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ABSTRACT. In this article, we consider a uniqueness theorem of Holmgren
type for p-th order Kovalevskaja linear partial differential equations whose
coefficients are Gevrey functions. We prove that the only CP-solution to the
zero initial-valued problem is the identically zero function. To prove this result
we use the uniqueness theorem for higher-order ordinary differential equations
in Banach scales.

1. INTRODUCTION

In this article we consider the linear partial differential equation

OFu(t,x) _ Z ortlely(t, x)

otr @i (t:2) 5o
a€Z%, Ma|+j<p, j<p—1

where p is an integer > 1, A is a real constant > 1 and aq ;(t, ), v(t, z) are C-
valued functions of (t,2) € R x R™. We denote by Z the set of n-dimensional
multi-indices. We write |a| = a1 + -+ + o, for o = (ai,...,a,) € Z7. Each
q,;(t, ) is assumed to be continuous in ¢ and Gevrey function of order X in .

The purpose of this paper is to prove that the only CP-solution of which
satisfies the following condition

ov(0, x) 0P~ 1v(0, )

v(0,z) = 5 =T Tamei — 0 (1.2)
isv(t,x) = 0. An exact statement of the above result will be given in §4 as Theorem
Z9I}

To prove the result mentioned above, we use the result given in [I] on the unique-
ness of the solution of a non-linear ODE in a Banach scale.

The outline of the proof of the Holmgren type uniqueness theorem in this paper
is as follows: First we construct a Banach scale consisting of the duals of some
normed spaces of Gevrey functions, and define the adjoint equation to the equation
on the above dual Banach scale. Then it is shown, by the uniqueness, that
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the only solution of O-initial value problem of the adjoint equation in a Banach
scale is identically 0. On the other hand the given solution v(t,z) of the problem
f gives rise to a solution L(t) of the 0-initial value problem for the adjoint
equation. From these facts we conclude that v(t,z) = 0.

As a preparation for performing our plan as mentioned above, we shall prepare
in §2 some important properties of Gevrey functions. Especially, a problem of
approximation in Gevrey class is important for our purpose. We shall state that
problem in Lemma [2.7] and Theorem [2.8 and at the end of §2 we construct a dual
Banach scale. §3 is devoted to showing the uniqueness of the solution of initial
value problem in a Banach scale. In §4 we shall state and prove the main result in
the paper, i.e., a Holmgren type uniqueness theorem for the initial value problem
©D)- (2.

Here we review the definition of Banach scale. Let J be an interval of real
numbers. A family {F, },cs of Banach spaces E, is called a Banach scale, if § < o
(0,6 € J), then E, C Es and ||ulls < ||u|ls (u € Ey).

Finally we define the notation for partial differential operators. If f(x) is a
function of x = (z1,...,2,) € R", we write 0;f(x) = 0f(x)/0x; and 0%f(x) =
o 0% fx) = 0lel f(z)/0x ... 028 for av= (eu, ..., ) € ZT.

2. PREPARATION: GEVREY FUNCTIONS

Throughout this paper, A denotes a fixed real constant > 1 and €2 a fixed open
set C R". We write a! = aq!...ap! for a = (a1,...,a,) € Z7. A C*-function
f:Q — C is said to be in the Gevrey class of order A if there exists a positive
constant ¢ such that

ool

sup |0 f(x)|

< 0.
Q€LY , TEQ (ah)?

It is easily seen that a C*°-function f : 2 — C is in the Gevrey class of order X if
and only if there exists a positive constant p such that

lal
fe! 14 2n
0 1+ < 0. 2.1
aezsg?,pzeﬁ| f(@)] (a!)x( o) (2.1)

We denote by Gy ,(Q2) the set of all C*-functions f : @ — C which satisfy the
condition and define the norm |f|y , of f € Gy ,(Q) by

la|
fo 14 2n
= su 0%f(x 1+ |o .
‘f|)\,p anQL_B:EQ | f( )| (a'))\( ‘ |)

Then Gy ,(§2) is a Banach space with the norm |- |5 , and the family {G\ ,(Q)},>0
forms a Banach scale.

