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EXISTENCE AND CONCENTRATION OF SOLUTIONS FOR A
p-LAPLACE EQUATION WITH POTENTIALS IN RY

MINGZHU WU, ZUODONG YANG

ABSTRACT. We study the p-Laplace equation with Potentials
— div(|VuP~2Vu) + AV (2)|ulP~2u = |u|? 2y,

u € WHP(RN), 2 € RN where 2 < p, p < ¢ < p*. Using a concentration-
compactness principle from critical point theory, we obtain existence, multi-
plicity solutions, and concentration of solutions.

1. INTRODUCTION

This article concerns the existence and the multiplicity of decaying solutions for
the equation

—div(|VuP=2Vu) + V() |ulP~?u = |[u|?%u, 2 cRY (1.1)
and for the related equations
—div(|VuP72Vu) + AV (2)|[u|P%u = |u|?%u, xR, (1.2)
and
—eP div(|VulP~2Vu) + V(z)|[ulP%u = |u|?%u, 2 cRY (1.3)

respectively as A — oo, and € — 0. We also consider concentration of solutions as
A— o0 ore— 0.
We assume throughout that V' and p, g satisfy the following conditions:

(V1) V € C(RY) and V is bounded.

(V2) There exists b > 0 such that the set {x € RY : V(x) < b} is nonempty and
has finite measure.

(P1) 2<p,p<qg<p* Wherep*:%ifN>pandp*:ooif1§N§p.

Note that if e? = A71, then u is a solution of (1.2)) if and only if v = ATru s
a solution of (1.3]), hence as far as the existence and the number of solutions are
concerned, these two problems are equivalent.
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|||, will denote the usual LP(RY) norm and V*(z) = max {+V (x),0}. B, and
S, will respectively denote the open ball and the sphere of radius p and center at
the origin.

It is well known that the functional

o) =< [ (VP +V@hl)de— 2 [ jultds

RN
is of class C' in the Sobolev space

E={ueW ®): |u’ = / (VP + VE@)l)dr < o0} (14)

and critical points of ® correspond to solutions u of (1.1)). Moreover, u(x) — 0 as
|z] — oco. It is easy to see that if

Mo g de (VP V@I
u€E\{0} [l

(1.5)

is attained at some w and M is positive, then u = qulpﬂ/HﬂHq is a solution of
(1.1) and u(z) — 0 as |z| — oo. Such u is called a ground state. Because we have
Poincaré inequality

/ |U|pd1' S C/ |Vu|pdx, 1 S p < —‘,—oo’ = WOLP(Q)
Q2 Q

so E is continuously embedded in WP (RM).
Recently, there have been numerous works for the eigenvalue problem

—div(|VuP~2Vu) = V(z)|ulP~?u
ue DyP(Q), u#0

where Q C RY. We can see [3] 16, 24, 25] for different approaches. Szulkin and
Willem [25] generalized several earlier results concerning the existence of an infinite
sequence of eigenvalues.

Consider the quasilinear elliptic equation

—div(|VuP72Vu) + Mu[P~?u = f(x,u), in Q
ue WyP(Q), u#0

where 1 < p < N, N > 3, X is a parameter,  is an unbounded domain in R¥.
Existence of solutions to has been investigation in the previoius decade, see for
example [12] [15] 211 22, 27, [28]. Because of the unboundedness of the domain, the
Sobolev compact embedding do not hold. There are some methods to overcome this
difficulty. In [28], the authors used the concentration-compactness principle posed
by Lions and the mountain pass lemma to solve problem (1.3)). In [27], the author
use that the projection u — f(x,u) is weak continuous in Wy () to consider
the problem. In [8, @], the authors study the problem in symmetric Sobolev spaces
which possess Sobolev compact embedding. By the result and a min-max procedure
formulated by Bahri and Li [5], they considered the existence of positive solutions
of

(1.6)

(1.7)

—div(|Vu[P72Vu) + uP~! = g(z)u® in RN,
where ¢(z) satisfies certain conditions.
When p = 2, problem (1.1)) has been studied in [T, 4 [6] [7), 14], 17, 17, 19]. In
[20], a quasilinear problem in bounded domains was considered with Hardy type
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potentials. To the best of our knowledge, there is very little work on the case p # 2
for problem .

