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EXISTENCE OF GLOBAL SOLUTIONS TO THE 2-D
SUBCRITICAL DISSIPATIVE QUASI-GEOSTROPHIC EQUATION
AND PERSISTENCY OF THE INITIAL REGULARITY

MAY RAMZI, EZZEDDINE ZAHROUNI

ABSTRACT. In this article, we prove that if the initial data 6y and its Riesz
transforms (R1(6p) and R2(0p)) belong to the space

1—2a,00
B

(S(R2)) , 12<a<,

then the 2-D Quasi-Geostrophic equation with dissipation « has a unique
global in time solution 6. Moreover, we show that if in addition 8y € X for
some functional space X such as Lebesgue, Sobolev and Besov’s spaces then
the solution 6 belongs to the space C([0, +o00[, X).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we are study the initial value-problem for the two-dimensional
quasi-geostrophic equation with sub-critical dissipation

010+ (=A)*0 +V.(Au) =0 on RS x R?

0(0,2) = fo(x), = €R? (1.1)

where a €]3,1] is a fixed parameter and V denotes the divergence operator with
respect to the space variable z € R2. The scalar function 6 represents the potential
temperature. The velocity © = (u1,ug) is divergence free and determined from 6
through the Riesz transforms

u=R"(0) = (~Ra(0), Ra(0)).

o

The non local operator (—A)® is defined through the Fourier transform,

F((=A)*F)(E€) = [E**F(f)(€)
where F(f) is the Fourier transform of f defined by

FUNEQ =)= | fa)e " Sdn.

To study the existence of solutions to (|1.1)), we follow the Fujita-Kato method.
Thus we convert (|1.1]) into the fixed point problem:

0(t) = e * =20y + B, [0, 0)(t). (1.2)
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Here (e=*=2)"),5 is the semi-group defined by
Fle A1) = T F(A)©

and B, is the bi-linear operator

Ba[01,02](t) = —La (1R (62)) (1.3)
where, for v = (v, v2),
Lo(v)(t) = / t V.e =98 ds, (1.4)
0

In the sequel, by a mild solution on ]0, T to (1.1)) with data 6y, we mean a function 6
belonging to the space L2 ([0, 7], F>) and satisfying in D’(]0, T[xR?) the equation

(1.2) where Fj is the completion of S(R?) with respect to the norm
1fllp = sup (115@o1)fll2 + [15@e.n R (F)ll2)-

zoER
One of the main properties of is the following scaling invariance property: If
f is a solution of with data 6y then, for any A > 0, the function 0,(t,z) =
A2e=19(\2¢, \x) is a solution of with data 0 x(z) = A22~ 10y (A\x). This leads
us to introduce the following notion of super-critical space: A Banach space X will
be called super-critical space if S(R?) < X < S(R?) and there exists a constant
Cx > 0 such that for all f € X,

sup A2 F()Ix < Cx || fllx-
0<A<1

For instance, the Lebesgue space LP(R?) (respectively, the Sobolev space H*(R?))
is super-critical space if p > p. = T2—1 (respectively, s > s, = 2 — 2a). Moreover,
one can easily prove that the Besov space BL2*°°(IR?) is the greatest super-critical
space. The first purpose of this paper, is to prove the global existence of smooth
solutions of the equations for initial data in a super-critical space B closed
to the space BL2*°°(R?). Our space B* is the completion of S(R?) with respect
to the norm

150 = 11l p12em + IR (F) pr2eee.

Before setting precisely our global existence result, let us recall some known results
in this direction: in [22], Wu proved that for any initial data 6y in the space LP(R?)
with p > p. = 2(3—_1 the equations has a unique global solution # belonging to
the space L> ([0, +oo[, LP(R?)). Similarly, Constantin and Wu [4] showed the global
existence and uniqueness for arbitrary initial data in the Sobolev space H*®(R?)
where s > s. = 2 — 2a. However, we notice that these results don’t cover the limit
cases p = p. and s = S, that are critical regularity exponents.

We recall that global solutions are obtained under smallness size assumption on
the initial data by several authors. For instance, one can quote the results of Wu
[21] for 6y € By»™ (R?) (critical spaces) with s, = £—(2a—1), Niche and Schonbek,
[15] for 6y € LP<(R?), with p. = 527, Lemarié-Rieusset and Marchand [11] for 6 €
Lﬁ"’o(Rz) and finally the work May and Zahrouni [I2] where they considered

initial data in the greatest critical homogeneous Besov space Bo_o(m_l)’oo(R2). The
later one contains all the preceding critical spaces. Indeed, we have

LP’SP(R2) c B;F,OO(RQ) c Bofo(Qafl),oo(R2)’
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Our space of initial data B® introduced above contains all known critical spaces,
in particular we have

Bofo(Qafl),oo(R2) C Ba.
Now we give our first result overcoming the above mentioned smallness assumption.

Our global existence result reads as follows.

Theorem 1.1. Let v = 1 — (1/2a). For any initial data 0y € B*, equation (1.1)
has a unique global solution 0 belonging to the space NrsoEY., where EY. is the
completion of C°(]0,T] x R?) with respect to the norm

[vlley = Oiltlth”(llv(t)Hoo +IRF () (#)lloo)-

Moreover, _
6 € C([0, +o0[, BY).

