisfying the following

(i) if A: U — U is a constant map, then i(A,U, Q) = 1.

(ii) 4f Uy and Uy are disjoint open subsets of U such that A has no fixed points on
U\(UUUs), theni(A,U, Q) = i(A, Uy, Q)+i(A,Us, Q), wherei(A, Uy, Q) =
i(A|U, Uk, Q), k=1,2.

(iii) if I is a compact interval in R and h: [ x U — Q is a continuous map with
relatively compact range such that h(\,xz) # x for (\,xz) € I x oU, then
i(h(X,-),U, Q) is well-defined and independent of A.

(iv) if i(A, U, Q) # 0, then A has at least one fized point in U.

(v) if Q1 is a retract of Q and A(U) C Q1, then i(A,U,Q) =i(A,UNQ1,Q1),
where (A, UNQ1,Q1) =i(A|UNQ,UNQ,Q1).

(vi) if V is open in U and A has no fixed points in U\V, then i(A,U,Q) =
i(A,V, Q).

Definition 2.2. Let FE be a real Banach space. A nonempty closed convex set
K C FE is called a cone if it satisfies the following two conditions

(i) for every x € K and A > 0 it holds that Az € K,
(ii) if 2 € K and —x € K then z = 0.

Every cone induces an ordering in ' given by
r <y ifandonlyif y—x¢€ K.

Definition 2.3. A map « is said to be a concave positive functional on a cone K
of a real Banach space E if a : K — [0,400) is continuous and

a(dz 4+ (1 = N)y) > da(z) + (1 = Na(y)

for all 2,y € K and X € [0,1]. Similarly, we say that the map 3 is a convex positive
functional on a cone K of a real Banach space E if §: P — [0,400) is continuous
and

Bz + (1= Ny) < Aa(z) + (1 = Na(y)
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for all z,y € K and X € [0, 1].

Theorem 2.4 (Leggett-Williams [9]). Let K be a cone in a Banach space E and
define the sets
K, :={z€eK:|z|| <e}, foreg>0
and
S(0,€2,€3) :={x € K :e2 < B(z) and ||z| < ez},

for es > €2 > 0 and any concave positive functional 5 defined on the cone K, with
Bla) <lz]-

Suppose that ¢ > b > a >0, a is a concave positive functional with a(x) < ||z||
and A : K. — K is a completely continuous operator, such that

(i) {z € S(av,a,b) : a(z) > a} # 0, and a(Ax) > a if x € S(, a,b),

(ii) Az € K. if x € S(w, a,c),

(iii) a(Ax) > a for all x € S(w, a,c) with ||Az|| > b.
Then A has a fixed point in S(a,a,c).
Theorem 2.5. Let I C R and E be the Banach space of all bounded functions
x € C(I,R) endowed with the norm

lz]| :=sup{|z(t)| : t € I}, z € C(I,R).

Suppose that

e K is a cone in E and for any € > 0
Ko={zeK:|z| <e}
e 0<a<b<c<d are real numbers
e T : Ky — K is completely continuous
e « is a concave positive functional and B is a convex positive functional such
that a(z) < B(z), v € K
and set
Ko p(a,b) :={z e K:a(z) >a and f(z) < b}.
If
(i) intg,(Kap(a,b)NK.) # 0 (i.e. the internal of Ko g(a,b) N K, with respect
to Kg is non-empty) and for x € K, g(a,b) N K. it holds that
B(Tz) <b, «fTx)>a
(ii) Tz € K4 for x € Ko p(a,0) N Ky
(ili) B(Tz) <b and a(Tx) > a for x € Ky g(a,b) N Ky with | Tz|| > ¢
then the operator T has at least one fized point
y € intg, (Kqag(a,b) N Ky)
i.e. a(y) >a, By) <b, [lyl| <d.

Proof. Suppose that « € 0(intk, (K 5(a,b) N Kg)) is a fixed point of operator T'.
Then
a(z) =a or B(x) = 0. (2.1)
Also, obviously either
z € Kqp(a,b) N K,

or ||lz|| > c.
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o If v € K, g(a,b) N K, then according to assumption (¢), we have
B(x) = B(Tx) < b and a(x) = a(Tz) > a,
which contradicts (2.1).
o If |z|| > c then
ITx]| = [z]| > ¢,
so according to assumption (iii), we have
B(Tx) < b and a(Tx) > a,

which contradicts (2.1).

