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INITIAL-VALUE PROBLEMS FOR FIRST-ORDER
DIFFERENTIAL RECURRENCE EQUATIONS WITH
AUTO-CONVOLUTION

MIRCEA CIRNU

ABSTRACT. A differential recurrence equation consists of a sequence of dif-
ferential equations, from which must be determined by recurrence a sequence
of unknown functions. In this article, we solve two initial-value problems for
some new types of nonlinear (quadratic) first order homogeneous differential
recurrence equations, namely with discrete auto-convolution and with com-
binatorial auto-convolution of the unknown functions. In both problems, all
initial values form a geometric progression, but in the second problem the first
initial value is exempted and has a prescribed form. Some preliminary results
showing the importance of the initial conditions are obtained by reducing the
differential recurrence equations to algebraic type. Final results about solving
the considered initial value problems, are shown by mathematical induction.
However, they can also be shown by changing the unknown functions, or by
the generating function method. So in a remark, we give a proof of the first
theorem by the generating function method. Different cases of first order differ-
ential recurrence equations and their solutions are presented, including those
from a previous work. Applications of the equations considered here will be
given in subsequent articles.

1. INTRODUCTION

We consider first-order differential recurrence equations of the form
G (2, (), 20 (1), Tn-1(t),...,20(t)) =0, n=0,1,2,...,

with unknowns z¢(t), z1(t),...,zn(t),..., complex-valued differentiable functions
defined on an open interval I of real numbers, the functions G,, being given. For tg €
1, is called Cauchy initial-value problem for such an equation, the determination of
its solutions x,,(t), with given initial values x,(tp), n =0,1,2,....
In this article we solve some initial-value problems for first order homogeneous
differential recurrence equations with (discrete) auto-convolution
n
2, (t) = a(t) Y wp(t)znk(t), VeI n=012,.., (1.1)
k=0
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and with combinatorial auto-convolution

n
() = a(t) Y (Z) Uk yni(t), VteI, n=0,1,2,..., (1.2)
k=0
where a(t) # 0 is a given integrable function.

The second type of equation reduces to the first by change of unknown functions
yn(t) = nlz,(t), n=0,1,2,....

Equations and are considered for the first time, they being different
from those verified by special functions, from de Branges equation (see [8]) or other
types of differential recurrence equations, studied so far (see, for example, [6] [7]).

The discret convolution or Cauchy product of numerical sequences and its inverse-
discrete deconvolution (see [5] for these definitions) were formely used by the author
in a series of papers [T} 2 B] for solving numerical difference, differential and poly-
nomial equations.

In the following we denote

A(t):/a(t)dt, B(t) = 1+ z0() Alty) — zo(to) A(t) £0, Veel. (13)

Obviously,
B(to) =1, B'(t) = —mzo(to)a(t), Vtel. (1.4)

2. ALGEBRAIC RECURRENCE EQUATION WITH AUTO-CONVOLUTION

Lemma 2.1. Letb, #0,n=0,1,2,..., be a sequence of real or complex numbers.
Following statements are equivalent:
(1) (n + l)bo n = ZZ:O bkbn—k; n=0,1,2,...;
(ii) (n— 1)bob, = Z_ll bkbn BLn=23,...;
(iii) b, = 3 by bn 1, n=223,.
)

(iv) The numbers b, n =0, 1 2,..., are in geometric progression, namely
b b}
by —bo{l} =l p=0,1,2.... (2.1)
bo by

Proof. (i) < (ii) and (iii) < (iv) are obvious.
(iv) = (i) If the sequence b, is given by formula (2.I)), we have

- "opk prh N by
> bkbuok =Y T T > s = (n + 1)bn = (n+ 1)boby,
k=0 k=0 "0 0 k=0 0

n=0,1,2,..., hence the sequence b,, satisfies (i) in Lemma
2
(75) = (iv) (First proof by induction) For n = 2, from (ii) we obtain by = %.
k
For n > 2, we suppose that by, = b,f—ll, for k=0,1,...,n—1. Then from (ii) results
0