The proof of the above theorem is far from being a direct consequence of an
application of a Fixed Point Theorem. We will establish a local existence result
and will be able to get global existence that is essentially based on a new adapted
version of the well-known maximal principle (Lemma that we stated and
proved in second section.

We can recover the results quoted above using our second main result that is
a persistency Theorem stating that, the solution 6 given by Theorem keeps
any further Besov or Lebesgue regularity of its initial data. Precisely, our theorem
states as follows.

Theorem 1.2. Let X be one of the following Banach spaces:

o X = LP(R?) with 1 < p < oo;

° X:B;vq(RZ) with s > -1 and 1 <p < o0,1 <qg< ooy

o X = B;’Q(Rz) with s >0 and 1 < p,q < co.
Assume 0y € BN X. Then the mild solution 6 of the equation given by
Theoremu belongs to the space LS. ([0, +oo[, X). Moreover, if 6y € B*N S’(Rz)x

loc

then 6 belongs to C([0, +oo, S(RQ)X).

As a consequence of the previous theorems, we have the following theorem that
generalizes the existence results of Wu [22] and Constantin and Wu [4] recalled
above.

Theorem 1.3. Let X be the Lebesque space LP(R?) with p > p. = TQ_I or the
Sobolev space H*(R?) with s > s, = 2 — 2a. Assume 0y € X. Then the equation
with initial data Oy has a unique global mild solution 6 belonging to the space
C([0,4+o0[, X).

We emphasize that the above stated results are new since the initial data con-
sidered here are in the nonhomogeneous space Ea, that is our knowledge the first
time employed in this context. Moreover, we are allowed to obtain global solutions
for this initial data without assuming any smallness assumption on its size. Thus
we have a better results than those of Wu [21I] and [4]. As a by product of our
method we are able to extend the result of Wu to a large class of LP spaces, for
which we have also obtained the uniqueness issue. We focus on the fact that we
have established the propagation of any further regularity of initial data belonging
to B«.
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Our next challenge is to extend the use of our method to the critical Quasi-
geostrophic equations.

The remainder of this paper is as follows: in section 2 we recall some definitions
and we give some useful Lemmas that will be used in this paper. In section 3, we
prove Theorem Section 4 is devoted to the proof of Theorem and in section
4, we will prove Theorem [T.3]

2. PRELIMINARIES

2.1. Notation. In this subsection, we introduce some notation that will be used
frequently in this paper.
(1) Let X be a Banach space such that S(R?) — X < S’(R?). We denote by
X7 the space
Xrp={fe X R f) € X?}
endowed with the norm

1Fllxe = Iflx + IR x-

We recall that RE(f) = (—Raf, R1f) where Ry and Ry are Riesz trans-
forms.
(2) Let T > 0, r € [1,00] and X be a Banach space. L}.X denotes the space
L7([0,T[, X). In particular, L7.LP will denote the space L"([0, T, LP(R?)).
(3) Let X be a Banach space, T' > 0 and p € R. we denote by L5°([0,77], X)
the space of functions f :]0,7] — X such that

[ fllzeeo,my,x) = sup t#|[f(t)]|x <oo and lim¢"[|f(¢)[x = 0.
: 0<t<T t—0

The sub-space CJ)([0,T], X) of L°([0,T], X) is defined by
CO([0,7), X) = L2((0,T], X) 1 C(J0, T, X).

(4) Let A and B be two reals functions. The notation A < B means that there
exists a constant C, independent of the effective parameters of A and B,
such that A < CB.

2.2. Besov spaces. The standard definition of Besov spaces passes through the
Littlewood-Paley dyadic decomposition [I]. [7], and [10]. To this end, we take an

arbitrary function 1 € S(R?) whose Fourier transform 1) is such that supp(v)) C
{€.3 <l€l <2}, and for € # 0, 3059(55) = 1, and define ¢ € S(R?) by (&) =
1—3s0 U(%). For j € Z, we write p;(z) = 22p(2/2) and ¢;(z) = 22¢(2x)
and we denote the convolution operators S; and Aj, respectively, the convolution
operators by ¢; and ;.

Definition 2.1. Let 1 < p,qg < o0, s € R.
1. A tempered distribution f belongs to the (inhomogeneous) Besov space By if
and only if

£ mge = ISoflp + Q27U A;f11§)7 < oo
>0
2. The homogeneous Besov space B;’q is the space of f € 8'(R?)/g(x] such that
. 1
1 ge = Q27U AFIE)7 < o0,

JEL
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Where R[X] is the space of polynomials [17].

An equivalent definition more adapted to the Quasi-geostrophic equations in-
volves the semigroup (e~ *=2)"),5 0.

Proposition 2.2. Ifs <0 and ¢ = oco. Then

f € By e supta [ A ]|, < o, (2.1

>

f€ By* <=VT'>0, sup 7 le "t A f, < O (2.2)
0<t<T

The proof the above proposition can be easily done by following the same lines
as in the proof in [I0, Theorem 5.3] in the case of the heat Kernel. One can see
also the proof in [I3] Proposition 2.1].