So T has no fixed points on 9 (intx, (Ka,z(a,b) N Kq)).
Since intg, (Kq,g(a,b) N K.) # 0, we choose x¢ € intg,(Kq p(a,b) N K.) and
define the map

h: [O, 1] X inth(Kaﬁ(a,b) N Kd) — Kd
by h(t,x) = (1 — t)Tx + txg. It is easy to see that h is continuous and

h ([0, 1] x intr, (Kap(a,b) N Kd))

is relatively compact.
Suppose there exists

(t,z) € [0,1] x d(intk, (Ka,ps(a,b) N Kq))
such that h(t,z) = . Then
af(z)=a or f(x)=0.
o If | Tz| > ¢ then by assumption (i) we have
B(Tz)<b and o(Tx) > a,

S0
— if a(z) = a then

a(z) = a(h(t,x)) = a((l — t)Tx + txg)
> (1 —t)a(Tz) + ta(zg) > (1 —t)a +ta

which contradicts a(z) = a.
— if B(x) = b then

Bz) = B(h(t,x)) = B((1 = )Tz + tzo)
<A-t)p(Tz)+tH(xo) < (1 —t)b+tb
=b

which contradicts 3(x) = b.
o If |Tz|| < c then
[ = [[n(t, 2)|| = [[(1 = )Tz + tao
< (1= O)lITall + tlzoll < (1 - t)e +te
=c,
therefore by assumption (7) we have
B(Tz) <b and «(Tz)>a,

SO



EJDE-2010/53 FIXED POINT THEOREMS 5

— if a(z) = a then
alz) = a(h(t,z)) = a((1 — )Tz + tzg)
> (1—t)a(Tz) + ta(zg) > (1 —t)a+ta

which contradicts a(z) = a.
— if B(x) = b then

Bla) = B(h(t, ) = B((1 — 1) Tw + txo)
<(1=0)p(Tz)+tB(xo) < (1 —t)b+tb
=b
which contradicts 3(x) = b.
Consequently, for each
(t,z) € [0,1] x 9 (intx, (Ko g(a,b) N Kyq))
it holds that h(t,z) # x. So, by Lemma we have
i (T,intg, (Ka gla,b) N Ky), Kq) =i (zo, int gk, (Ka,(a,b) N Ky), Kq) = 1.
Hence, operator T has at least one fixed point y € intg, (K4 g(a,b) N Kyg), i.e.
a(y) >a, Bly) <b, |yl <d.
O

Definition 2.6. Let I C R be bounded and f,g € C(I,R). We define the relation
= by

f=Xg ifand only if f(¢t) <g(t), Vtel
and the relation < by

f =g ifandonlyif f(t)<g(t), Vtel.
Definition 2.7. Let I C R be bounded and A € C(C(I,R),C(I,R)). We say that
operator A satisfies

e property P1 if and only if

(1-t)A(x) +tA(y) < A((1 —t)z + ty), VYax,y <€ C(I,R), Vte[0,1].

e property P2 if and only if

Al =tz +ty) 2 (1 —t)A(x) + tA(y), Vz,y e C,R), Vt € [0,1].

e property P3 if and only if

Az(t) > 0, Ve € C(I,R), Vtel0,1].
Theorem 2.8. Let I C R be bounded and E be the Banach space of all bounded
functions x € C(I,R) endowed with the norm
||| :=sup{|z(t)| : t € I}, x € C(I,R).

Suppose that

e K is a cone in E and for any € > 0

K.={z e K:|z| <€}

e 0 < c<d are real numbers
e T: Ky — K is completely continuous
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o A is an operator satisfying properties P1 and P3, and B is an operator
satisfying properties P2 and P3, such that A(z) < B(x), v € K
e u,v e C(I,[0,400)) withu < v
and set
Kap(u,v):={z € K:u=<A(z) and B(xz) < v}.
If
(i) intg,(Ka,p(u,v)NK.) #0 (i.e. the internal of K 4 g(u,v)NK, with respect
to Kq is non-empty) and for x € K4 p(u,v) N K. it holds that
B(Tz) <v and u<A(Tx)
(i) Tz € K4 for x € K4 p(u,v) N Ky
(i) B(Tz) < v and u < A(Tz) for v € K p(u,v) N Kq with ||Tx| > ¢
then the operator T has at least one fized point
Yy € inth(KA,B<’U,,U) n Kd)
i.e.
u=<Aly), By <v, [yl <d
Proof. Suppose that « € 0 (intx, (K4 5(u,v) N Ky)) is a fixed point of operator T'.

Then
Az(to) = u(ty) or Bx(tg) = v(to), for some to € I. (2.2)
Also, obviously either
x € Ky p(u,v) N K,
or ||z|| > c.
o If z € K4 p(u,v)N K, then according to assumption (%), we have
B(z) =B(Tz) <vand u < A(Tx) = A(x),
which contradicts (2.2]).
o If |z|| > c then
[Tx]| = z]| > ¢,
so according to assumption (iii), we have
B(Tz) < v and u < A(Tx),

which contradicts (2.2]).

