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KWONG-WONG-TYPE INTEGRAL EQUATION ON TIME
SCALES

BAOGUO JIA

ABSTRACT. Consider the second-order nonlinear dynamic equation

[r(&)a® (p())]* + () f (1) = O,
where p(t) is the backward jump operator. We obtain a Kwong-Wong-type
integral equation, that is: If x(¢) is a nonoscillatory solution of the above
equation on [Tp,c0), then the integral equation

7Ozt (t) _ . o ()| fy f'(@n(s))dh][z™ (s)]? s
fem@® O e T feefa )
is satisfied for ¢t > Ty, where P7(t) = [ p(s)As, and zp(s) = x(s) +

hu(s)z?®(s). As an application, we show that the superlinear dynamic equation

[r(t)== (p(t)]™ + p(t) f(z(t)) = 0,

is oscillatory, under certain conditions.

1. INTRODUCTION
Consider the second order nonlinear dynamic equation
(r(O)2(p(1))> + () f(2(1)) = 0, (1.1)
where r(t),p(t) € C(T, R), f(x) € C(R,R), r(t) > 0 and f;:[r"(t)]_lAt = o0o. We

assume that lim;_, f;o p(s)As exists and is finite;

zf(x) >0, for x # 0 and f'(z) > 0; (1.2)
zgrilmf(x) = +o00. (1.3)

When T = R, Equation (1.1) becomes the second-order nonlinear differential
equations

"(t) + p(t) f(2(t)) = 0. (1.4)
Kwong and Wong [4] proved the following result.
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Theorem 1.1. Suppose that [ satisfies (1.2) and (1.3) and lim;_ o f;}) p(s)As
exists and finite. If x(t) is a nonoscillatory solution of (1.4) on [Ty, 00), then the

integral equation
/(¢ oo p/ / 2
AUREPY (L0 O
fx(t)) ¢ f2(x(s))
is satisfied for t > Ty, where P(t) = [ p(s)As.
We note that Theorem has been used by Naito [6] in proving results on
asymptotic behavior of nonoscillatory solution of equation (1.4)).

In this article, we extend Theorem to dynamic equations on time scales. As
an application, we prove that the superlinear dynamic equation

[r(£)22 (p())]> + p(t) f((t) = 0
is oscillatory, if

1 t
limsup —— P?(s)As = o0,
et 7 (1) / (®)

To
where f(z) satisfies the superlinearity conditions
< dx / ¢ dx
0< -, —— < oo, foralle>0. (1.5)
e [fl@) Jow f(2)

It should be pointed out that our proof of the main theorem is different from the
one in Kwong and Wong for differential equation in [4].

For completeness, we recall some basic results for dynamic equations and the
calculus on time scales; see [I] and [2] for elementary results for the time scale
calculus. Let T be a time scale (i.e., a closed nonempty subset of R) with sup T = co.
The forward jump operator is defined by

o(t) =inf{s € T :s > t},
and the backward jump operator is defined by

p(t) =sup{s € T: s < t},
where sup@® = inf T, where () denotes the empty set. If o(t) > ¢, we say t is
right-scattered, while if p(t) < t we say t is left-scattered. If o(t) = t we say ¢ is
right-dense, while if p(t) = ¢ and ¢ # inf T we say ¢ is left-dense. Given a time
scale interval [c,d]r := {t € T : ¢ <t < d} in T the notation [c, d]% denotes the
interval [¢,d]r in case p(d) = d and denotes the interval [c,d)r in case p(d) < d.
The graininess function p for a time scale T is defined by u(t) = o(t) — ¢, and for

any function f : T — R the notation f7(¢) denotes f(o(t)). We say that 2 : T — R
is differentiable at t € T provided

2 (t) == lim

exists when o(t) = t (here by s — t it is understood that s approaches ¢ in the time
scale) and when z is continuous at ¢ and o(t) > ¢

sy o 2o®) ()

p(t)
Note that if T = R , then the delta derivative is just the standard derivative, and
when T = Z the delta derivative is just the forward difference operator. Hence
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our results contain the discrete and continuous cases as special cases and generalize
these results to arbitrary time scales.