2.3. Intermediate results. We shall frequently use the following estimates on the
operator e~ t(=2)%,

Proposition 2.3. For t > 0, we set K; the kernel of e *=2". Then for all
r € [1,00] we have

el = Crrt™r, (2.3)
IV = Cort™ 25, (2.4)
IR VK|l = Cspt7 25, (2.5)
where o, = i(% —1) and C1,,Ca, and Cs,. are constants independent of t.

Proof. This propostion was previously proved in [22]. Equalities (2.3)) and (2.4) can
be found in [13]. Estimate (2.5) can be obtained by following the same argument
as in [I0, Proposition 11.1]. O

Following the work of Lemarié-Rieusset, we introduce the notion of shift invariant
functional space.
Definition 2.4. A Banach space X is called shift invariant functional space if
. S(R?) < X — S (R?),
o for all p € S(R?) and f € X, [lo* fllx < Cx/|lell1llf]x-
Remark 2.5. The Lebesgue spaces, the inhomogeneous Besov spaces B,?, with
s € R,1 < p,q < oo, and the homogeneous Besov spaces B;’q, with s > 0,1 <
p, q < 00, are shift invariant functional spaces.
The proof of Theorem requires the following lemmas.
Lemma 2.6. Let X be a shift invariant functional space. If f € X then

sup 7" 2 fllx < Cx || fx- (2.6)
>0
Moreover, if f € S(RZ)X , then et =2 f € C(]0, o0, S(RQ)X) and e t=2)% f
finX ast— 0T,

Proof. One obtain easily from (2.3). Let us prove the last assertion. For ¢ > 0,
we denote by K; the kernel of the operator e #(=2)" . Then K;(.) = t~a K(t "2 .)
where K = K;=1. Since K € L'(R?) and [K(z)dz = 1, there exists a sequence
(Km))n € (C(R%)N such that for all n, [Ke,)(z)dz =1 and (K(n))n — K in
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LY(R?). Let (fn)n be a sequence in C2°(R?) satisfying (fn), — f in X. Now we
consider the functions (uy,), and u defined on R** x R? by

u(t,r) = Kex foand  un(t,z) = Ky * fn

where K, ((.) = t’élC(n) (t~2s.) and * denotes the convolution in R,

One can easily verify that for all n, the function iy, (¢,§) = /C(n) (tﬁf)ﬁl(f)
belongs to the space C(RT*, S(R?)) and satisfies @, (,.) — fn in S(R?) as ¢ goes to
0". This implies that for all n, u,, can be extended to a function in C(R*, S(R?))
with f,, as value at ¢ = 0. Consequently, to conclude the proof of the Lemma, we
just need to show that the sequence (uy,), converges to u in the space L= (R™, X).
To do this, we notice that for any ¢ > 0 and any n € N we have

Un (t) — u(t) = Ky (fa = ) + (Kye = Ke) * f.

Hence,
un(®) —u@®llx < NKmllillfn = Fllx + 1K) = Kella L fll x
<SOlfa = flix +IKwmy = Kllallflx
which leads to the desired result. O

The next lemma will be useful in the sequel.

Lemma 2.7. Let X be a shift invariant functional space, T > 0 and p < 1. Then,
forall f € L2([0,T], X), the function Lo (f) belongs to L2 ([0,T], Xr) and satisfies

1o (Dl q0.11.x7) < Clf Lz ro.m1.x)

where p’ = u—l—l—i and C is a constant depending only on i, o and X . Moreover,
if f belongs to L([0,T),S(R?)") then La(f) belongs to C%((0,T], (S®2) " )r).

Proof. The first assertion is a an immediate consequence of estimates (2.4])-(2.5]).
The last assertion can be easily proved by using the previous lemma and the
Lebesgue’s dominated convergence theorem, we left details to the reader. O

Lemma 2.8. Let T > 0. Then the following assertions hold:

(1) The linear operator e=*(=2)" is continuous from B to E%.

(2) The bilinear operator B, is continuous from EY. x By, — EY and its norm
is independent of T .

Proof. The first assertion follows from the characterization of Besov spaces by the
kernel e *(=2)% and the definition of B® The second assertion, is a direct conse-
quence of the previous lemma and the fact that E4 = CY([0, T}, (Co(R?))%) O

The following lemma, which is a direct consequence of the preceding one, will be
useful in the proof of Theorem [T.2]

Lemma 2.9. Let 0y € B*. The sequence ¢,,(0y) defined by
$o(f0) = e~ =)y,
¢n+1(90) = eit(iA)QOO + Ba [¢n(00)7 d)n(aO)L
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belongs to Np~oEY.. Moreover, there exists a constant o > 0 (depending only on
a ) such that if for some T > 0 we have ||¢o(f)||ry. < po then for all n € N*,

[Pn(0)llEx, < 2[[P0(Bo)llEs., (2.7)
[Pn+1(00) — &0 (b0)||ry, < 2% (2.8)

In particular, the sequence (¢n(00))n converges in the space EY. and its limit 6 is a
mild solution to the equation (L.1)) with initial data 6.

The following elementary lemma will play a crucial role in this paper.

