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MAXIMUM PRINCIPLE AND EXISTENCE RESULTS FOR
ELLIPTIC SYSTEMS ON RY

LIAMIDI LEADI, ABOUBACAR MARCOS

ABSTRACT. In this work we give necessary and sufficient conditions for having
a maximum principle for cooperative elliptic systems involving p-Laplacian
operator on the whole RY. This principle is then used to yield solvability for
the cooperative elliptic systems by an approximation method.

1. INTRODUCTION

This work is mainly concerned with the elliptic system

—Ayu = am(z)|[uP~2u + bmy (z)[v]Pv + f in RY,
—Agv = cny(x)|u|®u + dn(z)v|7 %0 + g in RV, (1.1)

u(z) = 0,v(x) = 0 as || — +o0.

Here Apu = div(|Vu[P=2Vu), 1 < p < +o0, is the so-called p-Laplacian operator;
a,b,c,d, and (8 are reals parameters; f,g,m,n,m; and n; are weights whose
properties will be specified later.

We are concerned with the existence of positive solutions and with the following
form of maximum principle: If f,g > 0 in R then u,v > 0 in R" for any solution
(u,v) of . It is well known that maximum principle plays an important role
in the theory on nonlinear equations. For instance, it is used to access existence
results and qualitative properties of solutions for linear and nonlinear differential
equations, (see for instance [I4] and [I8] for a survey).

Many works have been devoted to the study of linear and nonlinear elliptic
systems either on a bounded domain or an unbounded domain of RY (in particular
the whole R™) (cf.[3, 5] 6] [, [8, [@] 19]). In [I2] 3] for the linear case (i.e p = ¢ = 2),
it was presented necessary and sufficient conditions for having maximum principle
and existence of positive solutions. These results have been later extended in [9] to

2000 Mathematics Subject Classification. 35B50, 35J20, 35J55.

Key words and phrases. Principal and nonprincipal eigenvalues; elliptic systems;
p-Laplacian operator; approximation method.

(©2010 Texas State University - San Marcos.

Submitted June 5, 2009. Published May 5, 2010.

1



2 L. LEADI, A. MARCOS EJDE-2010/60

the nonlinear system

Apu; = Za”|u]| uj—i-fi in Q
i—O onaQ,Z—l,Q,...n

where (2 is a bounded domain of RV,

For specific interest for our purposes is the work in [I9] where a study of problems
such as was carried out in the case of RY in the presence of some weight
functions. In our work we consider problem with coefficients b, ¢ > 0, and the
weight functions m(z), n(x), m (), ni(x) positive. Here m belongs to LN/P(RN)N
L2 (RY) and n belongs to LNV/9(RN) N L2 (RN). Then we state necessary and
sufficient conditions for a maximum principle to hold. Moreover our technique can

be developed to get a related result for the following class of cooperative systems
—Apu = am(x)|[ulP2u + bmy (2)|u|*[v/Pv 4+ f in RY,
—Agv = eny (@) )P |[u|u + dn(x)[v]92v +g  in RY, (1.2)
u(z) =0, wv(x)—0 as|z]— +o0

where the coefficients a, b, ¢, d, and the weights m(x),n(x), mi(x),n1(x) are as
above. When a = b =c¢=d =1, problem is relaxed to the particular case of
system considered in [I9] where the necessary condition for the maximum principle
to hold given by the authors is depend on z. The arguments developed in this
paper enable us to obtain a non dependance on x necessary condition.

The remainder of the paper is organized as follows: In Section 3, the maximum
principle for is given and is shown to be proven full enough to yield existence
results of solutions for in Section 4. In section 5, we briefly give a version of our
result for the cooperative systems . In the preliminary Section 2, we collect
some known results relative to the principal positive eigenvalue and to various
Sobolev imbeddings.