2. LEMMAS

The following condition was introduced in [7].
Condition (H): We say that T satisfies Condition (H), provided one of the fol-
lowing holds:

(1) There exists a strictly increasing sequence {t,}>2  C T with lim,, o t, =
oo and for each n > 0 either o(t,,) = t,41 or the real interval [t,,,t,41] C T;
or

(2) TNR = [Ty, o0) for some Ty € T.

We say T is a regular time scale provided it is a time scale with inf T = T,
supT = oo and T is either an isolated time scale (all points in T are isolated) or
T is the real interval [Ty, 00). Note that in every regular time scale the backward
jump operator is (delta) differentiable (which is used in the proof of the following
theorem).

Remark 2.1. Time scales that satisfy Condition (H) include most of the important
time scales, such as R, Z, ¢, harmonic numbers {3, _, %7 n € N}, etc.

We need the following lemmas.

Lemma 2.2. Assume that T satisfies Condition (H) and the function g(t) > 0 for
t € [To,00). Then we have for t € [Ty, c0)T,

JRE=CINENED

 9(s)  —  g(To)
Proof. Assume that t =t;_1 <t; = o(t). Then
W ghs)  grut)  gla(t) —g(t)
[ G = @1)

We consider the two possible cases: (i) g(t) < g(o(t)) and (ii) g(t) > g(o(¢)). First,
if g(t) < g(o(t)) we have

AR Y (0(22 5 90 5 / O gi}"(ig)). (2.2)
g9(t) v
On the other hand, if g(t) > g(o(t)), then

g(t) —g(o(?)) 9() LT g9(t)
g(?) = /g(a(t)) Ud = g(a(t))’

which implies that
oo () ~g(0) |, 9lo®)
g(t) g(t)
Hence, whenever t,_1 =t < o(t) = ¢;, we have from (2.1)) and (2.2)) in the first case
and (2.1)) and (2.3)) in the second case, that

LiogB(s) g(a(t)) . g(t:)
[t e zm T = w GRS (2.4

(2.3)
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If the real interval [t;—1,t;] C T, then
t; A .
/ 9-(s) As=1n 9(t:) . (2.5)
tiy 9(8) g(ti-1)

and so ([2.4) also holds in this case.
Note that since T satisfies condition (H), we have from (2.4)), (2.5) and the
additivity of the integral that for ¢ € [Ty, 00)T

" g%(s) 9(t)
/TO o05) As>1In o(To)’ (2.6)

O

Lemma 2.3. Suppose that T satisfies Condition (H). z(t) > 0 is a solution of
(1.1). f(z) satisfies the superlinearity conditions

0< dr . < oo, foralle>D0. (2.7)

e fl@) J_x fl@)
Then

CatS) N e - Fla )
/Tf(w‘f(s))A < F(x(T)) — F(xz(t) < F(x(T)),

where F(z) = [ 2

z  f(v)”
Proof. Assume that t =t;,_1 < t; = o(t). Then
T ats)  eBAOu(t) _ (o) — ()
[ T ™ = fee@) ~ fale®) (2:8)

IA

We consider the two possible cases: (i) z(¢)
if (t) < z(o(t)) we have

x(o(t)) and (ii) z(t) > z(o(t)). First,

(o) —x(t) (D1 e
fz(o(t))) S/w) oy =Fa®) - Fa@@),  (29)

since f is increasing. On the other hand, if z(t) > x(o(¢)), then

"0 o) | [ 1
f(z(a(t))) Z/I(a(t)) f(v)dS_F( (a(t))) — F(x(t)),

which implies that

20O =20  piyy) — Fla(o(r). (2.10)

Hence, whenever t;_1 =t < o(t) = ¢;, we have from (2.8)) and (2.9)) in the first case
and (2.8)) and (2.10) in the second case, that

“ats)