1 n—1 1 n—1 bllc b'iL—k

bp="——=— > bpbp_r= e
(TL — ].)b(] kz:l (TL — 1)b() ]; bIOC 1 bg k-1

n—1

1 by 1 by by
= = n—1)— = .
(n —1)bo kz::l b2 (n— 1)b0( )bg*Q byt

In conformity with induction axiom, formula (2.1)) is true for every n =0,1,2,....
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(1) = (i) (Second proof by the generating function method, [9]) Denoting G(z) =
fozo bnz" generating function of the numerical sequence b, given by a formal
series, item (i) in Lemma gives a differential equation with the successive forms

b, [ZG(Z)]/ = G?(2), bozG'(2) + byG(2) = G*(2),
boG'(2) 1 G'(z) G _1

G(2)[G(z) —bo] 2" G(z)—by G(z) =

Integrating results in In } G(ézz_)bo | =1In ’%z’, hence G(ézz_)bo =kz, s0 G(z) = 13%2 =
bo Z:’;o k™2™, where k and k = +k are arbitrary constants. It results b, = byk",
n = 0,1,2,.... For n = 1, we have by = bok, hence k = Z—; and b, = b:il,
n=01,2.... ‘0
Corollary 2.2. For a # 0 a given number, the sequence b, # 0, n = 2,3,..., is
solution of the equation
n—1
(n—1bobp =a Y bpbp_g, n=2,3,..., (2.2)
k=1
if and only if
anflbn
by = bn_ll, n=12,.... (2.3)
0

Proof. Making the change of variables by = ago, b, = En, n=1,2,..., the equation

2-2) reduces to (n — 1)bob, = 22;11 bebn_g, n = 2,3,.... In conformity with
~ n n—1pn
Lemma , we have b, = b, = '55'1*1 = abn_lfl ,n=12.... O
0 0

Corollary 2.3. The sequence b, #0, n=0,1,2,..., is solution of the equation

n

(n+1)b0bn = Z (Z)bkbn—k)a n :Oa1727"'7

k=0

if and only if
nlb}

n:bgj, TL:O,I,27....

Proof. Making the change of variables b, = n@m n = 0,1,2,..., the considered
equation reduces to (n 4 1)boby, = > p_q bibn—k, n =0,1,2,..., and Corollary
follows from Lemma 2.1 O

Remark. Other results, related to those of Lemma[2.] and its Corollary 2.3 were
given in 4, Theorem 1.1 and Corollary 1.2] .

3. FIRST INITIAL-VALUE PROBLEM
Lemma 3.1. The functions

T (T
20(0) = g

are solutions of (L.1)) if and only if their initial values x,(tp) #0n =0,1,2,...,
are in geometric progression.

Vtel, n=0,1,2,..., (3.1)
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Proof. If the functions x,(t) are given by formula (3.1)), the equation (1.1)) takes
successively the form

~(n+ 1)z (te)B'(t) _ xi(to) @n—k(to)

B “(t)k BRH(D) Bk H(f)
n+ 1)z, (to)xro(t
ks )Brgfz)(t())( o)ald) Bn+2 Zfﬂk to)@n—k(to),

(n+ 1)ao(to)xn(to) Ziﬁk to)Tn—r(to) -

In conformity with Lemma [2.1] the last equahty is true if and only if the values
Zn(to), n=0,1,2,..., are in geometric progression. a

Theorem 3.2. The differentiable functions x,(t), n =0,1,2,..., with initial val-
ues Tn(to) #0, n=0,1,2,..., in geomelric progression, are solutions of (1.1]) if
and only if they are given by (3.1)).

Proof. We suppose that the functions z,(t) are solutions of (1.1) and have their
initial values x,(tg), n = 0,1,2,..., are in geometric progression, hence

AT T

For n = 0, the equation (I.1]) has the form z{(t) = a(t)z3(t ) hence (D) a(t).
) =

n=0,1,2,.... (3.2)

z5(t)

By integration, we obtain —% = A(t) + Cy, hence zq(t where Cy

FIGETert

L (tO)A(tO) ; therefore,

is an arbitrary constant. For ¢t = ¢, it results in Cy = — Tty

ro(t) = — 1 zo(to)
’ At) — Trao(to)Atto) ~ 1+ g (to) A(to) — wo(to)A(t)