Lemma 2.10 (Gronwall type Lemma). Let T > 0, ¢j,c2 > 0, k €]0,1] and f €
L>(0,T) such that for all t € [0,T],

f(t)SC1+62/Ot J(s)

(t—s)"

Then for all t € [0,T],
f(t) < 2ce”, (2.9)

where v = vy, ., > 0.

Proof. Let v > 0 to be precise in the sequel and consider the function g defined on
[0,T] by

g(t) = sup e " f(s).
0<s<t

Clearly, we have

g(t)§01+62/0ti

t—s)*

—v(t—s)
g(s)ds, < 1 + o7 g(t),

—t
o0 e

where v, = [, . Thus, if we choose v > 0 such that c;7,"~! = %, we obtain
the estimate (2.9)). O

Lemma 2.11 (Maximal Principle). Let 6 be a mild solution of belonging to
the space C([0,T], (Co(R?))r). Then for all t € [0,T], we have

10(t) oo < [160]loo (2.10)
IR(0)(t)]loo < 2[R*(60)] 0™, (2.11)

where 1 = 1q, 160 > 0-

loo

Proof. The inequality (2.10) is proved in [I8], [5] and [22], for sufficiently smooth
solution 6. To prove it in our case, we will proceed by linearization of the equations
and regularization of the initial data. We consider a sequence of linear system

0w — (—A)*v + V. (upv) =0
0(0,.) = 0,(.).
where (6,,),, is a given sequence in C°(R?) converging to 6(0) in the space L>(R?)

and u,, = wy, * R*(0) with w,(.) = n*w(n.) where w € C*(R?) and [wdz = 1.
Let n € N. By converting the system (2.12) into the integral equation

(2.12)

t
o(t) = e 1A, —/ V.e~ =98 (4, 0)ds (2.13)
0
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and by following a standard method, one can easily prove that the system (2.12))
has a unique global solution v,, € NEenC>([0,T], H*(R?)). Hence we are allowed
to make the following computations: Let p € [2,00[. For any ¢ € [0, 7] we have

@I = = (A eloP 2o~ [ 9 (uo)ele-ds

= I (t) + Ix(t).
Firstly, a simple integration by parts implies that I5(t) = —I2(t) and so
L(t) =0.
Secondly, by the positivity Lemma (see [18] and [6]), we have
Li(t) <0.
Therefore,

sup_[[on(t)l[p < [0nllp-
t€[0,T)

Letting p — 400, yields

sup [[vn(t)]loo < [|0n]oco-
t€[0,T)

Consequently, to obtain (2.10), we just need to show that the sequence (v, ), con-
verges to the function 6 in the space L°°([0,T], L>°(R?)). To do this, we consider
the sequence (wp)n, = (vp, — 0),. Let t € [0,7] and n € N. We have

wy(t) = e 3 (1, (0)) — / t V.e 8% (4, — RE(0))v,)ds

0

t
- / V.em )RR (G)w, ) ds.
0

Thus, by using the Young inequality and Proposition 2.3} we easily get

‘ [[wn(5)]] oo

(t—s) 1/2ad8

[ ()[loo < [0 = 0(0)||oo + CaT” A By, + Ca M/

where C\, is a constant depending only on «,
Ay = sup_un(t) = RE(O) ()]0
0<t<T
By = sup [va(t)le,
0<t<T
My = sup [[R*(6)(t)]loo-
0<t<T
Applying Lemma [2.10} we obtain
sup |[|wy(t)[loe < C[[|0n — 0(0)|loc + CaT" AnBn]
0<t<T

where C' is a constant depending on «, T and 6 only.

Therefore, to obtain the desired conclusion, we just have to notice that the
sequence (B,,), is bounded and that A, — 0 as n — oo thanks to the uniform
continuity of the function R+ (#) on [0,7] x R?, which is a consequence of the fact

R-(0) € C([0,T], Co(R?))
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Now, let us establish the inequality (2.11]). For any ¢ € [0,77], we have
REB)(t) = e / RAV.e =20 (RL(9)0)ds.
Applying the Young inequality and ., we obtain
R OO < RO + o) [ D=,

5)1/2a

where the constant C' depends only on «. Hence, Lemma 2.10] leads the desired
inequality. (I

3. PROOF OF THEOREM [I.1]

According to Lemma [2.8] there exists 7 > 0 such that [le=*(~ QHOHEV < 1o
where p is the real defined by Lemma[2.9] Therefore, the same lemma ensures that
the equation with initial data 6y has a mild solution 6 belonging to the space
EZ. Following a standard arguments (see for example [I0] and [2]), the uniqueness
of the solution @ can be easily deduced from the continuity of the operator B, on
the space E7.. Hence, there exists a unique maximal solution,

0 € No<r<7-ET.
where T* is the maximal time existence. Let us show that § € C([0,T*),B®).
Thanks to the embedding, _
(CO(RZ))R C Boc7
and Lemma we just need to prove the continuity of N(0)(t) = Ba[6,0](t) at
t = 07T in the space B®. Furthermore, we show that
lim N(A)(t) =0, in B
t—0+

For that, we use Propomtlonn 3 the Young inequality and estimates . to
obtain

t
24 ’
IN@)(Dllge S sup ¢ / (t+t —rm)72wrdr ||6]2, S (613
o<t <1 0
Since ||0]|gr goes to 0 as t goes 01 we obtain the desired result.
It remains to show that the solution 6 is global, that is 7" = co. We argue by
contradiction. If 7% < oo then, from Lemma [2.9] we must have for all 0 < to < T*,

le" =26 (to) |,

T* —tq

2 o,
which yields by the Young inequality

16(t0) [l + IR (0) (t0) [l > (3.1)

(T* —tg)¥’

where ¢ > 0 is a universal constant. Which contradicts the Maximal Principle

(Lemma [2.10]).