2. PRELIMINARIES

Throughout this work, we will assume that 1 < p,q < N and
(H1) m,n > 0;m € L2 (RN) N LY/?(RN) and n € LS (RN) N LN/9(RN)

loc loc
a+1

(H2) % < mie) < [m(2)]7[n(2)] % and 0 < ny(z) < [n(2)]7[m(z)]5 ae. in

(Hs)fz()andfeL(p*)’(RN)g>0andgeL ) (RN)
(H4)b,c>o~a,ﬁzo;%l+ 1and3+1+ =1

Np_ Nq
N—p’ "= x5

tively; p’ is the Holder conjugate of p. It is clear that i = 6;1 and 1 =
We denote by DU(RM) (with 1 < s < N) the completlon of C’O (]RN) with

respect to the norm
s 1/s
full ooy = ([ | 1Val*)
RN

It can be shown that (cf [16])
DY (RY) = {ue L (RY) : Vu e (L*(RV )V}

denote the critical Sobolev exponent of p and ¢ respec-
LH

Here p* =
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and for any positive weight g € L (RN) N LY/3(RY) the following embeddings
hold (cf.[T0, [T [15])

DMRN) — L ®) and  DM(RYN) e L (g, RY)

where L*(g,RY) is the L® space on RY with the weight g (cf. [11]).
By solution (u,v) of (1.1]) (or related equations), we mean a weak solution; i.e.,
(u,v) € D¥?(RY) x DM4(RY) with

/ |VulP2Vu.Vw = / [am () [u|P~2uw + bmy (z)|v]Pvw + fw)]
RN RN
(2.1)
/ |Vo|T2V0. V2 = / [eny (o) |u|“uz + dn(z)|v|7 vz + g2]
RN RN

for all (w,z) € DY (RY) x DL4(RY). Note that by the above embeddings, every
integral in is well-defined. Regularity results from [20, 21] on general quasilin-
ear equations imply that such a weak solution (u,v) belong to C1(RY) x C1(RY).
It is also known that a weak solution of decays to zero at infinity (cf. [4} [10]).

To conclude this introduction, let us briefly recall some properties of the spec-
trum of —A,, with weight to be used later (cf. [I] [I1]). We denote by

A1(m,p) := min{/ |VulP : w € DYP(RY) and / mlul? =1} (2.2)
RN RN
the unique principal eigenvalue of
—Ayu = dm(z)ulP?u  in RN

2.3
u(r) — 0 as|z| — +oo; u>0in RY 23)

and by ¢1(m) = ¢1(m,p) € DVP(RN) N CL(RYN) the associated positive eigenvalue
such that [, m|ei(m)[? = 1. It is well known that A;(m,p) is simple and isolated.

Here and henceforth, we will denote by ® = ¢1(m,p) (respectively by ¥ =
©v1(n,q)) the positive eigenfunction associated to A1(m,p) (respectively Ai(n,q))
and normalized by

» m®(z)? = /RN n¥(x)? =1 (2.4)

3. MAXIMUM PRINCIPLE

We assume that 1 < p, ¢ < N and that hypothesis (H1), (H2), (H3) and (H4)
are satisfied. We begin by consider the problem
~Apu = pm(z)|uP2u+ h(z) in RN (3.1)
u(z) — 0 as|z| — +oo .

The following results were proved in [10, 1]

Proposition 3.1. (1) Let h € L®) (RN and assume that (H1) is satisfied. If
< A (m,p) then admits a solution in D*P(RN).
(2) Let h e L®)(RN) with h > 0 a.e. in RN and h # 0.
(a) If p € [0, \1(m,p)[, then any solution u of is positive in RYV.
(b) If p= A1(m,p) then (3.1) has no solution
(¢) If p > Ai(m,p) then has no positive solution.

Using [20] 21]], one also has a regularity result.
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Proposition 3.2. For allr > 0, any solution (u,v) of (1.1])) belongs to C*7(B,.) x
CY7(B,), where v = ~(r) €]0, 1] and B, is the ball of radius r centered at the origin.