. Fa@Ey R S Fllto) - Flat). (2.11)
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If the real interval [t;—1,t;] C T, then

R O

o Tae) T S, TEe)
/””“) 1 (2.12)
(ts l)f(U)

= F(a(ti-1)) — F(z(t:)),

and so (2.11)) also holds in this case.
Note that since T satisfies condition (H), we have from ([2.11)), (2.12) and the
additivity of the integral that for ¢t € [T, c0)rT,

‘20 A< pleT) - Flo )
/Tf(ff(ff(S)))A < Fa(T)) = F(a(®) < F(2(T)- (2.13)
0

3. MAIN RESULTS

Theorem 3.1. Suppose that T is a regular time scale. f(x) satisfies (1.2)) and
(1.3). If z(t) is a nonoscillatory solution of (1.1)) on [Ty,00). Then the integral
equation

D S o O || AP N0 ) N
faem) T OF / 0 f(:c(S))f(w"(S)) CB

is satisfied for t > Ty, where P7( f 0P $)As, zp(s) = x(s) + hu(s)z>(s).

Proof. Suppose that z(t) is a nonoscillatory solution of ( on [Ty, 00). Without

loss of generality, assume that x(t) is positive for ¢ € [TO, oo).
In the first place, we will prove

* 7)o fan()dhB G
/TD O (3.2)

where z,(t) = z(t) + hu(t)z®(t) = (1 — h)z(t) + ha(o(t)) > 0. From (L., it is

easy to see that

T(t)CUA(P(t)) A — r(£) 22D A 1 7O () 1 A
(Trawy ) =~ r0eeON® e + 0020 (7)
Oy (wn(t))dn][z2 (t)]?
F() f@(t)

=—p(t) -

Integrating from Ty to t,

D2 (o) r(Ty)r (p(Ty))

el e .
= _ s)As — *)lJo s.
- /Top( A /T f(x(S))f(w“(S)) A

If (3.2)) fails to hold; that is,

Mo £/ NE>G
/To f(fv(S))f(fv"(S)) A5 =00 (34
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From (3.3)), we have

_r(t)a®(p(t)
ST T o
We can assume that
r x® K
W _/T p(s)As < —1, (3.6)

for ¢ > Tpy. Otherwise let L = sup;>r, ‘fTo s)As|. By (3.5)), we can take a large

Ty > Ty such that W < —(2L +1). So we have

e I IV AT / " b

f(z(T1)) T
—(2L+1)—[-2L)=-

So we can replace Ty by 17 > Tj such that (| . ) still holds. From and (| .,
we obtain, for ¢t > Tj,

r)zA (o) [ ) f an(s)dh]lzA ()P
f(a(t) +/TO Fa(s) f(ze(s)) As< -1 (3.7)

In particular,
z2(t) <0, fort>Typ. (3.8)

Therefore, x(t) is strictly decreasing.
First assume that T is an isolated time scale; that is,

Tz{to,tl,tg,...}, to <ty <ta..., hm ty = 00.

Ift =t;i_1 <t; =o0(t), then z(o(t)) < z(t), so
/ F(en(s))dh = / F/((1 = Rya(s) + h(a(o(s))))dh
_ A= W)a(s) + ha(o()} 59)
fC( s)) — x(s)

_ fz(o(s))) = f(z(s)
z(o(s)) —x(s)

On the other hand if the T is the real interval [Tp, c0), then

1
| Fansnan = (o). (3.10)
Let . Ny
o [ Pl anle A )P
W=+ | A (310
Hence from , we obtain
)z (p(t))
e y(t). (3.12)
Replacing ¢ by o(t) in and using [1 Theorem1.75], we obtain
ro(tz () (t) Jy F'(xn(8)dh[z™ (6))u(t)
Fary V0= o e
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Noting that
1 1 1

A
Flao(t) f(a:(t)) * (f(x(t))> p(t)- (3.14)
Using (3.14) in the left side of and noticing that