Zo(t(})
In conformity with (|1.3)),
~ xo(to)
zo(t) = B@) (3.3)
For n = 1, the equation has the form z (t) = 2a(t)xo(t)z1(t), hence
() Bt
z1(t) B(t)

By integration, we obtain x4 (t) = B%’—gt), with C an arbitrary constant. For ¢t = ¢,

it results Cy = 1 (¢o), hence
X1 (to)
= . .4

For n > 2, equation (|1.1)) has the form
n—1
#4(0) = 20()0(0 () + a(0) 3 Or-s(0

hence, using the relation a(t) = :L’BTsft) obtained from ,

0 + 22 W ) = a(t) 3 a0yt
k=1
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with general solution
B'(t) )4 "’1
xn(t) = exp / BD) dt / B 0 x (t)zp—_r(t)dt + Cn}
1 1
- C, — e dt}
BQ(t) |: {E(](to) / Zxk * k
(3.5)
where C), is an arbitrary constant.
For n = 2, from (3.4)) and (3.5 ., it results
1 1
22(0) = g [Co iy [ BHOB @k 0a]
B2(t) wo(to) o (3.6)
_ 1 [o % (to) / (t) dt} _ 1 {02 L wilto) ]
B2(t) xo(to) B2(t) B2(t) zo(to)B(1)
From (3.6) for t = ¢y and ) for n = 2, it results
a3(to) _ i(to)
ta) = C. 1 _ 1
xZ( 0) 2+{L’0(t0) .’L'()(to)7
hence Co = 0, and (3.6 becomes
2
z1(to)
t) = ————5—. .
For n > 2 fixed and £k =0,1,2,...,n — 1, we suppose that
k
7 (o)
ri(t) = 5o T
zy (to) (t)
Then
n—1 n—1 k n—k
Z xk(t)xnfk(t) = k—1 at (tO) n—k— 11'1 (tO)
po o wo (b)) BMH(E) g " (to) Bm R HL(2)
N ) (n—1)al(h)
= ag (to) BRTR(t)  ag R (to) BR(1)
and (3.5 becomes
1 (n— 1 )l to "(¢)
a(t) = Cp - 0 /
B23(t) [ B ( t (3.8)
_ ! [Cn+ (to | |
Bt) "y (to) B (1))
From which, for t = ¢y and (3.2)), results z,,(to) = C,, + xﬁ(f&)) = fl (lt((;)), hence
0 0
Cp, =0, and (3.8)) becomes
(e
ralt) = — 21(t0) n=01,2,.... (3.9)

x5~ (to) BrHL(t)

According to induction axiom, (3.9) is satisfied for any natural number n. From

(3.2) and (3.9)), it results (3.1)).
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Reciprocally, if the functions x,(t) are given by (3.1)), with the initial values in
geometric progression, then we have (3.9), hence

o DRWB Ot Datt)al) N i)
B T e Y T D R Ty

ah znF -
_ a(t) Z 1 (toi 1 (to) (t) = a(t) I;) Tk (t)xn_k(t),

= e (to) BRFL(t) ag ™ (to) Bk

therefore, the functions ,,(t) satisfy (L.I)). This also results by Lemma [3.1] O

Remark. Theorem [3.2] can also be demonstrated using the generating function
G(t,z) = >0 g zn(t)z™, of the sequence of functions z,(t), n = 0,1,2,..., given
by a formal series. Then is equivalent to equation %G(t,z) = a(t)G?(t, 2),
with solution G(t, z) = m, where u(z) is an arbitrary function. For z = 0,
we obtain z(t) = G(t,0) = m. Let v(z) = u(0) —u(z), with v(0) = 0. Using
geometric series, we have

G(t,z) =

B 1 1 N v"(2)
S u(0) - AW 1 - pE z::o (u(0) — A@®)"

The choice v(z) = Cz, where C is an arbitrary constant, gives

o Cn
Gt,z)=> — 2",
w0 (u(0) — A(t))
hence
CTL
Tn(t) = —, n=01,2,... (3.10)

(u(0) — A(t))

