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GROWTH OF SOLUTIONS OF HIGHER-ORDER LINEAR
DIFFERENTIAL EQUATIONS

KARIMA HAMANI

ABSTRACT. In this article, we study the growth of solutions of the linear dif-
ferential equation

F®) 4 (A1 (2)ePm =1 £ By 1 (2)) F* 7D+ 4 (Ag(2)e0 ) + By (2)) f =0,

where k > 2 is an integer, P;j(z) are nonconstant polynomials and A;(z), B;(z)
are entire functions, not identically zero. We determine the hyper-order of
these solutions, under certain conditions.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this article, we assume that the reader is familiar with the fundamental results
and standard notation of the Nevanlinna value distribution theory of meromorphic
functions [7]. Let o(f) denote the order of growth of an entire function f(z) and
oa(f) the hyper-order of f(z), which as in [8 [I1]] is defined by

loglog T log log log M
oa(f) = lim sup 28198 (1) _ iy sup 108108108 M (. £)
r——+oo log r r—+o0 log r
where M (r, f) = max, ;. | f(2)|.
We define the linear measure of a set E C [0, 4+00) by m(E) % e (t)dt and

— Jo
the logarithmic measure of a set H C [1,400) by Im(H) = 1+°° x5 gt where g
is the characteristic function of a set £ .
Several authors [2],[6 [8] have studied the second-order linear differential equation

ENGRY

t

F"+ hi(2)e? ) f 4 ho(2)e93) f =0, (1.2)

where P(z) and Q(z) are nonconstant polynomials, hi(z) and ho(z) # 0 are entire
functions satisfying o(h1) < deg P and o(hg) < deg Q. Gundersen showed in [6], p.
419] that if deg P # deg @, then every nonconstant solution of is of infinite
order. If deg P = deg @, then can have nonconstant solutions of finite order.
Indeed, f(z) = z satisfies f/ — z3e* f' + 2%e* f = 0. Kwon [§] studied the case where
deg P = deg @ and proved the following result:
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Theorem 1.1 ([§]). Let P(z) and Q(z) be nonconstant polynomials such that
P(2) = an2" + -+ + a1z + ao, (1.3)
Q(Z) =bp2" + -+ b1z + bo, (14)

where a;,b; (1 = 0,1,...,n) are complex numbers, a, # 0 and b, # 0. Let h;(z)
(j = 0,1) be entire functions with o(h;) < n. Suppose that arga, # argb, or
an = cby, (0 < ¢ < 1). Then every nonconstant solution f of is of infinite
order and satisfies oa(f) > n.

Chen [3] also studied the growth of solutions of second-order linear differential
equations and obtained the following result:

Theorem 1.2 ([3]). Let A;(z) (# 0), Dj(z) (j = 0,1) be entire functions with
0(4;) <1, 0(Dj;) <1, a, b be complex constants such that ab # 0 and arga # argb
ora=chb (0 <c<1). Then every solution f (£ 0) of the equation

F"+ (Ar(2)e + Di(2)) ' + (Ao(2)e" + Do(2)) f = 0 (1.5)
is of infinite order.

Belaidi [I] extended Theorem for higher-order linear differential equations as
follows.

Theorem 1.3 ([1]). Let k > 2 and Pj(z) = Y./ jai;2" (j = 0,1,...,k — 1)

be nonconstant polynomials, where ag j,...,an; (j = 0,...,k — 1) are complex
numbers such that a, ; #0 (7 =0,1,...,k—1). Let Aj(z) (#0), Bj(z) (#0) (j =
0,1,...,k—1) be entire functions. Suppose that arg a,_ ;j # arg ano or an j = Cjdno

0O<e¢ <) (=1...,k—1) and 0(4;) <n, o(Bj) <n (j =0,1,...,k—1).
Then every solution f (# 0) of the differential equation

FO 4+ (A1 (2)eP =13 4+ By (2)) f&D 4+ (Ao (2)e™ ) + By (2)) f = 0 (1.6)
is of infinite order and satisfies o2(f) = n.

