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UNIQUENESS OF POSITIVE SOLUTIONS FOR AN ELLIPTIC
SYSTEM

WENSHU ZHOU, XIAODAN WEI

ABSTRACT. We prove the uniqueness of positive solutions for an elliptic system
that appears in the study of solutions for a degenerate predator-prey model in
the strong-predator case.

1. INTRODUCTION

This article is devoted to showing the uniqueness of positive solutions for the
elliptic system
—Au=Au—buv in Q,

—Av:/w(l—gg) in Q, (1.1)
d,u=0,v=0 on 09,

where Q C RY is a smooth bounded domain, v is the outward unit normal vector
on 9N, 9, = , A, b, uand £ are positive constants.

Problem appears in the study of positive solutions of the degenerate preda-
tor-prey model in the strong-predator case

—Au = M — a(x)u® — fuv in Q,
—Av = po(l - B) in Q, (1.2)
u
dyu=0,v=0 on 09,

where (3 is a positive constant, and a(z) is a continuous function satisfying a(z) = 0
on Qo and a(z) > 0 in 2\ Qy, where Q) is a smooth domain with Qy C €. Re-
cently, problem has been studied in |2, []. Under the condition p > A > Aq,
where \; denotes the first eigenvalue of the Laplace equation on €}y with homoge-
nous Dirichlet boundary condition, Du and Wang [3] described spatial patterns
of positive solutions of problem by studying asymptotic behavior of positive
solutions as 3 — 07 (weak-predator), 3 — +oo (strong-predator) and p — o0
(small-predator diffusion), respectively. For related work on problem , please
refer to [8].

2000 Mathematics Subject Classification. 35J57, 92D25.

Key words and phrases. Predator-prey model; strong-predator; positive solution; uniqueness.
(©2011 Texas State University - San Marcos.

Submitted April 19, 2011. Published September 29, 2011.

Supported by grants 10901030 and 11071100 from the National Natural Science Foundation
of China, 2009A152 from the Department of Education of Liaoning Province.

1



2 W. ZHOU, X. WEI EJDE-2011/126

Clearly, problem has a positive solution (u,v) = (£,2). In [3, Remark
3.2], the authors pointed out that when the spatial dimension N = 1, the positive
solution of problem is unique for any p > 0 by a simple variation of the
arguments in [6]. In the present paper, we prove the uniqueness for all sufficiently
large p in the high dimensional case, which can be stated as follows

Theorem 1.1. Let N > 2. Then there exists a positive constant pg depending
only on A and Q such that problem (1.1) admits a unique positive solution for any

> Ho-
Remark 1.2. The proof to Theoremis based on the fact that (@, 0) is a positive
solution of problem (1.1} if and only if (gﬂ, bd) is a positive solution of

—Au=u(A—v) inQ,
—Av = pv(l - %) in Q, (1.3)
dy,u=09,vy =0 on 9.

Remark 1.3. As a result of Theorem and [3, Remarks 3.1-3.2], one can prove
that if (ug,vg) is a solution of problem (1.2)), then for any p > o, we have, as

B — +oo,

<||ul;ﬁ||oo7 |IUZTIOC) —(1,1) in [H'(Q),

Y% ), (1,1) in [LP(Q)AV
) ) ) p > 1'
(”uﬁ”oo ||U6Hoo>

2. PROOF OF THEOREM [L.1

First recall several preliminary results.

Lemma 2.1 (Harnack Inequality [5]). Let w € C?(Q)NCY(Q) be a positive solution
to Aw(z) + c(x)w(x) = 0, where ¢ € C(Q), satisfying the homogeneous Neumann
boundary condition. Then there exists a positive constant C which depends only on
B where ||c|oc < B such that maxgw < C' mingw.
Lemma 2.2 (Maximum Principle [7]). Suppose that g € C*(2 x R'). Then
(i) if w € C*(Q)NCH(Q) satisfies Aw(z) + g(x,w) >0 in Q, d,w <0 on I,
and w(zo) = maxg w, then g(xo, w(zo)) > 0.
(ii) if w € C%(Q) N CY(Q) satisfies Aw(z) + gz, w) <0 in Q, d,w >0 on IQ,
and w(zo) = ming w, then g(xo, w(zo)) < 0.
The following lemma can be inferred from [2, Lemma 3.7] (see also [§]).