For t = tg and n = 0, from (3.10) it results zq(tp) = m, hence u(0) =
lJr:L’()(to)A(tU)

zo(to) , and
1 to)A(t B(t
u(0) — A(t) = 1+ 2o(to) Alto) _ At) = (*) (3.11)
zo(to) zo(to)
For t =ty and n = 1, from (3.10) results z;(tg) = m = Cx3(tp), hence
u(0)—A(tg
z1(to)
C = 3.12
3 (t0) (312
From (3.10), (3.11)) and (3.12)) it results
n n+1 n
Tn(t) = 2 (fo) 25" (to) _ 21 (to) n=0,12,.... (3.13)

g™ (to) BPTH(t) — ay ! (to) B H(t)
For t = ty, from (3.13)) we obtain (3.2)), hence (3.13) takes the form (3.1) and
the initial values x,(to), n = 0,1,2,..., are in geometric progression. This last
statement also follows by Lemma [3.I] The reciprocal affirmation results both by
direct calculation as above or by Lemma [3.1
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Corollary 3.3. The differentiable functions y,(t), n = 0,1,2,..., whose initial
values are 1 (to)
nlyt (to
yn(tO):n_ia =0,1,2,...,
Yo 1(t0)

are solutions of the differential recurrence equation with combinatorial auto-
convolution (1.2) if and only if they are given by

yn(t) = g:ﬁo(i) ,

Vtel, n=01,2,....

4. SECOND INITIAL-VALUE PROBLEM
Lemma 4.1. If A(tg) # 0 and

wo(to) =

40, (4.1)
then the functions

B .’Eo(to) . xn(tO)Anil(t)
.’Eo(t) = B(t) 5 xn( ) - An—l(tO)Bn-l—l(t)a

are solutions of (1.1) if and only if the initial values x,(tp) #0, n =1,2,..., are
i geometric progression.

Proof. If the functions x,(t) are given by formula (4.2)), then (1.1)) is obviously

Viel, n=1,2,.... (42)

satisfied for n =0 and n = 1. For n = 2,3, ..., it takes successively the form
ralt) (0= DA™ 2(OAWB™ ) — (n+ DB (OB () A" (1)
An—l(t()) B2n+2 (t)

2a(t)xo(to)an (to) A" (1)

- Anfl(tO)Bn+2(t)

X z(t)ARTIE) s (to) AVFL(E)
— Akfl(tO)Bk+1(t) Anfkfl(tO)ankJrl(t)’

+a(t)

Zalto) (n— DA 2()a(t)B™1(t) + (n + D)o (to) B" (Ha(t) A" (¢)

An=1(t0) BQ"H“)
e e S o)
Zl(itoo; [(n— 1)B(t) + (n + Dao(to) A(t)]

_ 2900(1503;(720(7;0)14( ) +:Zif”k (t0) 1 (to),
(n— 1)?((;00)) [B(t) + z0(to) A Z Z(to)zn—r(to).

From (1.4) and (4.1)) it results

B(t) + l‘o(to)A(t) =1+ :L‘()(to)A(to) = vVt e I; (43)
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therefore, (1.1)) is still equivalent to the relations

xn(to) .’El t() A
(ni 1) A(to) To Zxk tO Tn—k tO)

(n = 1)0(to)am (t) = f”(’(ff;)éj)“’ Z i (to)n_p (to)-
1 k=1

By Corollary , for b, = z,(tg), n = 0,1,2,... and a = %, the last
1

equality is equivalent to the relation

_xg (to)as M (to) @ (to) @b M(to) _ Ta(to) 171
zn(to) = 2n—2 n—1 = n2 = z1(to) ]
7" (o) g (to) 2y (o) z1(to)
where n = 1,2,...; hence with the fact that the initial values x,(to), n = 1,2,...,
are in geometric progression. (Il

Theorem 4.2. If A(tg) # 0, while xo(to) is given by (4.1), then the differentiable
functions x,(t), n = 0,1,2, ..., with initial values x,,(to), n = 1,2, ..., in geometric
progression, are solutions of (L.1)) if and only if they are given by (4.2).