( 1 )A _ fO dh.’l? ( )
f(z(t)) f(w(t))f(wg(t))
from , it is easy to see that
ro(t)z?
_ f(a(t)g” > (o). (3.15)
From and (| , we obtain
Ay _ P70 Jo £ an(t)dhlzA @)
o= ) 16
Jo '@ (1)) dh[—z2 (1))
SO ey

In the isolated time scale case from (3.16]) and (3.9, we obtain

ylo®) —y(®) _ flao(t) - f(z(t) _ 2(t) —a(a(t))
y(t)(o(t) — 1) x(o(t) —=(t)  flle®)lo(t) -t

ylo() _  flz(t)
y(t) — fx(a(t)’

y(ti-1) f(w(tz))
Let Ty = tp, and t = t,,,n > ng, then using (3 we have that

n—mo—1 n—mo—1

y no+k+1 n0+7€)) _ f(x(tno)),
H f no+k+1)) f(m(tn)) 7

So

that is,

’I’Lo+k7
that is,
o0) _ J(ltn,)
yYltng) ~ fl(D)
for t > Ty. To obtain (3.18) in the case where T is the real interval [Tj, 00), from

(3.10) and (3.16]) we have

(3.18)

that is,

Integrating from Tj to ¢, we obtain
y(t) _ fa(Ty)
(To) fla(t)’
Using (3 again, from and -, we obtain
_T"(t)wA(t) y(To) f (x(To))
fx(t)) f@®)

> y(t) >
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If we set Ly := y(Tp) f(x(T})), we obtain

Ly

2 (t) < — (D)

Integrating from Tj to ¢, we obtain

As — —o0, ast— oo.

2(t) — 2(Ty) < 7/ I

7, 77(5)

which contradicts z(t) > 0.
In (3.3)), letting ¢ — oo and replacing Ty by o(7), denoting

r®)(pt) _ T2

CCELTIGE) AR T (520
we obtain
T [ O e )R (e )
*/m”( A +/U<T> faoN ) 20 w32
We claim that a = 0. In the right side of (3.21)), using
1 1 Jo f'an(m)dha? ()

= p(t)
f@o(r))  fla(r)) f@(m)f(z7 (7)) (
and in the second integral term of left side of (3.21)), noticing that

/°° v (8)[fy S (xn(s))dh] [z (5))?

N T A C) I

PO SRR 7O @) P )
-/ COcO / CONcO
_ /oo ro(s)[f, f'(xn(s))dh] AE) \_r7O)l Iy f’(mh(T))dh][xA(T)P,u -
i T @ (3)) [ f@ (@)
we obtain
[ s [T @) ()ad(r)
*/gmp( s [ @) T i) - ¢
From ,We have
et
B em) (3:23)

Suppose that a < 0. Then from (3.23)) there exists a large 77 such that for
t > Ty, we have

So

<0. (3.24)
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Thus
IR OINFICAOITCOIIN
M(Ty) =: /T f(x(s))f(x“(s)) s (3.25)
oo [ |
=73 f(zU(S)) .

Assume that t = t; 1 < t; = o(t). From [I, Theorem 1.75], (3.9) and z2(t) < 0,

we have

/"(t) Ly £'(xn(s))dh] [~z (5)] As = Ly ' (zn(®)dh)[22 ()](o () — )
’ f(x7(s)) fae (1))
_ (@) — f(=7(1))
flzo(t))
f=®)
> Zdv 3.26
B /f(x”(t)) v 20
S
fae(t))
_ o Flattio)
fx(ti)
In the isolated time scale, from , we obtain

o f'(@n(s))dh][-e2(s)] o f(2(Th))
e 0) sszuww
In the case where T is the real interval [Ty, ), from (3.10), we have

LU S (DA () Ly () ()
Ty f(.TU(S)) T f(a?(s)) (328)
()
fa(®)
From (3.25), (3.27), (3.28)) and the additivity of the integral, it is easy to see that

I L A C ) L it ) R 12 5Y)
M(Ty) > QtI_’OO/Tl f(xa(s)) Asz -3, 2 Yim lim In Fem)

So there exists a large T5 such that for ¢t > T5, we have that
@) 2M(T)
f(z(t)) o

(3.27)

+ 1.