From its first appearance in the work by Lions [21I] [22], the concentration-
compactness principle in calculus of variations has been widely used and by many
authors. In fact, one should refer to the two concentration-compactness principles,
as “escape to infinity” and “concentration around points” as treated separately,
originally. This seemingly harmless dichotomy however often leads to rather cum-
bersome and tricky calculations. To get rid of these difficulties, some authors have
developed variants that encompass both possible loss of compactness in a whole;
see for instance Ben-Naoum et al. [I0] and Bianchi et al. [II] which seem to be
the first works in this direction. When using the original principle or its variants,
it is necessary beforehand to discover the so-called limiting problems that are re-
sponsible for non-compactness. Often, these are related to the invariance of the
considered functional and constraint under a non-compact group; translations and
dilations being the two most studied.

Motivated by the results in [6] [1T], 13 14} 17, 18| 191 20, 22| 26l 27], we obtain
the existence and the multiplicity of solutions in Theorems [3.IH3.3] by using critical
point theory. By Theorems|[3.4)and[3.5] we can obtain the concentration of solutions.

This paper is organized as follows. In Section 2, we state some condition and
many lemmas which we need in the proof of the main Theorem. In Section 3, we
give the proof of the main result of the paper.

2. PRELIMINARIES

Lemma 2.1. Let @ C RN be an open subset. (u,) € Wy (Q) be a sequence such
that u, — u in Wy P(Q) and p > 2. Then

lim/|Vun\pdx2 lim/|Vun—Vu|pdx+/ |VulPdz.
Q n—oo Jo Q

n—oo

Proof. When p = 2 from Lieb Lemma we have

lim/|Vun|2dx: lim / \Vun—Vu|2dx+/|Vu|2dx.

n—o0

For 3 > p > 2, using the lower semi-continuity of the LP-norm with respect to the
weak convergence and u, — u in W?(Q), we deduce

lim (| Vu, [P "2V, Vu,) > (| VulP>Vu, Vu)

and
Jim (|Vu, — VulP~3(Vu,, — Vu), Vu,, — Vu)
=0> nlirr;o<|Vun — VulP7?(Vu — Vu), Vu — Vu).
So

lim {|Vu, — Vu|P"2Vu,, Vu,) > lim (|Vu, — Vu|P">Vu,, Vu)

n—oo n—o0

= lim (|Vu, — VulP~"2Vu, Vu,)
= lim (|Vu, — Vul[P"2Vu, Vu).

n—oo
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Then

lim | (|Vug,|? —|Vu|P)dz

n—oo 9]

= lim |V [P~2(|Vu,|? — |[Vul?)dz + lim /(|Vun|1”72 — |VulP~2)|Vu|*dz

= lim [ (|Vu,|P~2 4+ |VuP~2)(|Vu,|? — |Vu|*)dz

n—oo Q
+ lim /(|Vun|p*2|Vu|2 — |VulP 2| Vu,|?)dz.
n—oo Q
From u,, — u in WHP(Q),

lim [ (|[Vu,[P72|Vul* — |[VuP~2|Vu,|?)dz = 0.

n—00 Q

So

lim [ ([VunlP — [VulP)dz = lim /(|vun|p*2+|vu|p*2)(\vun|2—|vu|2)dx
n—oo Q

n—oo Q

n—oo

> lim \V, — VulP72(|Vu, > — [Vul?).
Q

So we have

lim |V, P2V, Vu,) + (Vu, — VulP~2Vu, Vu,) + (| Vu, — VulP~2Vu,, Vu)

> lim {|Vu, — Vul|P"*Vu,, Vu,)

+ lim (|Vu, — Vu|P~2Vu, Vu) + (| Vu|P"2Vu, Vu).