Let

ar(r) =ipfhi(e),  aa(r) := supk(z), (32)
- u
where
2) ny ()25 (B(x)P ekl o0
_pm(a) qert (B(z)Past s
ka(z) == [ml(x)] [\I/(x)q]

We denote a100 = lim, 4o a1(7) and agee = lim,—, oo a2(r). Let

A1oo
0=—. 3.3
. (3.3)
One can easily prove that
0 < a(r) forallr >0 and 0<O<1 (3.4)

as(r)
We say that satisfies the maximum principle (in short (MP)) if for f,g > 0
a.e in RV, any solution (u,v) of is such that u > 0,v > 0 a.e. in RY.
We now turn to our first main result, i.e., the validity of the (MP) which is stated
as follows

Theorem 3.3. Assume that hypothesis (H1)—(H) are satisfied. Then the (MP)
holds for if

(C1) AM(m,p)>a

(C2) Ai(n,q) >d

(C3) Ma(m,p) —a]™F M(nyg) —d) T > b5 o
Conversely, if the (MP) holds, then (C1), (C2) and (C4) are satisfied, where

(C4) Pa(m,p) = a] 7 a(n,q) —d) T > 005 0
Corollary 3.4. Ifp=q and m = n a.e. in RN, then the (MP) holds for (1.1) if
only if (C1), (C2) and (C4) are satisfied

Proof of Theorem[3.3 The condition is necessary. The proof of (C1) or (C2) is
standard (cf. for instance [2, [3, [19]). We give here the sketch of this proof.

If \;(m,p) < a, then the functions f := [a — A\;(m, p)]m®P~! and g := cn; dT!
are nonnegative and (—®,0) is a solution of (1.1)), which contradicts the (MP).

Similarly, if A1(n,q) < d, then the functions f := bm;¥P*! and ¢ := [d —
A1(n, q)ln¥4~1 are nonnegative and (0, —¥) is a solution of (L.I]), a contradiction.

The proof of (C4) can be adapted from [19] as follow. We assume that A;(m,p) >
a and A1 (n,q) > d. If one of the coefficients ©, b or ¢ vanishes, then (C4) is satisfied.
We will then assume that © # 0, b # 0, ¢ # 0 and that (C4) does not hold, i.e.

+1 atl B+1

i(m,p) —a] 5 Pa(n,q) —d) o < @b a0 (3.5)

a+t1 B+

1
Set A = (%) * and B = (W) @, Then, by (3.5)), one has AB < O,
which clear implies that Aase, < %ahx,. One deduces that there exists § € R}

such that 1
Aa2oo S 5 S Ealocw
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Since the function aq(r) (respectively as(r)) is decreasing (respectively increasing)
on R% , one has

1 1
Aaz(r) < Aagee <€ < 7 Moo < —ay(r), forallr>0.

B

But for any x € RY, there exists r > 0 such that

1 1
Ako(z) < Aag(r) and Eal(r) < Ekl ().
Consequently we set
1 1
Aky(z) < Aas(r) <€ < Eal(r) < =k (x)
for all z € RV, i.e.,
Aky(z) <€ VreRY (3.6)
B 1
<- VzeRY 3.7
ORE: 7
cd | atl B+1 el
Next let we set { = (Z4) » @ , where ¢; and ¢y are positive constants.

2

From and (H4), one easily gets,
—[Ai(m,p) — alm(z)[ca®(x)]P! + bmy (2)[c1 P (2)]P T >0 for all z € RV,

Similarly, using and (H4), one has
—[A\i(n,q) — dn(x)[c1P(2)]97! + cny (@) [ec2®(2)]*TE >0 for all z € RY.

Hence

f = —[\(m,p) — alm(z)[ca®(x)]P~" 4 bmy (2)[e1 ¥ ()] T >0 for all 2 € RY
and

9= D (n,0) — din(@)[er (@)} + eny (1) e2®(@))*H > 0 for all & € RY

are nonnegative functions and (—co®, —c;¥) is a solution of (L.I)). This is a con-
tradiction with the (MP).