Proof. We suppose that the functions z,(t), n = 0,1,2,..., are solutions of (1.1))

and the initial values z,(tg), n =1,2,..., are in geometric progression, hence
s(to) 11 _ a5 (o)
2a(to) = 21(to) | 5 | — gy oL 4.4
( ) 1( ) 331(to) 2(t0) ( )

As was shown in the proof of Theorem - the functions xo(t) 1(t), 2, (t) for

n > 2, and xo(t) are given by . . ) and (3.6] . From (3.6)) and ( - we

have
1a(t) = Caxo(to) B(t) + 27 (to)
zo(to) B3(t) (4.5)
. OQIQ(to) [1 + l‘o(to)A(to)] — CgI%(to)A(t) + l’%(to) '
B zo(to) B3 () '
We take
Cy— — a3 (to) ___ ®2(to) (4.6)

zo(to) [1 + zo(to) Alto)] zo(to)A(to)
the above equality resulting from (4.3]), which in turn resulted from (4.1). From

(4.5) and (4.6) it results

02130 (to)A(t) _ ) (to)A(t)

w20 = =="p T At B (47)
From , for n =3, and , it results
1 2 )
50) = g5 [0~ 2y | OB O] s
_ 1 [C 2z (to)wa(to) / At)B'(t) dt} .
B2(t) xo(to)A(to) B3(t) .
Using and (L.4), we obtain A'(t) = a(t) = f)léo)), hence
{A(t)}’ _AM)BQE) - AW)B'(H) _ [B(t) + zo(to) A()]B'(t) (4.9)
B(t) B2(t) o (to) B2(t) ' ‘
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Using again (4.3)), formula (4.9) takes the form

[@]' _ @}(to)Alto) B'(t)
B(t) xo(to)wa(to) B2(t)’

from which we obtain

B'(t) _ zo(to)z2(to) [A(t)}’.

B2(t)  xi(to)A(to) LB(t
From and -, it results
B 223 (to) A(t) t
z3(t) = B2(t) {C?’ T (to)A%(ty) J B(t)LB(t) ]
- 1 .’EQ(to)A2
- 50 % m P B ﬂ

From which for ¢ = ¢y and (4.4) for n = 3, it results

z3(to) _ 3(to)
x3(tg) = C3 + =2 = 22 ,
3( 0) 3 .’L‘l(to) X1 (to)
hence C3 = 0 and formula (4.11)) becomes
a3 (to) A*(t)
;Cl(to)A2(t0)B4(t) ’

z3(t) =
For n > 3 fixed and k =1,2,...,n — 1, we suppose that

s (to) AP (2)
?(to) AR—1(to) BRF1(t)

mk(t) = l‘k_
1

Then

1
= “L(to) AF (1) o F 7 (k) An (1)

A B T A )
_ < Dy~ (t) A" ()
(to)A" 2(to)B"+2(t)
From and (| it results

1 _ (=D, A" (t)B'(t)
B2(t) [C" wo(to)zy ™" (to)A"‘2(to)/ dt}'

From ) and -, it results

= B21<t> [on+ x(;ZQ_(tlo)ﬁ;_fiii) / [28] Eoikd

_ 1 ay ! (to) A" (1)
_BQ(t [C + n Q(tO)An l(tO)Bn 1()]

Tp(t) =

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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From this euqality for ¢t = tg and (4.4), it results =, (to) = Cy, + : 2EZ°§ g:ZgO;,
] 0
hence C,, = 0 and formula (4.16)) becomes

xf (o) A" (1)
22 (to) A1 (to) B (1)

In conformity with induction axiom, formula (4.17)) is satisfied for every natural

n—1
number n > 1. For ¢t = ty, from (4.17)) it results z,,(ty) = ii,zgog, hence (4.17))
1 0
reduces to second formula (4.2).
Reciprocally, if the functions z,(t), n = 0,1,2,..., are given by (4.2)), and
the initial values z,(tp), » = 1,2,..., are in geometric progression, then we have

zo(t) = xj‘é(é‘;) and

xn(t) =

(4.17)

pa(t) = @A a3 ) AN (D)
T AR (1) BRRL(E) 272 (tg) An L (to) BT (L)

hence for n = 1,2,..., using (4.3), we have

,(t) — 2a(t)a (t), (1)
Ealto) [(n — DA™ () A() B (1) — (n -+ DA™ (1) B" (1) B'(1)]
An=1(t) B2 +2(¢t)
B 2x0(to)zn (to)a(t) A™L(t)
An=1(t) B2 (t)
e (= 1B+ (1 + Daalta) A(8) — 2ao(t0) A(e)