In the following two theorems some important properties of elements of the
Gevrey class Gy ,(12) are stated. These results were given in [2] and [5]. However,
it may not be considered quite suitable for our present situation without some
modification. So we shall state and prove these results as Theorem and

Theorem 2.1. If f, g € G ,(2), then the product fg is again in Gy ,(Q) and

1£alxe < 2% fIxpl9]n,p- (2.2)
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Proof. For any o € Z', we have

“(fo) @) < D aCuld’f(2)||0° Pg(x)

BeELT, B<a

() 1 1 1

< |f|>\,p|g
BLla
22n

A 1 n
<|11xpkixw(;L3(14_kﬂymlj£: {11;731}2
pa

(a) 220 1 n
M plal (14 Ja])2 (> (1+ k>2)

k=0

< |flxplg

(Oé.)A 2371
Mol T lahzn
7 plel (1+]al)?

< |flxplg

which shows the theorem.

7 - 1—X 2n
o gt e 2O T )

O

In what follows we restrict the range of the scale parameter p for the sake of
simplicity of calculation. We restrict p to the range m™' < p < em™!, where m is

a positive integer.

Theorem 2.2. If f € G5 ,(Q), m™* <o < p <em™, then, fora € Z}, 0°f €

Gr0(Q) and

|f|)\,p
VETREN

Proof. Note first that, if a,b € Z, and 0 < 0 < p < em™!, then
a+b A s
b)!
() () =, (5)
p b! sER, s>0 \ P

(7)o
1 ()@

— mAae (p _ 0-)/\a'

0% flxe < (Alaf)!

If B € Z", we have, using (2.4) and the condition m~* < o,

N ((a+ NN 1
10°(0° F) ()| < | flap plo Bl (1 o+ B])2n

<, L1 <a>'a+ﬂ' ((aw)!)A

oI (L4187 ol \ A
CO. N
S|fW&p7;ﬁTzif;TBDEE(Ahlbkl‘(Eff}jﬂzﬁ’

which shows the theorem.

(2.3)

O

Let us state the following important fact which is known as that the Gevrey

space G ,(Q) is sufficiently rich.
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Theorem 2.3. Let A > 1Cp a positive constant and 2 an open set in R™. Let
a point xo € ) and a neighborhood V. C Q of x¢ be given. Then there exists an
element ¢ € G ,(2) such that

suppp C V,  p(z0) >0, ¢(x) 20 (Vo €Q),
where supp ¢ means the support of p.

Proof. Here we give a sketch of the proof. Let ¢ be an integer > 2. Define a
C*°-function f; : R — R by

_ fesp(-1/17) (t>0),
falt) = {0 o0

We can show that, if 1 +¢~! < ), then there exists a positive constant ¢ such that
the function
fe,q(t) = fq(ct)
belongs to Gy ,(R).
Write zg = (201, -- -, Zon). Take r > 0 such that

[zo1 — ryxo1 + 7] X -+ X [Zon, — 1, Top + 7] C V.

For = (z1,...,x,) € Q, define
o(x) = H feq(@i — o0 + 1) feq(@oi +7 — x4).
i=1

Then ¢ € Gy ,(£2) and satisfies all requirements in the theorem. O

Lemma [2.4] and Lemma stated below will play important roles when we
discuss the problem concerning the approximation of functions on Gevrey spaces
(Lemma . However, the proofs of two lemmas can be performed by a standard
method similar to the case of C*°-functions as can be seen in Treves [3]. So we
omit the proofs.

Lemma 2.4. Let ¢ € Gy ,(R") be a function such that
suppep C {z e R" : ||z]| <1}, 9(0) >0, ¢(z)>0 (VzeR"™).
For e > 0, define

ve(z)=¢ acp(sflx) (z € R"),

a= <~/|x|§1 go(m)da:)_l.