So T has no fixed points on 0 (int g, (K4 g(u,v) N Kg)).
Since intg,(Ka pg(u,v) N K.) # 0, we choose zg € intg,(Ka p(u,v) N K.) and
define the map

h: [0, 1] X inth(KA,B(u,v) ﬂKd) — Kd

by
h(t,z) = (1 — t)Tx + txo.

It is easy to see that h is continuous and

h ([0, 1] % inte, (Kap(,0) N Kd)>

is relatively compact.
Suppose there exists

(t,z) € [0,1] x O (intg, (K4 5(u,v) N Ky))
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such that h(¢,z) = . Then
Az(tg) = u(ty) or Bx(tg) =v(to), for some tg € I.
o If | Tz| > ¢ then by assumption (i) we have
B(Tz) <v and u < A(Tx),

S0
— if Az(tg) = u(to) then

A(z) = A(h(t,z)) = A((1 — t)Tx + txo)
= (1 —t)A(Tx) + tA(xo) = (1 — t)u + tu

which contradicts Az (tg) = u(tp).
— if Bx(tp) = v(tp) then

B(z) = B(h(t,z)) = B((1 — )Tz + tay)
< (1= t)B(Tx) + tB(wo) < (1 — thv + tv

which contradicts Bz (to) = v(to).
o If |Tz|| < c then

]l = [[n(t, )| = [[(1 = )Tz + tao
< (1 =)|Tx|| + t|lzo|| < (1 —t)e+tc
=c,
therefore by assumption (i) we have
B(Tz) <v and u < A(Tx),

S0
— if Ax(to) = u(to) then

Ax) = A(h(t,z)) = A((1 — )Tz + tzo)
= (1= t)A(Tz) + tA(zo) = (1 — )u + tu

which contradicts Az(tg) = u(to).
—if B(E(to) = 'U(t(]) then

B(z) = B(h(t,x)) = B((1 — )Tz + txo)
<X (1-t)B(Tz)+tB(xo) < (1 —t)v+tv
=
which contradicts Bx(tg) = v(to).
Consequently, for each
(t,z) € [0,1] x O (intx, (K4 5(u,v) N Ky))
it holds that h(¢,z) # x. So, by Lemma we have
i (T,intg,(Ka p(u,v) N Kq), Kq) =i (z0,intk, (Ka p(u,v)NKg), Kq) = 1.
Hence, operator T has at least one fixed point y € intg, (K4 p(u,v) N Ky), ie.
u=<Aly), Bly)<v, |[y|<d
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O

3. AN APPLICATION OF THEOREM [2.5]1 TO A TERMINAL VALUE PROBLEM

For any interval I C R and any set S C R, by C%(I,S) we denote the set of
all twice continuously differentiable functions defined on I, which have values in S.
Let J be an unbounded interval in R™*. It is easy to see that the set

BC*(J,R") := {x € C*(J,RT) : x is bounded }
endowed with the norm

||| := sup|z(t)], 2 € BC?*(J,RT),
tedJ

is a Banach space. We are looking for functions z € BC?(J,R*) which satisfy the
second order differential equation

2’ (t) + f(t,x(t) =0, teJ (3.1)
as well as the terminal condition

lim «(t) =&, (3.2)

t——+oo

where £ € RT, f:J x RT — R™ is continuous and
+oo +oo
/ / flo,y(0))dods < €&, for every t € J and every y € BC?*(J,RT).
t s

Define the following set K, which is a cone in BC?(J,R")
K :={x € BC*(J,R") : x(t) >0, 2/(t) > 0 and 2”(t) <0, for all t € J}.

Lemma 3.1. Let € > 0. A function x € K. is a solution of the terminal value

problem (3.1)—(3.2]) if and only if x is a fixed point of the operator T : K; —
C(J,R™) defined by the formula

“+oo “+oo
Ty(t) =€ — /t / flo,y(o))dods, teJ.

Definition 3.2. A set U of real valued functions defined on the interval J is called
equiconvergent at oo if all functions in U are convergent in R at the point co and,
in addition, for each € > 0, there exists T'= T'(¢) > 0 such that, for all functions
u € U, it holds

lu(t) — lim u(s)| <e, forevery¢t>T.

§—00

Lemma 3.3. Let U be an equicontinuous and uniformly bounded subset of the
Banach space BC?(J,R). If U is equiconvergent at oo, it is also relatively compact.

Lemma 3.4. Let € > 0. Operator T is completely continuous and maps K. into
K.

Theorem 3.5. Let ry,7o € J, withr; <712, and 0 < a <b<c<d, withd > €.
Also, define the functionals a(x) = z'(r2), x € K, and B(z) = 2'(r1), v € K.
Suppose that for any x € K, g(a,b) N K, as well as for any x € K, g(a,b) N Ky
with || Tz|| > ¢, it holds that

+oo 400
/ f(s,z(s))ds <b and / f(s,2(s))ds > a.