Chen [] also considered the growth of solutions of higher-order linear differential
equations and proved the following result:

Theorem 1.4 ([]). Let hj(z) (7 = 0,1,...,k—1) (k > 2) be entire functions
with o(h;) <1, and Hj(z) = hj(2)e%?, where a; (j =0,1,...,k — 1) are complex
numbers. Suppose that there exists as such that he # 0, for j # s, if H; # 0,
a; = cjas (0 <c¢; <1); if Hf =0, we define ¢; = 0. Then every transcendental
solution f of the equation

FO + Hy g () f5 D 4o+ Hy(2) ) + -+ Ho(2)f =0 (1.7)

is of infinite order.
Furthermore, if max{c,...cs—1} < co, then every solution of (1.7)) is of infinite
order.

Recently, Tu and Yi [I0] obtained the following result which is an extension of
Theorem [Tl

Theorem 1.5 ([10]). Let h;j(z) (j =0,1,...,k—1) (k > 2) be entire functions with
o(hj) <n (n>1), and let Pj(z) =31 ja;;z* (j =0,1,...,k — 1) be polynomials
with degree n , where a,; (j = 0,1,...,k — 1) are complex numbers such that
an,0 = ‘an,0|6i907 an,s = |an,s|ei05; QUp,00n, s 7{ 0 (0 <s S k— 1); 90; 95 € [OaQﬂ—);
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8o # 05, hohs # 0; for j # 0,s, an,; satisfies either a,; = cjano (¢; < 1) or
arg an,; = 6s. Then every solution f (# 0) of the equation

) 4 hkil(z)epk—l(z)f(k_l) S hl(z)epl(z)f/ + ho(z)epﬂ(z)f =0 (1.8)
is of infinite order and satisfies oo(f) = n.

The main purpose of this article is to investigate the growth of solutions of (|1.6]),
and determine the hyper-order of these solutions. We shall prove the following
results:

Theorem 1.6. Let k > 2 be an integer and Pj(z) =Y i a; ;2 (j=0,1,....k —
1) be nonconstant polynomials, where ag j,a1,j,---,0n,j ( O 1,. k — 1) are
complex numbers such that a,; # 0 (j =0,1,.. .,k —1). Let Aj(z ) ( 0), B,(2)
(#0) (j =0,1,...,k — 1) be entire functions with c(A;) < n and o(B;) < n.
Suppose that there exists s € {1,...,k — 1} such that arga, ; # arga,s (j #
s). Then every transcendental solution f of is of infinite order and satisfies

oa(f) = n.

IIQ

Theorem 1.7. Let k > 2 be an integer and Pj(z) = > i ja; ;2" ( =0,1,...,k —
1) be nonconstant polynomials, where agj,a1j,...,an; (j = 0, Jk—1) are

1,.

complex numbers such that a,; #0 (j =0,1,...,k —1). Let A;(z ) ( 0), B,(2)
(Z0) (j =0,1,...,k — 1) be entire functions with 0(A;) < n and o(B;) < n.
Suppose that there exists s € {1,...,k — 1} such that an ; = cjans (0 < ¢; < 1)
(j # s). Then every transcendental solution f of is of infinite order and
satisfies oo (f) = n.

Furthermore, if max{cy,...cs—1} < co, then every solution of is of infinite
order and satisfies oo(f) = n.

Theorem 1.8. Let k > 2 be an integer and P;(z) =Y i a; ;2 (] =0,1,...,k—
1) be nonconstant polynomials, where agj,a1j,...,an; (j = 0,1 k= 1) are
complex numbers such that a,; # 0 (j = 0,1,...,k — 1) and ano = |an,ole?,
0o € [0,2m). Let Aj(z) (#0), B;j(z) (#0) (j =0, 1, . ) be entire functions

with 0(A4;) < n and o(B;j) < n (j = 0,1,.. k— 1) Suppose that there exists
s € {l,...,k — 1} such that a, s = |ansle?s, 0 € [0,27), 05 # 6 and for j €
{1,...,s—=1,s+1,...,k—1}, ay; satisfies ezther Unj = Cjano (¢;j < 1) orargay ; =
Os. Then every solution f (£ 0) of is of infinite order and satisfies oo(f) = n.