The condition is sufficient. A detailed proof of this part can be found in [3] 20].
We give a sketch here. Assume that the conditions (C1), (C2) and (C3) are satisfied.
Let (u,v) be a solution of for f,g > 0. Moreover, suppose that v~ % 0 and
v~ # 0 and taking those functions as test function in (L.1)), we find by Hélder
inequality that

(L) ([ o) T <o

which contradicts assumption (C4). By applying regularity results of [20} 21] and
the maximum principle of [22], one has in fact « > 0 and v > 0 a.e in RY. O
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4. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we prove the existence of positive solutions for (1.1]) under condi-
tions (C1), (C2) and (C3), by an approximation method used in [2 B]. For € €]0, 1],
we define the following expression

p—2 p—2
X = —'uk| Uk , X := 7|u| v ,
1+ |e/Puy|p—1 1+ |et/pPy|p—1

. |k | * g . |u|*u
Ty T T e

PPV (/S P

R 4 el apg ot T4 el ayla—t

A 1 ' 0]
k= 1+ |€1/qvk‘ﬁ+17 = 1+ |51/qv|ﬂ+1’

On has the following result which will be useful later.

Lemma 4.1. If (uy,vi) converges to (u,v) in LP" (RN) x LT (RN) then
(i) Xp — X in LET([RN), Yo — Y in L3 (RY) and in LY (m, RN).
(i) X, — X" in LiT(RY), Y} — Y’ in L7 (RY) and in L” (n,RY).

Proof. We give the proof for (i) and indicate that the same arguments hold for
(ii). Tf up, — w in LP" (RY), then there exists a subsequence denoted (uy) such that
up — u almost every where in RY and |u(z)| < Ii(z) for some I; € LP (RY).
Hence

Xi(z) — X(z) ae. inRY,

| Xi(@)] < Jur(@) P~ < L (@)P7t in LT,

*

which implies, by dominated convergence Theorem, that X; — X in Ly,

Similarly, on deduces from the convergence of Y; to Y in LT that
Yk;(l') — Y(a,“) a.e in ]RN7
Yil@)] < fun(@)|™H < la(@) ! in L35,

and the conclusion follows. Moreover, using Holder inequality, we have

Y= Y Wy = ¥ = Y17 < Il [V = V1 e

aF1

We are now in position to give the main result of this section.

Theorem 4.2. Assume that (H1), (H2), (H3), (C1), (C2), (C3) are satisfied. Then
forall f € L®(RN) and g € L) (RN), the system (L.1) has at least one solution
(u,v) € D¥?(RY) x DL9(RY).
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The proof is partly adapted from [2], [B]. We choose r > 0 such that a +r > 0
and d +r > 0. The system (L.1) is then equivalent to

—Apu+rmulP"2u = (a 4+ r)mlulP2u +bmyjv/Po + f in RY
—Av+rn|v|i % = cengu|®u + (d+r)njv|T 20+ g in RN (4.1)
u(z) =0, wv(x)—0 as|z]— +o0
For € €]0, 1], let us introduce the system
—Apue + rmlucP%u. = mh(ue) +mihy(ve) + f  in RY
—Agve +rnfve 1?0 = niky (ue) + nk(v) +g  in RY (4.2)

uc(r) =0, v (r)—0 aslz|— 40

where
B ‘u|p—2u . |U|ﬂv
= O T T MO TR
o ‘u|o/u . |’U|q_2U
B = e amr M= @D T

Lemma 4.3. Under hypothesis of Theorem system (4.2) admits at least a
couple of solution (u,v) in DVP(RN) x DL4(RY).

Proof. We give the proof in several steps.
Step 1. Construction of sub-super solution for (4.2)): Since the functions h, hq, k
and k; are bounded, there exists a constant M > 0 such that

Ih(u)| <M, |h(v)| <M, [k(u)| <M, |k(v)] < M

for all (u,v) € DVP(RY) x DLI(RYN). Let €0 € DYP(RY) (respectively n° €
DY4(RM)) be a solution of

—Apu+rmlulP2u = (m+my)M + f

(respectively —A,v+rm|v|772v = (n+n1)M +g), and let & € DP(RY) (respec-
tively 7o € DV4(RY)) be solution of