Then @. has the following properties:

(i) Pe € gk,ap(Rn); |<)DE|>\,€p S €_na|@|>\,p;
(ii) suppp. C {z € R : ||z|| < e}, [pn @e(x)dr = 1.
Lemma 2.5. Let p. € Gy -,(R™) be the function defined in Lemma . Let f :

R™ — C be a continuous function such that supp f is compact. Then the convolution

pe x f(z) = /n ee(y) f(x —y)dy ( = /Rn pe( — y)f(y)dy)

of pe and f satisfies the following properties:

(1) we* f € Grep(R™), |0e * flrep < {fRn |f(y)|dy} e |xep-
(ii) supp e * f C {z € R™ : d(x,supp f) < €},

where
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where the letter d denotes distance.

Lemma 2.6. Let f € Gy ,(R™) and y € R™ be given. Define the function f, by
fylx)=flx —y). If0 <o < p, then f, € G -(R™) and the map

R" >y~ fy € Gro(R")
18 CONtInuous.
Proof. Fix yo,y € R™ and a € Z'} arbitrarily. Define the function k() by
k(0) =0%f(z —yo+0(yo—y)) (0<0<1).
Write y = (y1,-.-,Yn), %0 = (Yo1,---,Yon). Then we obtain
9 fy(@) = 0% fyo () = 0“f(x —y) — 0" f(x — yo) = k(1) — (0)

- /0 i (0)d6

_ /01 {iaxaaf)(x — 0+ 00~ 1) (v — v0;) b,

On the other hand, by Theorem we know that 0;f € Gy »(R"). Hence, from
the above equalities, it follows that

n

10°f, () — 0 o () Z / 10°(0;)( — w0 + 00 — 1))l — ;|8

ad? 1
<3 0if s - oy | 20
J

S

alel (14 |af)>

/—’H

(a)* 1
gaﬂ,\o}ﬂy Yoll~—ar Aol (T a2

and we obtain the inequality

Fy = Funlno < {32105 0o Fly = woll

j=1
which shows the continuity of the map y — f, € Gx »(R™). O

Let us define the subset G () of Gx ,(€2) by

G5, () = {f € Gr,(Q) : supp f is compact},

and give g/\’ ( ) the norm | - |y, defined on Gy ,(£2).
Lemma [2.4] Lemma [2.5] and Lemma [2.6] yield the next lemma.

Lemma 2.7. If0 < d <o < p, then G ,(Q) is a dense subspace of G5 ,(2) with
respect to the norm of GS 5(Q). In other words, if f € G ,(Q2) and € > 0, then
there exists an element g € G5 () such that

Ilf —glas <e.

Proof. Let f € G5 ,(2) and € > 0 be given. If 0 < § < o, then, by Lemma
there exists r > 0 such that

llyll <r=1fy — flas <e.
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We can take the number r so that {z € R" : d(x,supp f) < r} C Q. For the
numbers r and p taken above, we take a third number s such that p < rs and fix it.
Next, we take the function ¢, € Gy »s(R™) defined in Lemma Then, by Lemma
the relation

supp . * f C {z : d(z,supp f) <r} C Q
holds. It follows that

prx [ € G5s(Q) C G5, (D).

ettr= [ eway=1,

o0 ()~ flz) = / ) (f (@ —y) — F(2))dy

lyll<r

Since
we have

and, for any a € Z7,

0% (pr * f)(2) = 0% f(2)] < / er(y)|0%fy () — 0% f(2)|dy

lyll<r
A
or(y) {Ify - fm(?l)l} dy

IA
—

T ol (1 + [af)?
NnA
< (al) 1 N
= ol L+ [al)>
which shows that |, * f — f|x s <e. This completes the proof. (]

Using Lemma [2.7] we can prove the next theorem.

Theorem 2.8. For o > 0, define a subspace G ,(2) of G5 ,(§2) by
S0 = G5,
o<p
In G (), we adopt the same norm |- |, as in Gz (). If o <3, then
5,6(8) € G5, (9)
and GS 5(€2) is a dense subspace of GS ().
Proof. The relation G 5(Q2) C G, (9) is clear. In order to see that G 5(Q2) is
dense in G (), take f € GS ,(2) and € > 0. Then f € G5, (22) for some number
o1 such that o < o1 < §. Take two numbers o9 and §; such that 0 < 09 < 01 <
0 < 61. Then, by Lemma there exists g € G5 5, (©2) such that [f — g|x 0, < e
On the other hand, g belongs to G 5(Q) and satisfies the inequality
lf = 9lxe <1 = 9lxe <e

Hence, this shows that G ;(£2) is a dense subspace of G ,(€2). O

Concerning the product of two functions and differential operators on a function,

the family {GS ,(€2)}s>0 defined in Theorem [2.8 has the same properties as those
in the Gevrey class {Gx () }o>0. In other words, the implication

f,9 € G5.(Q) = fg € G5 ,(Q)
holds and, if 0 < o < p, € Z}, then the implication
feGs,(Q)=0"f G5, ()
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holds.