Theorem 1.9. Let k > 2 be an integer and Pj(z) = > i ja; ;2" (=0,1,...,k—
1) be nonconstant polynomials, where agj,a1j,...,an; (j = 0,1,...,k — 1) are
complex numbers such that a, ; #0 (j =0,1,...,k—1) . Let A;(z) (£0), Bj(2)
(#0) (j =0,1,...,k — 1) be entire functions with 0(A;) < n and o(B;) < n
(j =0,1,...,k —1). Suppose that there exist d, s € {1,...,k — 1} such that
An.d = |an.ale®, an s = |ansle?s, 04, 05 € 0,27), 04 # 05 and for j € {0,...,k
IN\{d, s}, an,; satisfies either a, ; = cjanq (¢; < 1) or arga,; = 0s. Then every
transcendental solution f of is of infinite order and satisfies o2(f) = n.

2. PRELIMINARIES

Lemma 2.1 ([5]). Let f(z) be a transcendental meromorphic function and let o > 1
and € > 0 be given constants. Then there exist a set E1 C [1,+00) having finite
logarithmic measure and a constant B > 0 that depends only on « and (i,j) (i,]
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positive integers with i > j) such that for all z satisfying |z| = r ¢ [0,1] U Ey, we

have
[ (ar, f) (log® r) log T(ar,f)y;j. (2.1)

Lemma 2.2 ([4]) Let f(z) be a transcendental entire function Then there exists a
set B C [1,400) that has finite logarithmic measure such that for all z satisfying
|z| =7 ¢ [0,1] UEy and |f(z)| = M(r, f), we have

] f{s()z()z)| <, (2.2)

where s > 1 is an integer.

Lemma 2.3 ([9]). Let P(z) = (a+i83)z"+... (o, B are real numbers, |a|+|5| # 0)
be a polynomial with degree n > 1 and A(z) be an entire function with o(A) < n.
Set g(z) = A(2)eP?), 2 = re?, §(P,0) = acosnf — Bsinnb. Then for any given
e > 0, there exists a set E5 C [1,+00) having finite logarithmic measure such that
forany 6 € [0,2m)\H (H = {0 € [0,27) : §(P,0) = 0}) and for |z| =r ¢ [0,1]UE],
we have

(i) if 6(P,0) > 0, then

exp{(1 = €)8(P,0)r"} < |g(re”)| < exp{(1+€)d(P,0)r"}, (2.3)
(ii) #f 6(P,0) <0, then
exp{(1 +€)8(P,0)r"} < |g(re”)| < exp{(1 —€)d(P,0)r"}. (2.4)

Lemma 2.4 ([4]). Let k > 2 be an integer and let Aj(z) (j = 0,1,...,k—1) be
entire functions of finite order. If f is a solution of the differential equation

F® 4 A (2) f*D o+ Ay (2) f + Ao(z) f =0, (2.5)
then oo(f) < max{c(4;) (j =0,1,...,k—1)}.

3. PROOF OF MAIN RESULTS

3.1. Proof of Theorem Assume f is a transcendental solution of (1.6)). By
Lemma there exist a constant B > 0 and a set E; C [1,400) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E;, we have

f(j)(z) j—s+1 .
|f(s)(z)| < Br[T(2r, f)] (j=s+1,...,k), (3.1)
©) :
L < Brren AP =125 1), (3:2)
f(2)
By Lemma. 2.2] there exists a set Ey C [1,4+00) that has finite logarithmic measure
such that for all z satisfying |z| =7 ¢ [0,1] U E5 and |f(2)| = M(r, f), we have
z)
|f(s) | < (3.3)