4. PROOF OF THEOREM

Along this section, we consider 6 a given initial data belonging to the space B°
and we denote by 6 the solution to (I.1)) given by Theorem We will establish
the persistency of the regularity of the initial data. That is, if moreover 6y € X for
a suitable Banach spaces X then the solution 8 € C([0, ), X).
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4.1. Propagation of the LP regularity. In this subsection we will prove the

propagation of the initial L? regularity. Precisely, we prove the following proposi-

tion.

Proposition 4.1. Let X = LP with p € [1,00]. If 8y € X then 6 belongs to
X —X

Nrso L2([0,T], X). Moreover, if 6y € S(R?)  then 6 € C([0,00), S(R?) )

Proof. Assume 6y € X and let T > 0. We consider the Banach spaces Z; = E%.
and Zy = L*°([0,T], X) endowed respectively with the norms

lollzy = sup e t"[[u(t)|c and |vllz, = sup e M [u(B)],,
0<t<T 0<t<T

where A > 0 to be fixed later. We consider the linear integral equation,
v=Ugv) = e "2y + B, [0, v]. (4.1)

Let k € {1;2}. According to Lemma the affine functional Uy : Z; — Zj, is
continuous. Let us estimate the norm of its linear part

Ko(v) = B,[0,v].
Let € > 0 to be chosen later. A direct computation using (2.4)) gives
1Kolle(zy) = sup || Kp(v)llz,

llvllz, <1

t
<Oy sup t¥ / (t— 1) 722 e M |0) gy dr
o<t<T 0 T

t
< Co(|1ollsy sup t"/ (t=7)" %7 2dr + T2 |0|ay A~ T(v))
0

0<t<e
< Cs (N0lmy + T2 A [01lmy. )
where the constants C7, Cs, C'5 depend only on «. Similarly, we prove the estimate

|Kollz(zo) < Cl0lEr + T A" 0]lsy.),

where C' is a constant depending only on «. Since [|f|[gx — 0 as € — 0%, one
can choose, successively, € small enough and A large enough so that ¥y becomes
a contraction on Z; and Z, and therefore on Z; N Zy. Let v; and vy be the
unique fixed point of Wy respectively in Z; and Z1 N Z5. Now, since Z1 NZy C Zy
then v; = v; 2. Moreover, by construction 6 is a fixed point of ¥y in Z; thus
6 = v1 = v1 2 and hence § € L*°([0,T], X).

The proof of the last statement of the proposition is identically similar, we have
only to replace Z by C([0,T], S(R2)X). O

4.2. Propagation of B;’q regularity for s > 0. In this section, we prove an
abstract result, which implies in particular the persistence of the B;’q regularity for
s > 0. Our result states as follows.

Proposition 4.2. Let X be a shift invariant functional space such that for a con-
stant C and all f,g € X N L>(R?),

1f9llx < CUlflloollgllx + llgllsollf1lx)- (4.2)
If the initial data 0y is in Xg then the solution 6 belongs to Nr=oL>([0,T], XRr).
Moreover, if 0y belongs to (S(RQ)X)R then 6 belongs to C'(RT, (S(RQ)X)R)).
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The proof of this proposition relies essentially on the two following lemmas. The
first one is an elementary compactness lemma.

Lemma 4.3. Let A\ > 0 and K a compact subset of B2. Then there exists § =
0(K, ) > 0 such that for all f € K,

—t(—A)
le™ 2" fllgy < A
Proof. For n € N*| we set
Vo= {feB [l ¥ fllay <A}

We claim that for all n € N*, V,, is an open subset of B and U,V,, = B. This
follows easily from the continuity of the linear operator e *(=2)" from B into E%.
for all T' > 0 and the propriety: For all f € B*,

i e~ flg, =
Jim, [l s, = 0.

Thus, since K is a compact subset of E"‘, there exists a finite subset I C N* such
that K C UrV,, = V,» where n* = max(n € I). Hence, we conclude that the choice
0 = 1/n* is suitable. O

The second lemma establishes a local in time propagation of the X regularity.

Lemma 4.4. Let X be as in Prop. . If 6y belongs to Xr (resp. (S(RQ)X)R)
then there exists 6 = 6(X,«) > 0 such that the solution 0 € L*°([0,0], Xr) (resp.

([0, 4], (S(RQ)X)R). Moreover, the time § is bounded below by,
sup {T > 0, [le™" =" bl < p},
where @ is a non negative constant depending on X and a only.