Now, it is easy, by Theorem to construct a Banach scale consisting of dual
Banach spaces. If (X,]| - ||x) is a normed space, then the dual space X* of X is
defined as usual. Let Y be a linear subspace of X and (Y,] - ||y) a normed space
such that ||y|lx < |ly|ly for y € Y. Then the map i : Y 3 y — y € X is continuous,
and the adjoint operator ¢* : X* — Y™ of ¢ satisfies the inequality

[i*(w)lly < [lullx (uve X7). (2.5)
Here we want to identify X* with ¢*(X™). This is possible if Y is dense in X, since
i* is injective in that case. Then we have, by ([2.5)),
[ully < lullx (ue X7).
We have the following theorem.

Theorem 2.9. Fiz a number p > 0 arbitrarily. For o such that 0 < o < p, put

D)\ﬁ( >_{G)\p 0’( )}'*7

and denote by ||-||x,o the norm on Dy »(). Then the family {Dx () }o<o<p forms
a Banach scale.

The proof of the above theorem is obvious from the arguments preceding the
theorem.

3. UNIQUENESS OF THE SOLUTION OF THE INITIAL VALUE PROBLEM IN A
BANACH SCALE

In this section, we shall prove the uniqueness of the solution of the initial value
problem in a Banach scale, and we use this result in showing our main theorem of
this paper.

Let {E, }oy<o<s, b€ a scale of Banach spaces, where 0 < g9 < dg < 0o. Let I be
an interval which contains 0 as an inner point. Let F' be a map of the form

F:Ix U Ey XX Ey — U E,
N—_———’

ogp<0o<do oo<o<do

p—times
such that if 0g < § < 0 < §p, then F(I X E, X -+ X E;) C Es and the map
F:IxFE;x---xFE, — Es

is continuous. Further we assume that there exists a positive constant C' such that
if 09 < 0 < o <, then the inequality

IE(t,u) — F(t,0)||5 < CZ ”“J UJ”" (Vte ) (3.1)
holds for u = (ug, ..., up—1),v = (v, ... 71)1,,1) eFE, x- - x E,.
For such a map F we can consider an initial value problem of the form
uP (t) = F(t,u(t),u' (t),...,uP~ (1)), (3.2)
w(0) = b, u'(0) = by,...,uP"D(0) = b,_, (3.3)

where
bo, ..., bp—1 € Ej,.



8 M. KAWAGISHI EJDE-2010/74

Concerning the above mentioned problem, the author proved, in [I], the exis-
tence and the uniqueness of the solution. However, in this paper, we only use the
uniqueness of the solution. Here we state and prove a uniqueness result which is
simpler than the uniqueness part of the result given in [I].

Theorem 3.1. Let T > 0 such that [-T,T] C I. Let u,v be C?- maps from the
interval [=T,T] to Es,. If u and v are the solutions of the problem —, then
fort e [-T,T]

u(t) = v(t).

Proof. The problem ([3.2))-(3.3)) is rewritten as a system of first order equations of
the form

ur(t) = ua(t)
: (3.4)
up 1 (1) = up(t)
u;) t) :F(tvul(t)v'-'aup(t))
u1(0) = bo, ..., up(0) = bp_1 (3.5)
in the unknown functions u; (t),. .., up(t ) Further the problem (3.4))-(3.5]) is equiv-

alent to the integral equation of the form
uy(t) bo . " (T)
: =| |+ / ( ) dr. (3.6)
0 up (T
O] L Flrun(m), . uy(r)
From (3.6) it follows that each w;(t) satisfies

tp—J
J() j—1 J (pf])!pl
‘ (3.7
[ P ) )
- T, u1(7), ...y up(7))dr.
o (P—i)! ' 8
If u(t), v(t) are CP-solutions of the problem (3.2)-(3.3) , then (u L up(t)) =

(u(t),w' (t),...,uP=D(t)) and (v (t )7‘..,vp(t)) = (v(t),v'(t), ... v(p 1)(t)) are so-
lutions of the integral equation (3.6)). u;(t),v;(t) are continuous maps from [T, T]
to the Banach space Es,.