Since arga, ; # argan,s (j # s), there is a ray argz = 6§ € [0,2m) \ H, where
H ={0€0,27) : §(Fo,0) =0or ... or §(P;_1,0) = 0}, such that §(Ps,0) > 0,
0(P;,0) <0 (j #s). Set § =max{c(B;) (j =0,...,k—1)}. By Lemma for
any given € (0 < 2¢ < min{l,n — 8}), there exists a set E3 C [1,400) having finite
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logarithmic measure such that for all z with argz = 6, |2|] =r ¢ [0,1] U E3 and a
sufficiently large r, we have

Au(2)e7 ) 4 By(2)] = (1 - o(1)) exp{(1 — )3(Ps, 0)r") (3.4)
and
|4;(2)e" ) + By (2)| < exp{(1 — €)5(P;,0)r"} + exp{r P T 5}
< exp{ro(Bte} (3.5)
<exp{r’™} (i #s).
We can rewrite (1.6)) as
Ay(2)e" ) 4 By(2)

(k) (k—1)
_ Y + (Ap_1(2)ePe—1®) 4 Bk,l(z))f

(s+1) (s—1)
AP 4 Bun ) o+ (@@ 4 B o
£t (A1) + By T+ (Ao + Bo(2) 70
(3.6)

Hence from (3.1)-(3.6), for all z with argz = 6, |z| = r ¢ [0,1] U E; U E5 U Es3,
|f(2)| = M(r, f) and a sufficiently large r, we have

(1= o(1)) exp{(1 — €)(Ps, 0)r"} < Myr*™ exp{r”*}[T(2r, f)]", (3.7)

where M is some positive constant. Thus 0 < 2¢ < min{l,n — 8} implies o(f) =
400 and o2(f) > n. By Lemma 2.4] we have o3(f) = n.

3.2. Proof of Theorem Assume f is a transcendental solution of . Since
anj = Cjans (0 <c; < 1) (j #s), it follows that §(P;,0) = ¢;0(Ps,0) (j # s). Put
¢ =max{c;(j # s)}. Then 0 < ¢ < 1.We take a ray argz = 6 € [0,27) \ H, where
H = {0 € [0,2m) : §(Ps,0) = 0}, such that §(Ps,0) > 0. By Lemma [2.3] for any
given € (0 < 2e < }_T_ﬁ), there exists a set E3 C [1,400) having finite logarithmic
measure such that for all z with argz = 6, |z| = r ¢ [0,1] U E5 and a sufficiently
large r, we have

|A(2)e"*®) + By(2)| > (1 — o(1)) exp{(1 — €)d(Ps, 0)r"} (3.8)

and
|4;(2)e" ) + B;(2)] < (1+ o(1)) exp{(1 + €)cd(Ps, O)r"}  (j # 9). (3.9)

Thus by (3.1))-(3.3)), (3.6), (3.8) and (3.9), we obtain that for all z with argz = 6,
|z| =r ¢ [0,1]]UE; UEy U Es, |f(2)| = M(r, f) and a sufficiently large r,

(1 —o0(1))exp{(1 —€)d(Ps,0)r"}

3.10
< Mor*TH1 4 o(1)) exp{(1 + €)cd(Ps, 0)r"}[T(2r, f)]¥, (3.10)
where My is a positive constant. By 0 < 2e < %;g and (3.10), we have
1—
expt T a(P,, 0} < Mr+ 7r, P, (3.11)

2
where M3 is a positive constant. Hence (3.11]) implies o(f) = +o00 and o2(f) > n.
By Lemma 2.4 we have o5(f) = n.
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Now we prove that if max{c;,...cs_1} < co, then equation cannot have a
nonzero polynomial solution. Suppose that ¢/ = max{cy,...cs—1} < ¢o and let f(2)
be a nonzero polynomial solution of equation with deg f(z) = m. We take a
ray argz = 6 € [0,27) \ H, where H is defined as above, such that (P, 6) > 0.
By Lemma , for any given € (0 < 2¢ < min{%;i, Eg;g}), there exists a set
E3 C [1,400) having finite logarithmic measure such that for all z with argz = 6,
|z| =r ¢ [0,1] U E3 and a sufficiently large r, we have and (3.9).