1 T2
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Then the terminal value problem (3.1)—(3.2) has at least one solution y such that
y'(r2) >a, y'(r) <b, |yl <d

Proof. Obviously « is a concave positive functional and [ is a convex positive
functional such that

alz) < pfx), zekK.
It is easy to see that any function z € K with
x(t) =M, t€E[r,re,

where A\ € (a,b), and such that ||z]| < ¢, belongs to intx, (K. g(a,b) N K.). Also,
since d > &, it is obvious that

Tx € Kyq, Yz € K,p(a,b)NKy.
The rest of the proof is easy. O

Corollary 3.6. The terminal value problem

2" (t) + ﬁ =0, tell,+o00), (3.3)
tii+moom(t) =2. (3.4)

has at least one non-negative solution y such that

1
y'(2) < = sup y(t)] < 2.

1
y/(3) > o5 67
te[l,4+o00)

20’

Proof. The result follows from Theorem forr; =2, 15 =3,a= 21—0, b= %,
c¢c=1,d=2and £ = 2. We notice that, for any ¢ € [1,+00) and = € Ky, it holds

+oo +oo 1 +oo +oo 1 1
/ / 7dads§/ / —dods=— <2=¢,
¢ s 034 x(0) ¢ s o3 2t

and, for any x € K4, we have

+oo 1 +oo 1 1
———ds < —ds < =
/2 s34+ x(s) S_/2 s3 S<6

/+°olds>/+°°1ds>1
s s24x(s) T J3  s242 20°

4. AN APPLICATION OF THEOREM [2.8] TO A BOUNDARY VALUE PROBLEM

and

Consider the second order boundary value problem
" (t) — f(t,z(t)) =0, te]0,1], (4.1)
z(0) =0, /(1) = ax’(0) (4.2)

where f : [0,1] x RT — R* is continuous and a > 1. Define the following set K,
which is a cone in C([0,1],R™),

K :={z € C([0,1],RT) : z(t) > 0, V¢ € [0,1] and 2'(t) > 0, Vt € [0,1]}.
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Lemma 4.1. Let € > 0. A function x € K. is a solution of the boundary value

problem (4.1)-(4.2)) if and only if x is a fized point of the operator T : K. —
C([0,1],R*) defined by the formula

Ty(t) := t /0 f(s,y(s))ds +/O /OS fo,y(o))dods, te]|0,1].

a—1

Lemma 4.2. Let € > 0. Operator T is completely continuous and maps K. into
K.

Theorem 4.3. Let u,v € C([0,1],RT) with v < v, u'(t) > 0, Vt € [0,1], and
v'(t) >0, Vt € [0,1]. Also, define the operators A, B by

A(z)=B(z)=12', z€K.
and let 0 < ¢ < d, with

sup Tx(t) <d, Vze Kap(u,v)nKg.
t€(0,1]

Suppose that for any x € Ka p(u,v) N K. as well as for any x € Ka p(u,v) N Ky
with ||Txz|| > ¢, it holds that

1
a—1

/ f(s,x(s))ds—i—/ f(s,z(s))ds <w(t), tel0,1].
0 0

Then the boundary value problem (4.1)—(4.2) has at least one solution y such that

u(t) <

u=<y,y <vand|y| <d.

Proof. Tt is easy to see that intg, (K4 g(u,v) N K.) # 0 and
Tr e K4, Vx € m.
The rest of the proof is easy. ]
Corollary 4.4. The boundary value problem
2" (t) — (1 +sin®(z(t))) =0, t€][0,1], (4.3)

z(0) =0, 2'(1)=22'(0).

has at least one non-negative solution y such that

t<y(t)<t*+2t, Vte[0,1], and sup |y(t)] <3.
te[0,1]

Proof. The result follows from Theorem fore=1,d=3,ut) =1,t € [0,1],
and v(t) = 2(t+ 1), t € [0,1]. We notice that, for any ¢t € [0, 1], it holds

1 t
1 </0 (14 sin (x(s)))der/O (1 +sin“(z(s)))ds
and ) .
/ (1+sin2(x(s)))ds—|—/ (1+ sin(x(s)))ds < 2(t + 1).
0 0

Also, for any = € K, we have

t s t s
//(1+sin2(x(o)))dads§2// dods=1t*<1, Vte|0,1],
0 JO 0 JO
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and L L
%/ (1 +sin®(z(s))) ds < t/ ds=t<1, Vte]o,1],
0 0

so
sup Tx(t) <2 <d.
t€[0,1]
O
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