To prove the theorem, it is sufficient to prove u;(t) = v;(t). If o9 < v < p < o,
then, by and by (3.7), we have, for t € [-T,T],

[t] J
) = w50l < [ = (7). - up(r))

(=)
7F(T v (r ). () o 58)
(g = 7y |
N g e e LRI

For the moment we assume that 0 < ¢ < T and put

= Inax ZHU‘J ) = v ()]l

0<t<T
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Let = g, v =69 — € (0 < £ < 6y — 0p). We have, by (-3,

Jus() = @), —¢ < €Y g / (t‘”) () — wn(P) 5o

(p
1 p+1=3
<MCZ : :
= 1 epti— Y
Lo g1t =i (p+1— )]

(3.9)
P p k
1 11t
1=1 k=1
Next let p =09 — &, v = dp — 2§ (0 < 2§ < §g — o), we have, by (3.8) and (| @,

p 1 —T)PI
i (9) =i O)llan2e < MO* 3 / T {Z = lZ e e
P t— P J
_M02Z£p+1 Z(Z Zé‘k/ T | Td

p _

1 tpH1t+k—j
MY e Y G
+1— k — )
Ep Pt p+1+k—7)!

tpH1it+k—j

—MPCQZSJzZ@wHk T (p+14+k—j)!

1tk
<MpCQZ£J lszk!

Repeating this process, we can show that, if n is a natural number and £ is a
positive number such that né < §o — og, then the inequality

np k
1 (£) = 0 (8) llsy—ne < Mp"~*C ij lz on (3.10)
holds for 0 < ¢ <T. Writing p = dg — né&, (3 is rewritten as
p —1 tk
o (8) = w5 ()| < Mp*~rC™ G Z R (3.11)

=1

In (3.11)), u can be any number such that op < p < 50. Moreover, since e” > n* /k!,
we see that the inequality
i—1 n(p—1)

fust) — sl < 5 (220 (S ) & Grop)

holds. Let L = min {1/peC, 1}. For each t € [0,T] such that ¢t < L(dp — u), we have

lJus () = v;(E) |l < M < peCt ) (i 5 _; z) ! —. (3.12)

p
= —p
Letting n — oo in , we know that ||u;(t) —v;(t)]|, =0 fort € [O T1N[0, L(60—

1)), since
. ( peCt >n ni—t 0
im =
B\ Go—p) Go— i

1
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Thus we have shown that u;(t) = v;(¢) for ¢t € [0,T] N [0, L(dp — ). Further,
since p can be taken as close to oy as desired, we see that u;(t) = v;(t) for t €
[0, 7] N[0, L(dp — 00)]- If L(dp — 0¢) < T, then by a similar argument as above, we
conclude that u;(t) = v;(t) for t € [0,T] such that L(dy — 0¢) < t < 2L(dp — 0p),
and hence u;(t) = v;(t) for t € [0,71N[0,2L(dp — 00)]. Repeating this argument,
we conclude that u;(t) = v;(t) for V¢ € [0,7]. Finally, it is clear by that a
similar argument as above is valid in the case for ¢t € [T, 0], too. This completes
the proof. O

4. MAIN THEOREM
The purpose of this paper is to give a proof of the following theorem.

Theorem 4.1. Let Q2 C R™ be an open set and I C R be an interval of the form
I =[-T,T], where T is a positive constant. Let \ be a constant > 1. Write py =
m~1(1+e), where m is a positive integer. In the differential equation , assume
that each coefficient aq ;(t, x) satisfies the condition that the function x — aq ;(t, )
belongs to G p, () for each fizred t € I and the map I 3t aq ;(t,-) € Gx p, () is
continuous. Then the only CP-solution v(t,x) in the domain (t,z) € I x Q of the
imitial value problem 7 is v(t,x) = 0.