If m > s, by (1.6), (3.8) and (3.9), we obtain for all z Wlth argz =0, |z| =r ¢
[0,1] U E5 and a sufficiently large r,

dir™ 7% (1 — o(1)) exp{(1 — €)d(Ps, 0)r"™}
< As(2)e™ @ + By (2)|| £ (2)] (3.12)
< dar™ (14 0(1)) exp{(1 + €)cd(Ps, 0)r™},

where dy, ds are positive constants. By ,

exp{ U - ) 5Py, 0)r} < dyr, (3.13)

where d3 is a positive constant. Hence (3.13)) is not possible.

If m < s, by (1.6, (3.8) and (3.9), we obtain for all z with argz =6, |z| = r ¢
[0,1] U E5 and a sufficiently large r,

dyr* (1 — 0(1)) exp{(1 — €)cod(P;, 0)r™}
< [Ao(2)e™® + Bo(2)||f ()]

71 3.14
<Y 14;(2)e" ) + By (2)|1£9)(2)) (3149

< dsr*2(1 4 o(1)) exp{(1 + €)cd( Py, 0)r"},
where dy, ds are positive constants. By (3.14)),

exp{@é(ﬂ,@)r"} < %, (3.15)

where dg is a positive constant. This contradiction implies that if max{cy,...cs—1}<
¢o, then every solution of (|1.6) is of infinite order and satisfies oo(f) = n.

3.3. Proof of Theorem Assume f is a transcendental solution of (1.6)). By
Lemma there exist a constant B > 0 and a set E; C [1,+00) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E;, we have

|f(j)(z)
f(2)

Set 8 = max{o(B;) (j = 0,...,k —1)}. Suppose that ay_j,,...,an,;, satisfy
(njo = Cjnln0, Joa €{1,...,5s—1,s+1,...k—1},ae{l,....m}, 1 <m< k-2
and arga,; = 6, for j € {1,...,s —1,s+1,...,k — 1} \ {j1,...,jm}. Choose
a constant ¢ satisfying max{c;,,...,¢;,, } = ¢ < 1. We divide the proof into two
cases: c<Oand 0 <c¢< 1.

Case (a): ¢ < 0. Since 6y # 6, there is a ray argz = 6 € [0,27) \ H,
where H = {0 € [0,27) : 6(Py,0) = 0 or 6(Ps,0) = 0} such that §(FPp,6) > 0 and

| < Br[T(2r, ) (=1,2,...,k). (3.16)
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0(Ps,0) < 0. Hence

6(Pja,9) :Cja(s(Po,e) <O(Oé: 1,...,m), (317)
d(Pj,0) = |an,;| cos(fs +nb) < 0, (3.18)

where j € {1,...,s —1,s+1,...,k — 1} \ {j1,...,jm}. By Lemma[2.3| for any
given € (0 < 2e < min{l,n — §}), there exists a set F5 C [1,+00) having finite
logarithmic measure such that for all z with argz = 0, |z| =r ¢ [0,1] U E3 and a
sufficiently large r, we have

|Ag(2)e™*®) + By(2)| > (1 — o(1)) exp{(1 — €)6(Py, 0)r"™} (3.19)
and
[A45(2)e™ ) + By(2)] < expl(1 = 93(P;, 0)r"} +exp{re B}
< exp{ro(Bite} (3.20)
<exp{r*}(j=1,....,k—1).
We rewrite as
Ao()e™) + By (2)
y® Per(® f=D
= T + (Ak;_l(z)e k + Bk_l(z)) f +... (321)

(s) /
AR+ BT o (e B

Hence by (3.16) and (3.19)-(3.21), we obtain for all z with argz = 0, |z| = r ¢
[0,1] U By U E5 and a sufficiently large r,
(1 —o0(1))exp{(1 —€)d(Fp,0)r"}
< (14 (k= 1) exp{r®*})Br[T(2r, )]*! (3.22)
< kBrexp{rPt<}[T(2r, f)]F*1.
Thus 0 < 2e < min{1,n — 3} implies o(f) = 400 and o2(f) > n. By Lemma[2.4]
we have o2(f) = n.