Proof. Let us consider the case of 8y € Xx. The proof in the other case is similar.
Let p €]0, o[ to be chosen later and let T > 0 such that ||e_t(_A)u90||E% < .
According to Lemma the sequence (¢, (0o)), converges in E%. to the solution ¢
and satisfies the following estimates

sup [|én (60) ey < (4.3)

VneN, |[|én+1(60) — dn(fo)lley <27 (4.4)

Then, to conclude we just need to show that (¢, (0y)), is a Cauchy sequence in the
Banach space Zr = L*°([0,T], Xr) endowed with its natural norm,

lollze = sup (Jo@)lx + IR (v)(#)lx)-
0<t<T

Firstly, using Lemma and the fact that (¢,(60))n € E%, we infer inductively
that the sequence (¢, (o)), belongs to the space Zr. Secondly, once again the
Lemma[2.7] implies that the sequence (wn41)n = (¢n+1(60) — ¢n(60))n satisfies the
inequality
[wnt1llze < Cllon(Bo)llzr + [Pn—1(00)llzr ) lwnlley
+ Cll¢n(00)lley + [¢n—1(00)lles)lwnllzr
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where C' = C'(X,«) > 0. This inequality combined with the estimates (4.3])-(4.4)
yields

1
lwntillzz < C(5)"(19n(00)llzr + 1¢n-1(00)lzr ) + 4C1|lwnzr

Finally, if we choose p > 0 such that 4Cu < 1 one can conclude the proof by using
the following lemma which is inspired from [g]. O

Lemma 4.5. Let (z,), be a sequence in a normed vector space (Z,||.||). If there
exist a constant X € [0,1[ and (0,,), € I*(N) such that for all n € N*,

[Znt1 = 2nl < onllznll + [[nall) + Mlzn — 201l (4.5)

then the series Y, ||Tn+1—2n|| converges. In particular, (), is a Cauchy sequence
m 2.

Proof. Let us define the sequence M,, = sup,,, [[zx||. It follows inductively from

@3,

n—1
||xn+1 - xn” S 2 Z O—nkonfk)\k S wnMn; (46)
k=0
where w,, = 22;;3 on_1AF. Noticing that since (w,), is a convolution of two
sequences in [1(N) then (), belongs to [*(N). Therefore, we just need to show
that the sequence (M), is bounded. This is somehow obvious. In fact, using the
triangular inequality ||zp+1] < [|[2nl] + |€nt1 — Znlls yields

Which in turn implies
M, <TZ (1 4 ) < eXkzo ™,

The proof is complete. O
Now let us show how the two previous lemmas allow to prove Proposition

Proof. As usual we consider only the case of 6y € Xr. Let T' > 0. By Theorem|I.1
the solution 6 is continuous from R into B%, then K = 6([0, T]) is a compact subset
of B*. Therefore, by Lemma there exists ¢ > 0 such that for all 7 € [0, 7],

le=* 2 0(7) ey < po, (4.7)

where 110 is the real given by Lemma [£.4 Now, we consider a partition 0 = ¢y <
-+« < tn41 = T of the interval [0,7T] such that sup, t;41 —t; < %. We will show
inductively that

0 c Lw([ti,ti+1],XR), (48)

which implies in turn the desired result § € L>°([0,T], Xr). First, by Lemma
the claim is true for ¢ = 0. Assume that, it is also true for s < N. Then there
exists 7p in Jt;, t;41[ such that 8y = (7o) € XNB*. We notice that 6 = 6(.+7) is the
unique solution given by Theorem of the Quasi-geostrophic equation with initial
data 6. Then according to Lemm and (4.7)), we obtain 6 € L>([r9, 70+0], Xr ).
Hence, we are ready to conclude since [t;11,ti+2] C [70, 70 + d]. O
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4.3. Propagation of B, regularity for s <0.

Proposition 4.6. Let X be B, or B;’q with —1 < s <0 and 1 <p, qg<oo. If
B0 belongs to Xx then the solution 6 belongs to Np~oL>([0,T], Xr) and satisfies

t72a60 € Ny=oL>([0, T, (LP)R).

As in the case s > 0, by using the compactness Lemma[4.3] we just need to prove
the following local persistency result.

Lemma 4.7. If 6y € X then there exists 6 > 0 such that 0 € L*([0, 4], Xg) and
satisfies

t72a0 € L>([0,0], (LP)Rr).
Moreover, the time § is bounded below by
sup {T > 0/[|e™* "6y |ley. < o},
where g is given by Lemma[2-9,

Proof. We consider only the case of X = Bj?. The proof in the other case is
similar. Let T" > 0 such that

le™ " 200z, < po-

According to Lemma [2.9] the sequence (¢,,(6o)), satisfies

[6ns1(80) — bn(60) e, < =

= (4.9)

and converges to the solution 6 in EY.. Our first task is to prove that (¢, (6o))n is
a Cauchy sequence in the space

Xgp =10 OT) = 2 [ollxg, = swp 5 (@)l + IR ©)@)y) < oo},

where 0 = —s.
Thanks to the Besov characterization (2.2)) and Lemma we can show induc-
tively that (¢, (6o)) belongs to XT and satisfies