—Apu+rmlulP2u = —(m +m)M + f

respectively —A v + rm|v|972v = —(n 4+ n1)M + g). Then (£°,1°) (respectively
q Ui
(&0,1m0)) is a super solution (respectively sub solution) of system (4.2)) since

— A%+ rm|eP2E% — mh(€) — maba(n) — f
> —0,8% +rm|e°P2" — (m+m)M — f =0 Vn € [no,n°],
— Agn° +rnn° |70 = niki(€) — nk(n°) — g
> —Agn” +ran°|7?0° — (n+n)M —g=0 V€ [£,£"),
— Apéo + rm|&o[P & — mh(&o) — mahi(n) — f
< —Ap&o +rm|&lP T2 — (m+m)M — f=0 Vn € [no,n°],
= Agno + rnfnol9 %00 — niki(§) — nk(no) — g
< —Agno +rnnol? e — (n4+n)M —g=0 Vne[&, .
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Step 2. Definition of operator T. Denote by K = [£0,£%] x [10,7°] and define
the operator T': (u,v) — (w, z) such that
—Ayw + rmlwP"2w = mh(u) +mihy(v) + f in RY
—Agz+rm|z|97 %2 = niki (v) + nk(v) + g in RY (4.3)
w(x) =0, z(z)—0 as|z]— +oo
Step 3. Let us prove that T'(K) C K. If (u,v) € K then we have

= (Bpw = ApE°) +rm(fw]P~w — [€°P72€0)
= m[h(u) = M|+ mi [k (v) — M])

Taking (w — £°)T as test function in (£.4)), we have
[ (vl 290 = D P v - €
RN
b [l - €2 w - )
RN
= [ m(t(e) = 20 +ma (o) = M)~ €)* <0

Hence by the monotonicity of the function x +— ||z||P~22 and by the monotonicity
of the p-Laplacian, we deduce that (w — £°)* = 0 and then w < £°. Similarly we
get &g < w by taking (w — &)~ as test function in (4.4). So we have & < w < ¢°
and np <z < no and the step is complete.

Step 4. T is completely continuous:

e We will first prove that T is continuous. Indeed let (ug,vr) — (u,v) €
DYP(RN) x DV4(RY), we will prove that (wy, zx) = T (ug, vg) converges to (w, z) =
T(u,v).

(—Apwy + rm|wg|P2wy) — (—Apw + rm|w|P~2w)
= m[h(ur) = h(u)] +ma[ha(ve) — ha(v)] (4.5)
= (a+r)m(Xy — X) +bm (Y, - Y'),
where Xy, X, Y/ and Y’ are previously define in Lemma Then taking (wy — w)
as test function in (4.5)), we get

[ (vl u, = (9P (w — )
< [ (vl 29w, = [Fup =) 9w, - v)
b [ mlon 2w = ol ) - w)
— (atr) /RN m(X = X =)+ [ ma (= Y — ).

Using Holder inequality, we obtain

/]RN m(Xy, — X)(wr — w) < [mllpavre@y) [ Xk = Xl o ro-n @) -lwe — wll os @y
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and
ma (V= Y = w) < [ P — )]/ - Y
RN RN
< lwr = |l o (m men) 1Y = Y| 1o (. vy
since % = z%' Consequently

0< / (IVwklp”Vwk — |Vw|p’2w)V(wk —w)
RN

< (a+7)lmllpr/e @yl Xe — Xl por /-1 @y lwr, — w|| o* ()

+ 0V, = Y| o (v [0 = w0l o (v
Using then the inequality
lz = ylI? < el(llP = ly1P~>y) (@ — )12 [|=]? + [ylP) /2, (4.6)
where 7,y € RV, c =c(p) >0and s =2if p > 2, s =pif 1 <p < 2 (cf. eg.
[17]), one easily obtains that wy — w in DVP(RY). Similarly, we have z; — 2 in
DY(RN),
e We now prove that operator T is compact. Let (uy,vg) be a bounded sequence
in DVP(RY) x DYM4(RY) and set (wg, 2x) = T (ug,vx). We have
—Apwyi, + rmlwg [P 2wy = mh(ur) +mihi (vg) + f (4.7)