Case (b): 0 < ¢ < 1. Using the same reasoning as above, there exists a ray
argz = 0 € [0,27) \ H, where H is defined as above, such that (P, 6) > 0, and
0(Ps,0) < 0. Hence

d(—=cPy,0) = —cd(Py,0) < 0,6((1 —¢)Py,0) = (1 —¢)d(Py,0) >0, (3.23)
d(Pj,0) = |an,;| cos(fs +nb) <0, (3.24)

where je{1,...,s—1,s+1,...;k—=1}\{j1,-- -, Jm}s

5(P; — cPo,8) < 0,j € {1, .k — 13\ {j1s .. s jm}s (3.25)
5(Pja — CPO,G) = (Cja - C)(S(Po,@) < O(a =1,... ,m). (326)

By Lemma[2.3] for any given e (0 < 2¢ < 1), there exists a set F3 C [1,+00) having
finite logarithmic measure such that for all z with argz = 0, |z| = r ¢ [0,1] U Ej
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and a sufficiently large r, we have
|[A0(2)e! | > exp{(1 - €)(L — ¢)8(Fo, O)r"},
le ()| < exp{—(1 — €)ed(Py, O)r"} < M,
|Bj(2)e” P E)| < exp{—(1 — €)ed(Po, 0)r"} < M,
|A;(2)ef1 ) =P @ | < exp{(1 — €)d(P; — cPy,0)r"} < M,

3.27
3.28
3.29

(
(
(
(3.30

)
)
)
)

where j =1,...,k— 1, and M is a positive constant. We can rewrite (1.6] as

k
AO(Z)e(l—c)Po(z) _ _B()(Z)e—cPo(z) + e—cPO(z)L)

f
P P P f(/f—l)
+ (A (2)eN O R By () D)

(s)
(A ()PP =ePo) 4 Bs(z)e_CPO(Z))fT n

I

P

(3.31)
By (3.16), (3.27)-(3.31), for all z with |z| = r ¢ [0,1] U E; U E5 and a sufficiently
large r, we have

F (AP ORE 4By (2)eo)

exp{(1 —€)(1 —¢)d(Py,0)r"} < M'r[T(2r, f)]’”l, (3.32)

where M’ is a positive constant. Thus 0 < 2¢ < 1 and (3.32)) implie o(f) = +o0
and o5(f) > n. By Lemma[2.4] we have o2(f) = n.

Now we prove that equation (1.6) cannot have a nonzero polynomial solution.
Let f(z) be a nonzero polynomial solution of with deg f(z) = ¢. Suppose
first that max{c;,,...,¢;,,} = ¢ < 0. Using the same reasoning as above, there is
aray argz = 6 € [0,27) \ H, where H is defined as above, such that §(Fy,6) > 0,
and 0(Ps,0) < 0. By Lemma for any given € (0 < 2¢ < min{l,n — 8}), there
exists a set B3 C [1, +00) having finite logarithmic measure such that for all z with
argz =0, |z| =r ¢ [0,1] U E3 and a sufficiently large r, we have and (3.20).

By (1.6), (3.19) and (3.20), for all z with argz = 6, |z| = r ¢ [0, 1] U E5 and a

sufﬁmently large r, we have

1rd(1 = o(1)) exp{ (1 — €)(Po, 0)r"} < [Ao(2)e™P + Bo(2)]|f(2)]