Then

nan;o<|Vun|p72Vun,Vun>

> lim (|Vu, — VulP~2Vu, — Vu, Vu, — Vu) + (|[VulP~>Vu, Vu).
and

lim/|Vun\pdx2 lim/|Vun—Vu|pda:+/ |VulPdz.
Q n—eeJa Q

n—0o0

For p > 3, there exist a k € N that 0 < p — k < 1. Then, we only need to prove
the inequality

lim [ (|Vu,p|? — [Vul|P)de > lim / |V, — VulPF (| Vu, |* — [Vul?).
Q n—00 Jg

n—oo

The proof of this iequality is similar to the above, so we omit it. Therefore, the
lemma is proved. ([l

Let V(z) = max {V (z), b} and

Jew (IVul? + Vi () |ul?)dz

M, =
ueE\{0} [ wllg

(2.1)

Denote the spectrum of —A,+V in LP(RY) by o(—A,+V) and recall the definition

ofM.
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Lemma 2.2. Suppose (V1), (V2), (P1) are satisfied and o(—A, +V) C (0,00). If
M < My, then each minimizing sequence for M has a convergent subsequence. So
in particular, M is attained at some u € E'\ {0}.

Proof. Let {u,,} be a minimizing sequence. We may assume |u,,|l, = 1. Since
V < 0 on a set of finite measure, {u,,} is bounded in the norm of E given by (L.4).
Passing to a subsequence we may assume u,, — u in F and by the continuity of
the embedding E — W1P(RY), u,, — uin LY (RY), L] (RY) and a.e. in RV.

Let 4, = vy, + u. Then by Lemma 2.1 we have

lim (IVum|? + V(x)|um|P)dx

m—oo JpN

(2.2)
> lim (IVom|P + V(@) |vm|P)dz —|—/ (IVul? + V(z)|ulP)dx,
m—00 RN RN
by the Lieb Lemma,
lim |t [Pdz = lim |V [P —|—/ |ulPda. (2.3)
m— 00 ]RN m— 00 ]RN RN

Moreover, by (V2) and since v, — 0 as m — oo,

lim (V(x) = V() |vm|Pdz — 0. (2.4)

m—oo JpN

Using (2.2)-(2.4) and the definitions of M, M;, we obtain

/ (IVulP + V(z)|ulP)dz + lim/ (IVom|P + V(x)|vm|P)dx
RN m—oo JpN

<M lm |fjun,|h
m— 00
. P
= M i (fulld + lom]19)?

< M Tim (ullf + o)

§/ (|Vu|p+V(x)|u\p)dx+MMl;1 lim (IVom|P + Vi(x)|om|P)dx
RN m

— 00 RN

< / (IVul” + V(@) |ulP)de + MM " lim [ (|Vom|? + V(@) |om|?)dz.
RN m—oo JpN
Since MM, ' < 1 and [px V~1(z)|vym[Pdz — 0 as m — oo, it follows that v, — 0
and therefore u,, — u as m — oo. It is clear that u # 0. ]

From the above lemma it follows that if o(—A,+V) C (0, 00) and M < My, then
there exists a ground state solution of (1.1)). Recall that {u,,} is called a Palais-
Smale sequence at the level ¢ (a (PS).-sequence) if @ (u,,) — 0 and ®(u,,) — c.

If each (PS).-sequence has a convergent subsequence, then ® is said to satisfy the
(PS)-condition.
Lemma 2.3. If (V1), (V2), (P1) hold, then ® satisfies (PS). for all

1 1 JR

c< (== )M\,

p ¢ "
Proof. Let {un,} be a (PS).-sequence with ¢ satisfying the inequality above. First
we show that {u,,} is bounded. We have

2¢+ dl|upm || = ®(um) - %@/(um),um) = ( )umllg (2.5)
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and )
2¢ + dfJumll = @(um) — = (@' (um), wm)
1 1 1 ! 1 (2:6)
~ =Dl =G =) [ V@l

for some constants d > 0. Suppose |un| — oo as m — oo and let w,, =
U /||| Dividing by [|um||? we see that w,, — 0 in LI(RY) as m — oo
and therefore w,, — 0 in F as m — oo after passing to a subsequence. Hence
Jon V7 (@)|wp|[Pdz — 0 as m — oco. So dividing by [|um|?, it follows that
wm — 0in E as m — oo, a contradiction. Thus {u,,} is bounded.