) (
_ (n=Dag™ '(to)a(t) A" 2(t)
172 (to) A1 (t0) B +2(t)

5 (to)

(to) A"—2(

[B(t) + xo(to) A(t)]

8
—

(n — D5~ (to)a(t) A" > (t)

—4 to)An— to)B”+2()

n—1 .’227 (tO)Akfl(t) xgu k— 1( O)Anfkfl(t)

i 2(t0) AR () BRI (1) a2 () A (1) B R (D)

8
—

= a(t) () xn—k(t);

therefore, the functions x,(t) given by (4.2) satisfy (L.1). This also results by
Lemma [£1] O

Remark. From it results that in hypotheses of the Theorem those of
Theorem are not satisfied. The solutions of the second initial values problem
are different from those of the first problem, because in the proof of Theorem
all arbitrary constants C),, n > 2, that arise in solving the differential equations
are zero, while in the proof of Theorem [£.2] the constant C5 is non-zero, given by

formula (4.6]).
Corollary 4.3. If A(tg) # 0, and yo(to) = yzggg — A(lto) =+ 0, then the differentiable

functions y,(t), n =0,1,2, ..., with y,(to) = M n=12,..

s ,2,..., are solutions
%(to)
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of the recurrence equation with combinatorial auto-convolution (L.2)) if and only if
they are

__nltg)A"1(0)
- An—l(tO)Bn+l<t)’

tel,n=1,2,....

5. EXAMPLES

We give some examples that illustrate the above results, including those from
Z

(1) 2, (t) = > h_oxk(t)zp_k(t), n=1,2,.... Here a(t) =1, so A(t) =

(

a) For the initial values z,(0) = 1, n = 0,1,2,..., we have B(t) = 1+
20(0)A(0) — 29(0)A(t) = 1 — t, hence we obtain the solutions z,(t) = Bn+(1()t)
W, n=0,1,2,.... Because, A(0) = 0, second initial values problem can not
be considered.

(b) If 2, (1) = 5=, we obtain z,(t) = m, n =0,1,2,.... The second
initial values problem can not be considered when z,,(1) = 2%, n=1,2,..., because
zo(1) = 5 - Ab =0

(¢) If (1) = 527, n = 0,1,2,..., then zo(1) = 2, B(t) = 1 + zo(t)A(t) —
xo(t)A(t) = 3 — 2t, hence z,(t) = W, n=0,1,2,.... The second initial
values problem when z,,(t) = 2%1, n=1,2,..., can also be considered and will be
given in the next example.

(d) Let z,(1) = 5=, n = 1,2,..., and zo(1) = ;38; - g) = 1. Then

o (1 1)An—! n—1
B(t) = 2—t, hence mo(t) = 280 = 315 and 2, (t) = 205l = sl

a IfynO —n' thenynt :ﬁ,n—o,l,Z
a=oF

(b) If yn(].) = 2"7 then yn( ) = W7 = 0,1,2,....
(C) Ifyn(l)zﬁ,then yn(t):w,nzo,l,z

_ _ _n! _ _ 1 _

- n — on—-17 — Ly Ly - 2t n -
(d) If yo(1) = 1 and y,(1) = 3 n=1,2 then yo(t) = 575 and y,(t)
nlt" 1

n=1,2,....

Fia—gynTTy I
(3) 2, (t) = e > ), wp(t)zp—k(t), n =0,1,2,.... Here a(t) = A(t) = 6t.
If 2,(0) = 1, »n = 0,1,2,..., we obtain the solutions z,(t) = )HU
0,1,2,.... The second problem can not be considered when x,,(0) = =1,2,.

because x¢(0) = fz% - ﬁ =0

(4) 2, (t) =sint Y p_xk(t)zn_k(t), n=10,1,2,.... Here A(t) = —cost.

n

(a) Let ,,(0) =1, =0,1,2,.... Then B(t) = 1+x¢(0)A(0)—z((0)A(t) = cost,

hence z,,(t) = ﬁ, n=20,1,2,....
(b) I 2,(0) = 1, n = 1,2,..., and 2p(0) = 20 — 1o = 2 then B(1) =
2cost — 1, hence zg(t) = IBO((S)) = 52— and
n 0 An—l t n—lt
Xy (t) Zn(0) ®) = o8 n=1,2....