3.33
< k?")/grqil exp{rﬁ+€}. ( )

where 1 and 7, are positive constants. From (3.33]),
exp{(1 — €)3(Py, 0)r"} < % (3.34)

where 73 is a positive constant. This is a contradiction. Suppose now that 0 < ¢ <
1. Using the same reasoning as above, there is a ray argz = 0 € [0,27) \ H, where
H is defined as above, such that §(Fp,d) > 0, and §(Ps,0) < 0. By Lemma
for any € (0 < 2e < 1), there exists a set E5 C [1,400) having finite logarithmic
measure such that for all z with argz = 6, |z| = r ¢ [0,1] U E5 and a sufficiently

large r, we have (3.27))-(3.30).
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By (1.6), (3.27)-(3.30)), for all z with argz = 0, |2|] = r ¢ [0,1] U E5 and a

sufficiently large r, we have
Yar? exp{(1 — €)(1 — ¢)d(Py, 0)r"}
< [4o(2)e" =PI (2)]
< |Bo(2)e PO £(2)] + |e=Po) || £ (z)]
+ |Ak,1(z)epk*1(z)*CP0(Z) + By_1(2)e —cPo(z ||f (k— 1)( )|
N |A1(2)6P1(2)—CP0(2) + Bl(z)e_CPU(Z)Hf ()]
< 79,

(3.35)

where -4 and 75 are positive constants. From (3.35)), we obtain for |z|] = r ¢
[0,1] U E5 and a sufficiently large r,
exp{(1 — €)(1 — )8(Py, 0)r"} < 15, (3.36)
V4

This is a contradiction; hence (|1.6)) cannot have a nonzero polynomial solution.

If arga,; =05 (j =1,...,s —1,s+1,...,k — 1), then arga, ; # arga,o
(j =1,...,k—1) and by Theorem it follows that every solution f (# 0) of
(1.6) is of infinite order and satisfies oo(f) = n.

Proof of Theorem Assume f is a transcendental solution of (1.6). By
Lemma there exist a constant B > 0 and a set E; C [1,400) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E;, we have

fU(z . )
'fu»i ;I < Br[T(2r, [~ (j=d+1,...,k) (3.37)
f9(2) [T
| f(z) | SB [ (2T7f)] (j:1727"'7d_]‘)' (3'38)
By Lemma [2.2] . there exists a set Ea C [1,400) having finite logarithmic measure
such that for all z satisfying |z| =7 ¢ [0,1] U E5 and |f(2)| = M(r, f), we have
f(2) d
|f(d)(z)| < 2re (3.39)

Set f = max{o(B;) (j = 0,...,k —1)}. Suppose that ay j,,...,an,;, satisfy
Unj, = CjoOnd, ja € {0,....,k =1} \{d,s}, a € {1,....m},; 1 < m < k-2
and arga, ; = 0s for j € {0,...,k — 1} \ {d,s,j1,...,Jm}. Choose a constant ¢
satisfying max{c;,,...,¢;,,} = ¢ < 1. We divide the proof into two cases: ¢ < 0
and 0 <c< 1.

Case (a): ¢ < 0. Since 04 # 6, there is a ray argz = 0 € [0,27) \ H,
where H = {6 € [0,27) : §(Py4,0) = 0 or §(Ps,0) = 0} such that §(Py,6) > 0 and
0(Ps,0) < 0. Hence

5(P;, . 0) = c; 6(P,0) <0 (a=1,...,m), (3.40)
5(P;,0) = |an.j| cos(B, +n0) <0, j€{0,....k—1}\{d,5,j1,- - jm}. (3.41)
)

By Lemma for any € (0 < 2¢ < min{l,n — §}), there exists a set E3 C [1, 400
having finite logarithmic measure such that for all z with argz = 0, |z| = r ¢
[0,1] U E5 and a sufficiently large r, we have

| Aa(2)e™® + By(2)] = (1 - o(1)) exp{(1 — €)(Pu, 0)r"} (3.42)
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and

|Aj(z)epj(z) + Bj(z)| < exp{(1 —€)d(P;,0)r"} + exp{r”(BjH%}
< exp{ro(Bi)+e} (3.43)
< exp{r’*}(j # d).