As in the preceding proof, we may assume u,,, — u in E and u,, — win L{
Set Uy, = Uy, + u. Since ®'(u) = 0 and

(@'(w),u) = (

(RY).

P(u) = @(u)

it follows from (12.2)), (2.3)) that

Jim ([[[om[[” = flomlgl) < Tim ([llum|[” = lumlIG] 4 [[le]l” = f[ulg]) = 0

)ull§ =0,

SR
S

1
p

o
i (o = [[om]19) = 0 27)
and
c= lim ®(up) > lm (P(vm)+ S(uw)) > lim P(vy,). (2.8)
By , we have
lim (IVom|P + V(2)|vm|P)de = lim / |vp|9de = ~ (2.9)
m—oo [pN m—oo JpN

possibly after passing to a subsequence, and therefore it follows from (2.8) that
). (2.10)

By (2.4),
lim (VU |? + Vi (@) |vm|P)de = lim / (VU [P + V() |vpm|P)de = .
N m—oo JpN

m—00 R

On the other hand,
lomllf < M, lim /N(va‘p + V() | |P) da;
m— 00 R

therefore, ’yg < M, ~. Combining this with ([2.10]), we see that either v = 0, or
c 2 (1 _ E)Mb(qu
p q
hence v must be 0 by the assumption on ¢. So according to (2.9)), we have
lim (|Voml? + VT (2)|vmP)de = lim (IVom|P + V(2)|vm|P)dz = 0.
m—oo JpN m—oo JpN
Therefore, v,,, — 0 and u,,, — v in E as m — oo. O
Next we recall a usual critical point theory which will be used in the below
Theorem. Here y(A) is the Krasnoselskii genus of A.
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Theorem 2.4. Suppose E € C1(M) is an even functional on a complete symmetric
Ctt-manifold M C V\{0} in some Banach space V. Also suppose E satisfies (P.S)
and is bounded below on M. Lety(M) = sup{v(K); K C M and symmetric}. Then
the functional E possesses at least ¥(M) < oo pairs of critical points.

3. PROOF OF MAIN THEOREMS

Theorem 3.1. Suppose Assumptions (V1), (P1) are satisfied, o(—A, + V) C
(0,00), sup,cpn V(z) = b > 0 and the measure of the set {x € RN : V(z) < b— &}
is finite for all € > 0. Then the infimum in is attained at some u > 0. If
V >0, thenu >0 in RY.

Proof. Since V* is bounded, £ = WYP(R™) here. Let u;, be the radially symmetric
positive solution of the equation

—div(|VuP2Vu) + blulP~2u = |u|7 %u, =€ RN,
It is well known that such wu; exists, is unique and minimizes

I]RN (IVulP 4 b|ulP)dx

N, =
b7 uem\(0) ullf

(3.1)

(see [12]). So if V' = b, the proof is complete. Otherwise we may assume without
loss of generality that V' (0) < b. Then
e i Je (VU V@)
ueB\{0} [[ullg
Jan (IVup|? + V(2)|up|P)de
l[usll
Jan (IVup|? + blup|?)da

[Jus |7
= Ny = My,

<

where the last equality follows from the fact that Vj, = b. To apply Lemma [2.2] we
need to show that M < M_. for some £ > 0. A simple computation shows that if
A > 0, then Ny, is attained at

uxp() = AT ub()\%x) and Ny, = A"Np,

wherer =1- ¥ 4+ &

P q
Choosing A = (b —¢€)/b we see that N,_. < N, and N,_. — N; as € — 0. So for
¢ small enough we have