Taking wy, as test function in (4.7)), we get

/ |Vwk|p—|—r/ m|wy |
RN RN

— [ b + / b (00 )wp + / fun
RN RN RN

<(atr) / P~ o] + b / i ok |+ | + / |l
RN RN RN

-1 +1
< [(at )l oy + B0l 85 ] ek 2o

+ 1l Loy @y lwell o vy

Hence wy, is bounded in D'?(R") and consequently, up to a subsequence wy, con-
verges to w weakly in D*P(R”) and strongly in LP(m,R"Y). Now taking (wj —w,)
as test function in (4.7), we have

/ |Vwg P2V w, V(wy, — wq) + 7‘/ m|wg [P~ 2wy, (wy, — wq)
RN RN

- / [mh(uk) + maha (o)) (w, — wg) + / Flws — w,)
RN RN
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and consequently
AN(\Vwk|p_2Vwk — |V, [P2Vw, )V (wy, — wy)
< /RN(Wpr_QVwk — |Vw, [P2Vw, )V (wy, — wy)
+ T/]RN m(|wg [P~ 2wy, — Jwg [P~ 2w,) (wy — wy)

- / i) — h(ug)](w, — wg) + / malha (vr) — B (o)) (1 — w,)
RN RN

-1 -1 +1
< [”uk”z]ip(m’RN) + Huq”ip(m,RN) + ||Uk||?,q(n,RN)

+1
+ |‘Uq‘|§q(n7RN)] l|lwr, — wq||LP(m,RN)~

We then deduce that
/RN(|Vwk|p72vwk - |qu‘piszq)v(wk —wq) — 0.

From , we conclude that wy, converges to w in DVP(RY). Similarly, we prove
that z;, converges to z in DM4(RY).

Since the set K is convex, bounded and closed in D%4(R™) x D4(R™), applying
Schauder’s fixed point theorem, then there exists a fixed point for 7' which gives
the existence of solution of system . O

Proof of Theorem[{.2 The proof will be given by three steps.
Step 1. We show that (uc,v.) is bounded in DVP(RY) x DL4(RY). Indeed

denoting by t = max([uel 2y ey 10l vy )» 7 = o Pt and w, = ¢,
Since (ue, ve) is solution of (4.2)), we have

p—2 b 8 ,
—Apze +rmlz P72z = (a +17")lm|26| Ze Inl/|we| We 4t g
Lt e Upz o=t 1 4 ¢/ et/ ag, |41
« d q_2 ,
—Agwe + rmlwe | 2w, = eng|ze|® ze N (d + 7)n|we| 2w, ey

1+ti/q/|€1/pzs|a+l 1+ti/‘1’|€1/qw€|q—1

Hence taking z. as test function in the first equation, we get

/ |Vzé|p—|—7‘/ m|ze|?
RN RN

<(atr) / mlzelP + b / Pz 4 / £zl
RN RN RN

which implies, by Holder inequality and (H2),

1/p (B+1)/q
[owar<a | mladr e [ mlal) ([ nlod)
RN RN RN RN

/ A\ 1/p"
Wy ([ 1)
RN
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By the imbedding of D*?(RN) in LP" (RY), we deduce that
1
B Hp < a ||z Hp +b l|zell p1.v ||w€||%41_q
TP A (m,p) TP A (m, p) VP [ (n, )] D/
+ et P fll gy llzellpro,
where ¢; = ¢1(p, N) is the constant of the imbedding of D*?(RY) into L? (RY),
and consequently

||Ze||D1«P p—1 ||we||D1~q B+1
[)‘1 (m7p)]1/p B [)‘1 (na Q)]l/q 4.8
(4.8)
+ et 2P D (m )P -
Similarly, we obtain
(Judore yit o o yen
[A1(n, q)]*/ = \[i(m, )]t (4.9)
+ C2t;1/q [A1(n, Q)]l/q”g”u«*)'