[ én+1(60) — bn(bo)ll x,
< Cllgn(00) = on-1(00) |z, max(llgn (60)llxz, - 6n-1(00) xz,)-

Thus, By and Lemma we deduce that (¢,(0p)), is a Cauchy sequence
in Xg?p. Therefore its limit 6 € sz. Now by a simple computation using the
characterization we deduce that 6 € L>([0,Ty], (By>°)r). Moreover, for
e > 0 such that

(4.10)

—-1l<ste<O, (4.11)

one can show that the nonlinear part N(0)(t) = B,[0,0](t) satisfies

IN@)(0)]| ggtem + IREN(O))] riee < Cret =435

Ol 0l xz - (4.12)



14 R. MAY, E. ZAHROUNI EJDE-2011/08

Indeed, we have 7 €]0, 1],
= —T(—A)°
= e TN G) ()],

<c/ (t+7— 1) Fr o dr 6]y 1] xr

C/ ) E k) T e 6 6y, (413)

—1—(sxe) _ o
SC/ (t—r) 2 r Vp MdT”eHEZHaHXZ_pv
0 .

_ e
< Ot ||0l|ey 10 xz,»

Where we have used the facts that, 0 < ;7= <1, t4+7—r > t—r and [@11)). Sim-

ilarly, we have the same estimate (4.13) for the RLN (0)(t). Hence, by Proposmon
we obtain (4.12)). Thus, by using the interpolation inequality

1/2 1/2
11z < (1 1ggee) ™ (IFllggoes )
we obtain that for all ¢ €]0, T,
IN@) ()]l g1 + IRFN(O) ()| 52 < ClOe [16llx7, (4.14)
Hence N(0) € L>°([0,T], (Bj')») which implies 6 € L>°([0,T], (B3 ) ). O
Remark 4.8. By replacing the space X7 by XT = CO ([ T],(LP)g) in the

proof of Lemma one can show that if 6y is in (S(RQ) )R with —1 < s <0
and 1 < p,q < oo, then the solution 6 belongs to the space OT>0X3:p

4.4. The case of null regularity s = 0. In this subsection we aim to prove the
following result.

Proposition 4.9. Let X be Bg’q or Bg,q with 1 < p,q < o0o. If 0y € X then the
solution
0 e ﬂT>0LOO([0, T], X)
Thanks to the following imbeddings

50,1 50, 50,00

B, C By?C By,

50,1 0, 50,00

B, C ByYC By,
the proof of the above proposition is an immediate consequence of the following
lemma.

Lemma 4.10. If 0y € Bg"’o then N(0) = B,[0,0](t) € Nr~oL>([0, TY, Bg’l).
Proof. By using Young’s inequality we deduce that
BY A B Do ¢ pie

Observe that s* = % — a < 0 and hence according to the proof of Proposition
and to the continuity of the Riesz transforms on homogeneous Besov spaces, we
have 0 € ﬂT>oXZ*72p where 0* = a — 2. Let T > 0 and 0 < ¢ < 2o — 1. The basic
estimate

+e _ _ fe
V=2 Ve "2 g, < Cot~ 5 || £l
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yields immediately
c e
I(V=2)==NO) @)l < Ct™5 101,
(

Now, we use the interpolation result (see [Il, Theorem 6.3])

[(V=B) L7, (V=B)"LP]y, = B),
to deduce
IN@O) Ol o1 < CNONXr, . VO<E<T, (4.15)
this implies B
N(9) € L>([0,T], BS). (4.16)

O

As in the context of the Navier-Stokes equations [3], we observe thanks to (4.16)
and (4.15)) that in the case —1 < s < 0, the fluctuation term N (#) is more regular
than the tendency e~ *(=2)"6,. Moreover, we have the following result.

Proposition 4.11. Let X = B> with s] —1,0[ and 1 < p < oo. If g € Xr then
N(0) belongs to the space C([0,00[; (By')r).

Proof. We consider the two cases:

Case s €] — 1,0[: According to Proposition t=3a0 € Np=oL>=([0,T], (LP)R).
Then a simple computation using that 8 € NpsoEY. gives N(0) € C(]0, co[; (LP)r)
which yields N (0) € C(]0, oo[; (BY')r) since s < 0. On the other hand, the estimate
implies that N(0)(t) — 0 in (Bj')r as t goes to 0F. Thus, we obtain the
desired result.

8,00

——<BS
Case s = 0: By interpolation, 6y € (S(R?) ** ) where s, = % —a and p, = 2p

Hence, according to Remark |4.8) the solution 6 belongs to ﬂT>0X p~ where o*
.Letee€[0,2a—1[. A sunple computation gives

V-A ¥EZV( ) € ﬁT>OC:|:E/ 2a)([0’ T]a (Lp)R)
Hence, by interpolation we obtain
N(0) € Nr>oC([0,T], (By")®) -
O
Remark 4.12. Let X = Bf;q with —1 < s < 0and 1 < p,q < 0. If Oy €
(S (RQ)X)R then Lemma and the preceding proposition imply that the solution
0 is in C([0, 00[; XR).
5. PROOF OF THEOREM [L3]

The existence part is a direct consequence of Theorem [I.I} Theorem [I.2] and the
following embedding (consequence of Bernstein’s inequality and the boundedness
of the Riesz transforms on Lebesgue’s and Sobolev’s spaces)

LP(R?) C Bo p > pe,
H*(R?) = By*(R?) c By, Vs > s..
Let us establish the uniqueness part. First we notice that since for s > s,
H?*(R?) — H%(R?) — LP<(R?).
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We just need to prove the uniqueness in the spaces (C([0,7], LP(R?)))p>p.. This
will be deduced from the following continuity result of the bilinear operator B,,.