Thus for t > Ty,
Fl(®) > f(my)esp (LT )

By (3.24) and noticing that « < 0, we have that for ¢ > Ty

1 9M(Ty)
A

Db famen (21T )
P80 < § - o - falT)esn (2
Integrating (3.29)) from T to ¢, we obtain x(t) — —oo as t — oo, which is a
contradiction.

(3.29)
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If @ > 0, from (3.20]), we have that there exists T5 such that for ¢ > T3,
7o (t)xz?(t) L@

P @) = (3.30)
Therefore, from Lemma [2.2] we have
* 7)o L n()dhEB G o [ Uy S n(s)dhlla(s)]
/T3 CoNiciO) 2/;3 F(x(s)) 8
IR GO
=3 ) e °
a fla(t)

2 t=00 - f(z(T3))
Due to condition (1.2]) and (1.3]), it is easy to know that x(¢) is bounded.

On the other hand, from ([3.30)) and the monotonicity of f, we obtain that in the
isolated time scale case

Q

r7(Ts)a®(Ts) > - f(2”(T3)),

f(x7(T3)).

[\)

P (T)a (0(Ty) 2 5167 (T3) = 5
By induction, it is easy to get that for ¢t > T,

PO (1) 2 5 F@(Ty);
that is,

w0) 2 gy @ (T). (3.31)

Integrating from T3 to ¢, we obtain x(t) — 400 as t — oo, which contradicts
the boundedness of z(t).

If T is the real interval [T, 00), then from and the monotonicity of f, we
have that for t > T3,
Q@ e

(1) > 5 () 2 5 (), (3.32)

Integrating (3.32)) from T3 to ¢, we obtain x(t) — 400 as t — oo, which also
contradicts the boundedness of x(t). Therefore a = 0.

From (3.21)), we obtain (3.1]). The proof is complete. O
Theorem 3.2. Suppose T is a regular time scale, r(t) > 0 with f;; [ro(t)] 1At = 0

and suppose that lim;_ f;o p(s)As ezists and finite. Let P(t) = [ p(s)As. f(z)
satisfies the superlinearity conditions

> dx /_6 dx
0< —_— —— < o0, foralle>D0. 3.33
. T@ ) T (333
Then the superlinear dynamic equation
[r(8)22 (p(8)]* + p(8) f ((1)) = O, (3.34)
is oscillatory, if
1 t
li P7(s)As = oo. .
im sup 0 /TO (s)As =0 (3.35)
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Proof. Suppose that x(¢) is a nonoscillatory solution of on [Ty, 00). Without
loss of generality, assume that x(t) is positive for ¢ € [Ty, 00). From Theorem 3.1}
x(t) satisfies the integral equation . Dropping the last integral term in
we have the inequality
7 (D) (t)
[z (1))
Dividing by 79(t) and integrating from Tp to t and using Lemma we find

> P7(t). (3.36)

") L[ erias
Fo) 2 |6y 2 /TOP (5)8s.

This contradicts (3.35)), so equation (3.34) is oscillatory. O

4. EXAMPLES
Example 4.1. Consider the superlinear difference equation
A?z(n —1)+p(n)z?(n) =0, ~v>1, (4.1)

2(=D"
Jn

where P(n) = = +

1
n

NGV ks RRVD)
n(n+1) n(n+1) '

It is to see that > - | P(n+ 1) = co. So from Theorem (4.1)) is oscillatory.

p(n) = P(n) — P(n+1) =

(4.2)

In [8, Theorem 2.5], we proved that the equation A%x(n — 1) + q(n)xY(n) =
0,7 > 1, is oscillatory, if Y7 | ng(n) = co. In the following, we will prove that

2k+1
Z np(n) — —oo as k — oc. (4.3)
n=1
So [8, Theorem 2.5] would not apply in (4.1)).
We need the following lemmas. The first lemma may be regarded as a discrete
version of L’Hopital’s rule and can be found in [I, page 48].