Now assume that u. (or v.)is unbounded in D*?(RY) (\in D¥4(R¥)). Then ¢, —
+o0 and it follows from (4.8) and (4.9)), that
(at1)(B+1)

(a+1)(B+1)
o (e y =5
[>‘1 (na q)]l/q
(at1)(B+1) (a+1)(B+1)
<b%c%( [zl e ) a |wellpr.a P
- P (m. )77 Pa(n, g)]17s |
which implies
(Aa(m.p) =) 5 (\i(n.q) —d) & b7 ]
(Jodoee Juloea =222
A1(m, p)/P A (n, q)t/a T

But this is a contradiction since conditions (C1), (C2) and (C3) hold.
Step 2. Using the same arguments as in [I9], we easily prove that (e%ue, e%ve) —
(0,0) in DVP(RY) x DL4(RY).
Step 3. Now we prove that (uc,v.) converges strongly in DVP(RY) x DL4(RY)
as € — 0. Indeed from Step 1 and Step 2, we have (u,,v.) is bounded in D*?(RY) x
DY4(RM) and e%u6 — 0 a.e in R™. So up to a subsequence (uc,ve) — (ug,vp) in
LP(m,RN) x Li(n,RN) and consequently
’ |uelP~2ue
1+ |e%ug|7"—1
|ue (@) [P~ *ue(x)

1+ [eruc(z)|p-1

| <luP~t <7 in L (m,RY),
- ‘U0(33)‘p72uo(17) a.e. in RY.
From the dominated convergence theorem, we have h(uc) — h(ug) in L¥ (m,RN)

as € — 0. Similarly, we get hy(ve) — hi(ve) in L9 (n,RN), ki(us) — ki(ug) in
LP (m,RN) and k(v.) — k(vo) in L9 (n,RYN). We finally use (4.6) to deduce that
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(te,ve) — (ug,vo) in DVP(RY) x DV4(RYN) as € — 0. Therefore, passing to the

limit in (4.2)), we obtain

—Aypug = amlugP~2ug + bmy|vo|Pvo + f in RY,

—Agvo = cnq|ug|“uo + dnl|vo|9 vy +¢g in RY

which implies that (ug,vg) is solution of (1.1J). O

We remark that when o = 8 =0 and p = ¢ = 2, we obtain the results presented
in [12] 13].

5. RELATED RESULTS

The tools used to establish the above results can be easily adapted for the prob-
lem
—Apu = am(z)|ulP"2u + bmy (2)|u|*v[Pv + f  in R®
—Agv = cng (o) |[ul*ulv|’ + dn(z)|v]?*0 +g in R" (5.1)

u(zr) =0, wv(x)—0 as|z]— +o0

where we assume that the conditions (H1),(H2’),(H3) and (H4’) hold, with

(H2) 0 < my(x) < m(x)%n(x)% and 0 < ny(x) < m(x)%n(x)% a.e. in
RN

) . . atl B+1 _
(H4) bye=0;0a,820; ©= + 5= =1

Under these assumptions, one has the following results.

Theorem 5.1. Assume that hypothesis (H1), (H2’), (H3), (H4’) are satisfied. Then
the (MP) holds for (5.1)) if
(C1") Ar(m,p) > a;
(C2) Ai(n,q) > d;
at1 B+l o+l p1
(C3) [A(m,p) —a] # [M(n,q)—d] « br ca;
Conversely, if the (MP) holds, then (C1°), (C2’) and (C4’) are satisfied, where
a1 B+1 o+l pt1
(CL) M(m,p) —a] #» [M(n,q)—d « >0b» ¢ .
Theorem 5.2. Assume that (H1), (H2’), (H3), (C1’), (C2’), (C3’) hold. Fur-
thermore assume that m € L®) (RN and m € LW (RN). Then for all f €
L) (RN and g € L) (RN), the system (5.1) has at least one solution (u,v) €
DVP(RN) x DL4(RY).

The proofs of theorems [5.1] and [5.2] can be adapted from those of theorems [3.3|
and respectively.
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