T AL(0)BMTL(t) | (2cost — 1)ntL
(c)Forz,(3) =1,n=0,1,2,. Weobtainxn(t):m,

The second problem can not be considered, because A(g) = 0.

n=0,1,2,....
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(5) x(t) = tzk Oxk( Vn—k(t), zn(1) = 1, n = 0,1,2,.... Then z,(t) =
m, n = 0,1,2,.... The second problem can not be considered, because
A1) =0.

(6) 2, (t) = 5 > p_o Te(t)Tp—i(t),n=0,1,2,.... Here a(t) = &, s0 A(t) = —1.

(a) If 2,,(1) = 1, then B(t) = 1, hence z,(t) = t"*!, n =0,1,2,.

2
(b) Let 2, (1) =1, n = 1,2,..., and z0(1 ) =ag_ =2 Tl‘henB( )= 2t
. z T n 2
hence the solutions are zo(t) = ]g((;)) = 2 t, xn(t) = An,(ll()l’;‘B"Jr(f()t) = (27§)"+17
n=12....
(c) If 2,(2) = (=1)""'4, then B(t) = 2=, hence z,(t) = %, n =

0,1,2,....

n z2(2
(d) Tet 2n(2) = (=)™, n = 1,2,..., 2(2) = 23 — 45 = 2. Then

)= M, hence the solutions are zo(t) = 14, @, (t) = $7 n=12,....
(7) yn(®) = 7= im0 () ¥k (Oyn—k(t), n=10,1,2,.

(a) If y, (1) = n!, then y, (t) = nlt"*1 n =0, 1,2,...

(b) If yo(1) = 2, and y,(1) = nl, n = 1,2,..., then yo(t) = 2 t, and y,(t) =

142
nit n=12,....

B(t

[PEDEa
(c) If ya(2) = (—1)™*'nld, then y, (t) = SR n=0,1,2,....
(d) If yo(2) = =2, and y,,(2) = (—=1)""nl4, n = 1,2,..., then yo(t) = ﬁ, and

2

yn(t) = uf}iﬁ, n —= 1,2,....

(8) tz), (t) + zn(t) = > p_o 26(t)Zn—k(t), n = 0,1,2,.... We make the change of
unknown functions z,(t) = tz,(t), n =0,1,2,....

(a) If z,(1) = 1, then z,(t) = t", n = 0,1,.... This example was given in [
Theorem 4.1 (a)].

(b) Let 29(1) = 2, 2,(1) =1, n =1,2,.... Then z(t) = 52, za(t) = W,
n=12,....

n-+41 n
() I 2,(2) = (=1)"+12, then 2, (t) = G4 0 — 01,2,

= G-
(d) Let 29(2) = —1, and 2,(2) = (-=1)"*'2, n = 1,2,.... Then zo( ) = & and
zn(t) = W, n=1,2,.... This example was given in [4, theorem 4.1 (b)].
(9) tul, (t) +un(t) = > 5o (M ur(O)un—i(t), n=0,1,2,....
(a) If up(1) = nl, n = 0,1,2,.... Then u,(t) = nlt", n = 0,1,2,.... This

example was given in [4] corollary of theorem 4.1 (a)].

(b) If up(1) = 2, u,(1) =nl, n=1,2,..., then ug(t) = %7 un(t) = #,
n=12,....

(c) If un,(2) = (=)™ nl2, n = 0,1,2,..., then u,(t) = %, n =
0,1,2,....

(d) If ug(2) = —1 and u,(2) = (—1)""'nl2, n = 1,2,..., then ug(t) = 1%, and
un(t) = $7 n=1,2,.... This example was given in [4, corollary of theorem

.1 (b)], with some mistakes corrected here.

Acknowledgments. The proof of the Theorem [3.2] by the generating function
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