Proof. We first introduce an initial value problem on the dual Banach scale which
is called ‘adjoint’ to the problem —.

Let ¥ C R™ be an open set such that its closure ¥ is compact and is contained
in Q. For § such that m~! < § < m~le, put D, 5(¥) = {GS po—s(¥)}*. Then, by
Theorem {Dxs5(V)}n-1<5<m-1. forms a Banach scale, and we use this scale
throughout the rest of this paper.

Using the dual scale, we can define the adjoint equation to the problem .
For 6,0 such that m™! < § < 0 < m~'e, we define a map

F:Ix D,\)U(\IJ) X .. .D)\7U(\I/) — D)\7§(\I/)

p—times
by
F(t,Lo,...,Ly,_1) = > (—D)ll Az S()(Ly), (4.1)
a€Z%, Nal|+j<p,j<p—1

where A7, ;(t) is the adjoint of the linear map A, ;(t) which is defined by

Aaj(t) : GX py—s(¥) = G5 5y o (¥), Aaj(t)(0)(2) = 0%(aa,;(t, x)p(x)).

We have to verify that F is well defined. If m™! < § < 0 < m~'e and ¢ €
GS po—s(¥), then, by Theorem[2.1] the product aa ;(t, -)¢(-) is in G, _5(¥). Then,
by Theorem 9%(aa,;(t,)e(+)) is in GS , _,(¥). Hence the map A, ;(t) is well
defined. The continuity of A, ;(t) as a linear map from G , _5(¥) to GS , _,(¥)
follows immediately from Theorem and Theorem This shows that if § < o,
then the adjoint map

AL () 1 Dy 5 (¥) — Dy (V)
of Ay ;(t) is well defined, and the map F' is well defined, too.

Here, by the above arguments, we can define an ODE on the Banach scale

{DA,U(\I/)}m_1<U§m—1e» by

L@N(t) = F(t, L(t), L'(t),..., L~V (#)), (4.2)
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which is the ‘adjoint’ equation to the given equation (L.1J).
Now we show the following fact as the first step of the proof.
Assertion (x): The only C? -solution of the equation (4.2) such that

L0)=L'(0)=---=LPY(0) =0 (4.3)

is L(t) = 0.

To prove the above result, we use Theorem We first show that the map F
is continuous. Fix the numbers 6,0 such that m~! < § < ¢ < m~'e. We show the
continuity of the adjoint operator

Ay i I X Dy o(V) — Dy (V).
For t € I and L, Ly € Dy »(¥), the inequality

A%, () (L = Lo)|lx.s w
< |IL = Lollxo sup{|Aa ;()¢lxpo—o 1 ¢ € GX 5y—5(¥), [@lxp0-5 <1} '
holds. If ||, po—s < 1, then, by (2.2) and (2.3)) in §2, we obtain
[ Aa,i ()@lxp0—0 = [0%(aa,;(t;)e())[x 000
0, (5 -)p()|n,p0—6
< (MaDNel |aa,;( 100
< e =6 — o+ o)l (45)
25, )
< o\ 0

Put
K= Sup{|aa,j(ta ')|A,po : )\|Oé‘ +.7 S paj S pP— Lt € I}

Since the map ¢ +— aq,;(t,-) € Gx 5, (€2) is continuous, we know that K is finite. It

follows, from (4.5)), that

1
. 3n
|[Aa,j()plrpo—0 < PP2 K(J — §)Nal
holds. By the last inequality and (4.4]), we obtain
23 pp |

A5, ;) (L — Lo)l[xs < || L — L0||,\,am-

Next, we look at the inequality
1(AG.; () — AL (o)) Lollx.s
< [ Lollx.osup {[Aa,; (1) — Aa,j(t0)@lxp—0 = 0 € G py—s(¥), @lxpo-5 < 1},

(4.7)
where t,ty € I. If we use (2.2)), (2.3) and (4.5)), then

0,i (t,7) = @a,j(to, ) () |xp0—s
Aa ] t - Aa ] t —0o < )\ )\Ial |(a ’]( »J 2P0
A (1) = Ao (t0)la oo < (Aa) .