Vul? + (b— &)[ulr)d
M<Ny.— i Jee(VUl+ (b= Sulde

ueE\{0} flullg
< inf fRN(|Vu|p + V},;g(x)|u\p)dx (3.2)
ue E\{0} [|ullg
= Mb—s-

Hence M is attained at some w. If u is replaced by |u|, the expression on the
right-hand side of (1.5) does not change, we may assume w > 0. By the maximum
principle, if V' > 0, then u > 0 in RV, (]
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Theorem 3.2. Suppose V. > 0 and (V1), (V2), (P1) are satisfied. Then there
exists A > 0 such that for each A > A the infimum in (L.5D) is attained at some
uy > 0. Here V(z) replaced by AV (x).

Proof. Here V. =V *. Let b be as in (V2) and
Jan (VP + AV (2)|ul?)dx

M =
ueE\{0} lullg ’ (3.3)
M g e (VRPN @al) |
ueE\{0} ]l

It suffices to show that M* < Mg\ for all A large enough. We may assume V(0) < b
and choose ¢, 6 > 0 so that V(z) < b—e whenever |z| < 25. Let ¢ € C°(RY,[0,1])
be a function such that ¢(x) = 1 for |z|] < § and @(x) = 0 for |z| > 20. Set
wxp(x) = p(z)urp(z) = )\ﬁub(/\%x)cp(x), where uy, is as in the proof of Theorem
Then for all sufficiently large A and some Cy > 0,

fRN (IVwxp|? + AV () |wyp|P)dx

M* <
llwas |G
< fRN(|Vw,\b\p+)\(b—5)|w)\b|p)d:1c
- [Jwas |l
P+ \blup|P)dx — Pd
S)\?«(fRN(WUb\ + Ablup|P)dr — € [rn |l $+€)

llusl§
< AN'(NVy — Coe)

where N is defined in (3.1)) and 7 in (3.2). Using (3.2)) and (3.3)) we also see that

Jan (IVulP + Ab|ul?)dzx

M) > =Ny = \"N, 3.4

* T uer\(0} ull 34

hence M* < M. By the argument at the end of the proof of Theorem m the
infimum is attained at some uy > 0. [l

Next we consider the existence of multiple solutions under the hypothesis that
V~1(0) has nonempty interior.

Theorem 3.3. Suppose V' > 0, V=1(0) has nonempty interior and (V1), (V2),
(P1) are satisfied. For each k > 1 there exists Ay > 0 such that if X\ > Ay, then
(1.2) has at the least k pairs of nontrivial solutions in E.

Proof. For a fixed k we can find ¢1,. .. o € C5°(RY) such that supp ¢;, 1 < j <k,
is contained in the interior of V~!(0) and supp ¢; Nsupp¢; = 0 whenever i # j.
Let

Fy, =span{p1,..., 0k}
Since V' >0, ®(u) = %Hu”p - %Hqu and therefore there exist &, p > 0 such that

®|s5, > a. Denote the set of all symmetric (in the sense that —A = A) and closed
subsets of E by %, for each A € ¥ let v(A) be the Krasnoselski genus and

i(4) = min (h(4) 1 5,)
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where T is the set of all odd homeomorphisms h € C(E, E). Then i is a version of
Benci’s pseudoindex. Let
1 1
Dy (u) = 7/ (IVul? + AV (2)|ul?)dz — 7/ lulfdz, A >1
P JrN q JrN
and

c; = inf sup®y(u), 1<j<k.
3= 0L, Sup a(u) J

Since @ (u) > ®(u) > a for all u € S, and since i(Fy,) = dim Fj, = k,
a<e << < sup Py(u) =C.
ueFy,
It is clear that C depends on k£ but not on A. As in , we have
M) > Ny, = \'N,

where 7 > 0, and therefore M;* — oco. Hence C < (% - %)(Mg\)ﬁ whenever A
is large enough and it follows from Lemma that for such A the Palais-Smale
condition is satisfied at all levels ¢ < C. By the usual critical point theory Theorem
24, all ¢; are critical levels and @ has at least k pairs of nontrivial critical points.