Lemma 4.2 (Stolz-Ceséro Theorem). Let {an}n>1 and {b,}n>1 be two sequences
of real number. Assume b, is positive, strictly increasing and unbounded and the
following limit exists:

. a 1—a
lim 2L — % g

Then

We will use Lemma [4.2] to prove the following result.

Lemma 4.3. For each real number d > 0, we have

m -d matt
mogd—m
lim Z:’—l—d‘*‘l . (4.4)

m— 00 md 2
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Proof. By Taylor’s formula, we have

1.d d dd-1) 1
(1+E) :1+E+W+O(ﬁ)' (4.5)
By (4.F) and the Stolz-Ceséro Theorem (Lemma [1.2)), it is easy to see that
m o mit d_ (man® ot
i 2 i1 ¥~ _ i (m+1)* = = — + g
m— oo md m— o0 (m + 1>d — md (4 6)
o OV BEO )y
m—00 (1+ L) —1
Using (4.5) in (4.6)), it follows that (4.4]) holds. O
So given 0 < € < 1, for large m, we have the inequality
md+l pd LN, mit oyl .,
- — < ¢ < —_— . 4.7
d+1+2 em ;z d+1—|—2+em (4.7

Set d = 1/2. we have

2 . 1 - 2 1
gms/z + §m1/2 —em!/? < ;il/Z < §m3/2 + 5m1/2 +eml/2. (4.8)

From (4.2) and using Taylor’s expansion, we have

np(n) = — Jlr 21"l (14 %)_”2]
1 " 1 1
= — A=)V - -+ 0(-5)] (4.9)
1 n (=n" 1
:m—l—ll(—l) vn — NG +0 m)

Using the Euler formula [5, page 205],
C = lim (zn:l —lnn)
o n—oo k ’
k=1
where C' is called Euler constant, we obtain

2k+1 1
> — =0(1) 4+ C — 1+ In(2k + 2). (4.10)

n=1

From (4.8) and using Taylor’s expansion, we have

2k+1
> (=1
" 2k+1 k
==Y Vn+2v2> Vn
n=1 n=1
< —[§(2k +1)%% 4+ (% —€)(2k + 1)1/?] + Ni[%kw‘ + (% + k2]
B 42 1 .3/2 1 14172
= Tk?’/?[k (1+%) | + V221 5(1+ﬁ) ]
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+eVaE2[2 4+ (1 + i)l/z]

A2 3 3 1 1arl 1
= Tk?)/ [- oG]+ V2K [5+0()]

F VI3 4+ 0()] (4.11)
= —(% — 3e)V2k'/? + O(#).

Take ¢ < 1/6. From ([&9), [@I10), (@11) and noticing that > °° f}%” and
> O(#) are convergent, we obtain that

2k41
Z np(n) — —oo, as k — oo.

n=1
So we complete the proof of .
Example 4.4. Consider the differential equation

() +pt)z?(t) =0, ~>1, (4.12)
where P(t) = (t'/*sin/t)’. So we have flt P(s)ds = t'/*sin/t —sin 1 and

¢
limsup/ P(s)ds = . (4.13)
1

t—o0
It is easy to see that
1
plt) = ~(PO) = =t sin Vi~ Lt/ cos v
1

1
+ §t75/4 cos \/Z — ZFBM sin \/1?

When 3 < —1, [ tFsinvtdt and [t cos V/tdt are convergent, we have that

limy o0 flt p(s)ds exists and finite. From (4.13) and Theorem (4.12)) is oscilla-

tory.
Example 4.5. Consider the g-difference equation

(@(g '3 +p(H)a7(t) =0, 7> 1, (4.14)
where t = ¢", n € Ny, P(t) = M It is easy to see that

2(-1)" (1 + q)} 1

q-—1 qt*
We have that [ p(t)At is convergent and [ P?(t)At = co. From Theorem [3.2
(4.14]) is oscillatory.

p(t) =—P2(t) = [1+
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