Lemma 2.3. Let {u,} C H*(Q) satisfy, in the weak sense,
*Aun S Auru Uy > 07 ayun|af2 = 07 HunHoo S B7 vn Z 17

where A and B are positive constants. Then there exists a subsequence of {u,},
still denoted by {u,}, and a nonnegative function uw € H*(Q2) N LP() for all p > 1,
such that

U, —u in HY(Q), u, —u in LPQ).
If we further assume that ||up||lec > 6 > 0 for alln > 1, then u # 0.

The following lemma gives the uniform bounds of the positive solutions for prob-

lem .
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Lemma 2.4. Let (u,,v,) be a positive solution of problem (1.3). Then there exist
a positive constant o = po(A, Q) and two positive constants Co, Cy independent of
w such that for all > po,

Ci <uy, v, <Cy onf (2.1)
Moreover, as p — +00,
u, — A in CH(Q). (2.2)
Proof. By Lemma 2.2 and the definition of v,,, it follows that

max, > maxv,, minv, > minu,. (2.3)
Q Q Q Q

Hence, to prove (2.1)), it suffices to show that there exist a positive constant py =
to(A, ) and two positive constants Co, C; independent of u such that

C1 < minw,, maxu, <C% VYu> po. (2.4)
Q Q
We first prove the second inequality of (2.4)). Assume on the contrary that there

exist a sequence {u, } converging to +o0o and the corresponding solution (u,,, v,, ),
such that

lup, loo = +00  as n — +oc.

Denote
. U . Vpin

u — v = .
. 1w lloo + ””unHoo’ i [t lloo + ||Uun||oo
Then 4, and 9, satisfy |[@., |lso + |84, [lc = 1, 1@, lso = & by [-3), and

—Aty, =Uu, (A —v,,) inQ,

—Aiy, = iy, (1— Z“”) in Q, (2.5)

o
OylUy, = 0,0,, =0 on 0.

In particular, we have
— Adgy,, < AMiy,, inQ, J,4,, =0 on Q. (2.6)

By Lemma and [|0,,]lc < 1, there exist a subsequence of {(y,,0,,)}, still
denoted by itself, and a pair of non-negative functions (4, 9) € (H*(€2) N LP(2)) x
L>(Q) for all p > 1, 4 # 0, such that

ty,, =4 in H'(Q), d,, —a in LP(Q), ©,, —9 in L*(Q).
Integrating the first equation of (2.5)) over Q yields

A / 0 = / Oyt = ([t
Q Q

From ||uy, ||cc = +00 (n — +00), we have

oo + v,

) / Uy, Oy, A
Q

A
/ woder = lim Uy, Oy, dr = lim / Uy, dr =0. (2.7)
Q Q oo JQ

n—+oo n—+00 ||up," o ||’UH7L

By the second equation in (2.5)), 0, is a positive solution of

—Aw+ iy, 2“"’ w=ppw in€Q, Jdyw=0 on (2.8)
fin
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From the variational characterization of the first eigenvalue it follows that

[ vords 4, [ Foaez g, [ o
Q Q Up, Q
for any ¢ € {w € H*(Q);0,w =0 on 9N} (cf. [1]). Taking ¢ = 1, yields

1
/7/ |Vﬂun|2dm+/@Mﬁﬂndaﬁz/ﬁindw.
n JQ Q Q

Passing to the limit and using (2.7, we obtain fQ 4%dx = 0, so 4 = 0, which is a
contradiction. Thus there exist a positive constant uy = po(A, 2) and a positive
constant Cs independent of p such that