O

Theorem 3.4. Suppose (V1), (V2), (P1) are satisfied and V~1(0) has nonempty
interior . Let u,, € E be a solution of the equation
—div(|VuP2Vu) + A\ V(@) [ulP2u = |u|?%u, =€ RY. (3.5)
If Ay — 00 and ||umlx,, < C for some C > 0, then, up to a subsequence, u,, — u
in LY(RYN), where U is a weak solution of the equation
—div(|Vul|P2Vu) = |u|"%u, z€Q, (3.6)
and @ =0 a.e. in RN\ V=1(0). If moreover V >0, then u,, — U in E as m — oco.

Proof. Since Ay, > 1, |Jum]| < ||umlr,, < C. Passing to a subsequence, u,, — @ in

E and u,, — win LL _(RY) as m — oco. Since (®y,,"(um), @) = 0, we see that

lim V(@) |ty [P 2t pda = 0, / V(z)[a|P*upds = 0
m—oo Jpn RN
and for all ¢ € C§°(RY). Therefore, @ = 0 a.e. in RV \ V~1(0).

We claim that u,, — @ in L9(R") as m — oo. Assuming the contrary, it follows
from Lion vanishing lemma that

/ [t — T|Pdx > 7
Bﬂ(fm)

for some {z,,} C RY, p, v > 0 and almost all m, where B,(z) denotes the open
ball of radius p and center x.
Since u, — u in L{ _(RY), |z,,] — oo. Therefore, the measure of the set

B,(zm) N{z € RY : V(z) < b} tends to 0 and

lim fun|? > lim )\mb/ i [P
m—0o0 o m—oo By (@m)N{V>b}

m—00

= lim )\mb(/ |ty — w|Pdz) = 00,
Bp(wm)

which is a contradiction.
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Let now V' > 0. Since u,, satisfies (3.5)), (®} (um), %) =0 and @ = 0 whenever
V > 0, it follows that

[ [ < Mumll3,,, = [lwmllg
and
[ll” = llalX,, = llllg-
Hence limsup,, _, o [um|/” < [[@||g = [[@||?; therefore, u,, — @ in E as m — oco. [0

Theorem 3.5. Suppose (V1), (V2), (P1) are satisfied and V~1(0) has nonempty
interior, V. > 0, u,, € E is a solution of (3.5)), A\, — 00 and ®y,, (uy,) is bounded
and bounded away from 0. Then the conclusion of Theorem is satisfied and
w # 0.

Proof. We have

P (um) = Zllwmllx,, = 2 lumllg

and
1, 1 1 q
Dy, (um) =®,, (um) - E@)Am (Um>vum> = (5 - *)H“qu

Hence ||ty ||q, and therefore also ||uy, ||, is bounded. So the conclusion of Theorem
holds. Moreover, as ||t |4 is bounded away from 0, w # 0. O

As a consequence of this corollary, if k is fixed, then any sequence of solutions
Uy, OF with A\ = \,, — oo obtained in Theorem contains a subsequence
concentrating at some u # 0. Moreover, it is possible to obtain a positive solution
for each A, either via Theorem [3.1] or by the mountain pass theorem. It follows
that each sequence {u,,} of such solutions with A,, — oo has a subsequence con-
centrating at some @ which is positive in . Corresponding to u,, are solutions
- sfn/(qu)um of , where e2, = A1, Then v,, — 0 and Efnp/(qu)vm — .

subsection*Remark In the proof of Lemmas and and Theorems 3.3}
the condition (V1) can be replaced by

(V1)) v € LL (RY) and V~ = max{-V,0} € LI(RY), where ¢ = N/p if N >

loc

p+1l,g>1if N=pandg=1if N <p.
Meanwhile in Theorems [3.4] and [3.5| we also need V € L{ (RY).

loc
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