< pP 23n‘a0¢7j (tv ) — Qa,j (t07 ')|>\7Po .
- (o — &)l

The last inequality and (4.7) imply

25" 4 ;(t, ) — aa,; (o, )00

(A% (6) = A2y (F0) Lollxs < Lollx.02” T

(4.8)
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From (4.6) and (4.8) it follows that
[AG,;(0) L — A, ;(to) Lollxs
< |AS; (O(L = Lo)llas + [1(Ag,; () — AL ; (o)) Lollxe

2371
<p’ st KL = Lollao + 1aa,;(t, ) = aa;(to, ) xpo [ Lollxe}-

(0 —9)
Since the map t — aq ;(t,-) € Gx () is continuous, (4.9) implies that the map
A:;,j I x D)\’g(\l/) — 'D)H(;(\IJ)

(4.9)

is continuous. Hence the map F' is also continuous.
Let us show that the map F satisfies the condition (3.1)) in §3. Put Ly = 0 in
(4.9). Then, for t € I and L € Dy ,(¥), the inequality

" IR 2]
AL ; () Lxs < pP2 Km (4.10)
holds. For
L= (LQ, Cey Lp_l),./\/l = (Mo, Ceey Mp_l) S 'D)\ﬁ(\l/) X - X D>\7U(\I’)
p—times
we have
IF(t, L) — F(t, M)[xs < > A4S, () (L — Mj)llxs-
a€Zn, Mal|+j<p,j<p—1
Hence, by the last inequality and m, we obtain
3 1L — Mjlx.o
| F(t, L) — F(t, M)|[xs < p"2 "KZW (4.11)
Here we note that the inequality
1 (0 — §)P—i=Alel eP
= - < -
(o — §)al (0 —0)p=3 = (o —0)PJ
holds and we put
C=(epP2"K > la,
a€Z, Na|<p
where 1, = 1. Then, by (4.11)), we obtain
||L — Mj|x0
IF(t, L) — F(t, M)|rs < CZ Sy

which shows that the map F satisfies the condition in §3.

Consequently, we can use the Theorem to the problem —. As a
result, we conclude that the Assertion (%) is true.
Proof of the identity v(¢,2) = 0: Let us construct a solution of the problem

(4.2)-(4.3) by the given solution v(t,z) of the problem (1.1])-(1.2).

‘We define
L(t)(g) = / olt,x)p(e)de

N4
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for o € G5, -1 (V) = G ,,-1(¥) and t € I. Then we can see that L,(t) €
Dy m-16(¥) (= {GS ,,,-1 (¥)}*) and the map I > t + Ly(t) € Dy m-1.(V) is CP-

class. The derivative LY )(t) of L,(t) has the form
LY(t /aﬂ t,x)p(x)dr (j=1,...,p—1).

These facts can be proved without difficulty by the compactness of W and by the
uniform continuity of 8/v(¢,x) on I x V.

Now let us show that L, (t) is a solution of the problem —. It is obvious
by . 1.2)) that L, (t) satisfies the initial condition . Let o be a number such that
mt<o< m_le Take ¢ € G5, _,(¥) arbitrarily. We have

LI () (p) = [P Po(t, 2)p(x)da
> /W O (D u(t, ) o (1, 2)p() da

a€Zl, Mal+j<p,j<p—1

Further we have, by integration by parts in =z,

L 06) = -1 [ 0fott, 02 oot 2)etal
—2 1) LE(0) (An ()0
—Z 1)LA5 (LS (0)()

= F(t, Ly(t), Ly (1), -, LEV () (),

which shows that L, (¢) is a solution of the adjoint equation (4.2)). It follows from
the Assertion (%) that L, (t) = 0, which means that for each ¢ € G | _, (V)

/ v(t,x)p(x)de =0 (Vte ).
7

Hence, by Theorem v(t,x) = 0 on I x ¥. Further, since we can let ¥ be as
close to  as desired, we conclude that v(t,z) = 0 on I x . This completes the
proof. O
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