< >
max vy, < Cay, Y > po. (2.9)

Next we prove the first inequality in (2.4). Suppose that this is not so. Then
there exist {u,} converging to +o00 and the corresponding solution (uy,, v, ) such
that

n—+oo

lim minwu,, = 0. (2_10)
Now rewrite the equation of u,, as
Auy,, + f(x)u,, =0 inQ, Jdyu,, =0 on 09,

where f(z) = X —v,,. By the first estimate of and , we have, for all
sufficiently large n,
[flloe A+ [vp,lloo S A+ Co,
by Lemma there exists a positive constant C3 independent of n such that for
all sufficiently large n,
maxu,, < Czminu,,.
Q Q

Therefore, it follows from (2.10) and the first estimate of (2.3)) that

lim maxu,, =0, lim maxv,, =0. (2.11)
n—-+4oo ﬁ n—-+o0o 5

Denote 1y, = uy,, /|uy, ||oo. Then @, satisfies ||a,, || = 1, and
—Aty,, =0,,(A—v,,) inQ, 0ya,, =0 ondQ.
By (2.3)), (2.9) and the definition of 4, , both {-A%,, } and {@,,} are bounded
sets in L*°(Q). By the standard elliptic theory (cf. [4, Theorem 9.9]), {@,,} is
bounded in W2?(Q) for any p > 1. Therefore, there exist a subsequence of {iy, },
still denoted by itself, and a nonnegative function @ € C*(Q) with ||@|l = 1, such
that
iy, — 4 in C1(Q),
by (2.11) and the definition of 4, , we derive that
—Au=Xt inQ, d,u=0 on JN.

This implies @ = 0, which is a contradiction. This proves .

Next we show (2.2). By and the equation of w,, {—Au,}u>u0s {Uutu>me
and {v,},>,, are bounded sets in L>°(Q). By the standard elliptic theory, there
exist a sequence {u,} converging to +oo, the corresponding solution (u,,,,v,,) of
problem and a pair of functions (u,v) € C*(Q) x L>(Q) with C; < u,v < Cy,
such that

u,, —u in CYQ), wv,, —ov in L*Q).

n
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Clearly, (u,v) satisfies, in the weak sense,
—Au=uA—v) inQ, du=0 ondN.

Multiplying the equation of v, by ¢ € C§°(€2) and integrating over Q, we get

v
vnqude—/vn 1— ) pd.
/JJn : Q H ( U’Mn)¢

Passing to the limit yields
v
1——)pdxr =0

which implies that v(l — %) = 0. Since v # 0, we must have v = u. By the
regularity theory of elliptic equation, u € C?(Q2) and satisfies

—Au=uA—u) inQ, Ju=0 ondfd

Then u = A. The proof is complete. (I

Proof of Theorem[I1. Let (u,,v,) be a positive solution of problem (1.3). By
(2.2), there exists a constant pog = po(A, Q) such that for all p > g,

u, <2\ on Q. (2.12)

Multiplying the equations of u,, and v, by u“ and 12 T respectively, we obtain

2 2 A— A—
_92)\ \Vu3u| dr + \Vu2#| do — / ( up)( U”)dx,
Q Uy Q Uy Q Up,
and
|V’Uu|2 do — / (up — ) (A — v“)dx
M Q U,% Q Up,

[ N0 B,
Q Up, Q Uy

Adding these two equalities yields

2 2 2 N — 0 )2
P |Vu3ﬂ| dr+ |Vu2#| A |Vv;| do — / Mdm. (2.13)
Q Uy Q Uy o Y Q U

Noting (2.12)), for all pu > pg, we obtain
2 2 2
—2)\/ 7|V“3”| dsc—i—/ L“;' dm:/(uu—2)\)|vu“| dz <0,
Q U Q U, Q

u)

which and (2.13)) implies that fﬂ (& uv“) dx < 0, hence v, = X for all u > pg, so
= \ for all i > pg. Combining this and Remark [1.2] n completes the proof. (]
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