By (1.6]), we have

Ag(2)ef"®) + By(z)

(k) (k—1)

Paos(2) f(d+1)
+ (Adﬂ(z)e d+1 +Bd+1(z))w (3.44)
v f
;i@

T (Ao(2)eP® ¢ de))% |

et

+ (Ad_l(z)epd—l(z) T Bd—l(z))
o

+ (A1(2)e™P) + By (2)) 7 f(d)

Hence by (3.37))-(3.39) and (3.42)-(3.44)), we get for all z with argz =0, |z| =r ¢
[0,1]UEy UE;UEs, |f(2)| = M(r, f) and a sufficiently large r,

(1 —0(1))exp{(1 —€)d(Py,0)r"} < M,rdt! exp{rﬁ+6}[T(2r, f)]’”l, (3.45)

where M is a positive constant. Thus 0 < 2¢ < min{1,n — 8} implies o(f) = +00
and o3(f) > n. By Lemma[2.4] we have o2(f) = n.

Case (b): 0 < ¢ < 1. Using the same reasoning as above, there exists a ray
argz = 6 € [0,27) \ H, where H is defined as above, such that §(P4,0) > 0, and
d(Ps,0) < 0. Hence

0(—cPy,0) = —cd(Py,0) < 0,6((1 — )Py, 0) = (1 —¢)d(Py,0) >0, (3.46)
0(Pj,0) = |an, ;| cos(0s +n0) <0, je€{0,....k =1} \{d,s,j1,.-.,Jm}, (3.47)
5(Pj—cPa,0) <0 je{0,....k—13\{d, 1, jm} (3.48)

0(Pj, — cPa,0) = (¢j, —¢)0(Pg,8) <0 (a=1,...,m). (3.49)

By Lemma for any given € (0 < 2¢ < 1), there exists a set F5 C [1,+00) having
finite logarithmic measure such that for all z with argz = 0, |2| = r ¢ [0,1] U Es
and a sufficiently large r, we have

|Ag(2)eM =P > exp{(1 — €)(1 — ¢)3(Pu, 0)r"}, (3.50)

le=¢Pa()| < exp{—(1 — €)ed(Py, 0)r™} < Moy, (3.51)

|Bj(z)e~P43)| < exp{—(1 — €)cd(Py,0)r"} < My (j=0,....k—1). (3.52)
|4;(2)en @ 7P| <exp{(1 - €)6(P; — cPy,0)r"} < Ma (j #d),  (3.53)
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where M, is a positive constant. We can rewrite (|1.6) as

Ag(z)et=0Fa2)

=—-B (Z)e—cpd(z) + e—CPd(Z)ﬁ
¢ @
=1
+ (Akil(z)ePkfl(Z)—cPd(Z) + Bkil(z)e—cPd(Z)) f(d) + ...
Pii1(z)—cPy(z) —cPy(z) f(d+1)
+ (Agyr(z)earr®mehalz) L By (z)e”Tat#)) 7@ (3.54)
(d—1)
Py_1(2)—cPy(z) —cPy(z) f f
+ (Ag—1(z)e’? W) 4+ By_1(z)e” " )7][ 7@
4o (Ag(z)eNB)=cPa(z) L B (Z)e—cPd(z))ﬂi

(Ao (2)ePo®=ePal) 4 o (z)e—cPa=)) L

By (3.37)-(3.39) and (3.50])-(3.54), for all z with argz =6, |z| =r ¢ [0,1] U By U

Ey; UEs, |f(2)] = M(r, f) and a sufficiently large r, we have
exp{(1 — €)(1 — ¢)8(Py, 0)r"} < Msrdt[T(2r, £)]*H1, (3.55)

where Ms is a positive constant. Thus 0 < 2¢ < 1 implies o(f) = +oo and
o2(f) = n. By Lemma [2.4] we have o2(f) = n.

If arga, ; = 05 (j # d, s), then arga, ; # argan,q (j # d) and by Theorem |1.6]
it follows that every transcendental solution f of equation (1.6)) is of infinite order
and satisfies oo (f) = n.
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