Lemma 5.1. Let p €]p.,00[, ¢ €]1,00[ and T > 0. There exists a constant C
independent of T such that:

o For any u,v in LFLP,

1Bafu, vl Lgerr < CT |JullLge Lo [lvll g Lo, (5.1)
where o = é(p% - %);

o for any u,v in LFLPe,
HBQ[U»U]”LqTch + ||Ba[U7UH|L“Tch < Cllul|Lge Lre ||'UHL‘1TLPc. ; (5.2)
e for anyu e LPLY and v € LLLP,
_a
1Ba[u, 0]l Lg o + 1Balv, ulll g poe < C T2 ||ull g g [0l g Lre. - (5.3)

Proof. Estimate follows easily from the continuity of the Riesz transforms
on the Lebesgue spaces L"(R?) with 1 < r < oo, the Young and the Holder in-
equality and the estimate on the L"(R?) norm of the kernel of the operator
Ve~ (=) (=2)" Estimate (5.2) is a consequence of the continuity of the Riesz trans-
forms on the space LP<(R?), the Holder inequality, the Sobolev embedding

\Y
< Pc
|| (*A)O‘ prc ~ ||f||7

and the maximal regularity property of the operator (—A)%,

t
I (807 sy e S g

which can be proved by following [I0, Theorem 7.3]. Let us now prove estimate
(5.3). For any t € [0,T] we have

IBufu, O lsn- S | sz IR @) clo()

— 5)
S IR W)l pg = (Lo 195~ 2%) * (Lo 2y [0 (8)]p. ) (8)

where the star * denotes the convolution in R. Hence Young’s inequality yields

ds

Pec

_L
1Balu, o)l Ly, Lo S IR ()| LT 25 [0 £g e
Similarly, we obtain

1Balv, ulll g poe S T2

~

ull 2 Lo |R™(0)l| 1. 1o
_ L
ST ullpg oo llvll Lo, oo
Estimate (5.3) is then proved. O

Now we are ready to finish the proof of the uniqueness. Let p > p. and T" > 0
be two reals number and let ; and 6 be two mild solutions of the equation
with the same data 6 such that 61,0, € C([0,T], L?(R?)). We aim to show that
01 = 05 on [0,T]. For this, we will argue by contradiction. Then we suppose that
t. < T where

t. =sup{t €[0,T]:Vs €[0,t], 01(s) = Oa2(s)}.
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To conclude, we need to prove that there exists & €]0,T — t,] such that 6, = 6 on
[0, 6], where 0; and 65 are the functions defined on [0,T — t.] by

01(t) = 01(t +1t.), 0Oa(t) =0x(t+1.).
We deal separately with the sub-critical case and the critical case.

Case p > p.. Thanks to the continuity of 6; and 2 on [0, 7], we have 0 (7.) =
02(t«). Hence, the functions 6; and 6, are two mild solutions on [0,dp = T — t.] of
the equation (1.1) with the same data 6 (7.). Therefore, the function 6 = 6; — 6,
satisfies the equation

0 = B,[01,0] — B,[9, 02]. (5.4)
Thus, according to (5.1)) we have for any § €]0, dg],
1013 e < C67 (/101 L3o L + [102)l 3o o) 10| Lo 1o
< C6([|01]l g e + 102l Lge o) 110]] e Lo

where C' > 0 is independent on 8. Consequently, for § small enough, 6 = 0 on [0, 4]
which ends the proof in the sub-critical case.

Case p = p.. Choose a fix real ¢ > 1 and let ¢ > 0 to be chosen later. By
density of smooth functions in the space C([0,T], LP<(R?)), one can decompose 6,
and 0, into 0; = uy + vy and Oy = us + vy with

lurllogs e + lluzll g ore <, (5.5)

||U1HL§3L7°§ + ||U2HLgEL;§ =M < .

As in the previous case, the function 6 = ; — 0, satisfies
0 = Ba[01,0] + B0, 03]
= Balui, 0] 4+ Ba[0, us] + Balv1, 0] + Ba[0, vs).
Now by applying (5.2)-(5.3) and using (5.5)-(5.6) we obtain, for any § €]0, ], the

estimate
161|310 < Cle + 625 M)l 1110,
where C' > 0 is a constant depending only on «, p and q.
Thus, by choosing e small enough, we conclude that there exists § €]0, o] such
that ||§|\L§Lp = 0, which implies that §; = 5 on [0,8]. The proof is then achieved.

Remark 5.2. The idea of the proof of the uniqueness in the critical case is inspired
from Monniaux [14].
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