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PERIODIC BOUNDARY-VALUE PROBLEMS FOR
FOURTH-ORDER DIFFERENTIAL EQUATIONS WITH DELAY

SAMUEL A. IYASE

ABSTRACT. We study the periodic boundary-value problem
a0 (t) + f(3)% (t) + bi(t) + g(t, 3(t — 7)) + dw = p(t)
z(0) = z(2w), (0) =x(2w), &(0)=&(2w), Z(0)= % (2m),

Under some resonant conditions on the asymptotic behaviour of the ratio
g(t,y)/(by) for |y| — oco. Uniqueness of periodic solutions is also examined.

1. INTRODUCTION

In this article we study the periodic boundary-value problem

() + F(2)T (1) + bi + g(t, @(t — 7)) + do = p(t)

. . 5 ) (1.1)
z(0) = z(2m), z(0)=x(27), Z(0)=z(2m), Z(0)=

(2m),

with fixed delay 7 € [0,27), f : R — R is a continuous function, P : [0, 27] — R and
g :[0,27] x R — R are 2r—periodic in ¢t and g satisfies Caratheodory conditions
with b and d real constants. The unknown function z : [0,27] — R is defined for
0<t<7bya(t—7)=[27r— (t — 7). We are concerned with the existence and
uniqueness of periodic solution of equation under some resonant conditions
on g.

It is pertinent to note that fourth-order differential equations with time delay
are used to model problems in engineering and biological or physiological systems.
For instance, the oscillatory movements of muscles that occur as a result of the
interaction of a muscle with its load (see [5]). For other papers dealing with the
study of fourth order differential equations with time delay see [2, [3] and references
therein.

In what follows, we shall use the spaces C([0, 27]), C*([0, 27]) and L*([0, 27]) of
continuous, k times continuously differentiable or measurable real functions whose
kth power of the absolute value are lebesgue integrable. We shall use the following
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Sobolev spaces:
VV247;2 = {x :[0,27] — R : x, &, 4, T'are absolutely continuous on [0, 27] and
z(0) = z(27), ©(0) = &(27), #(0) = &(2m), T(0) = ¥ (2m)}
with the norm

4 27
1 .
2 % 2
= — t)|“dt
2121 ?_0:277/0 [ (0)

and

Hj = {x:[0,27] — R : x is absolutely continuous on [0,27] and & € L3_}

9 1 2 d 2 1 2 2d
2 = | =— t t) - ] t.

2. THE LINEAR PROBLEM

with the norm

We consider here the linear delay equation

20 (8) + a'% (1) + bi(t) + ci(t — 7)) + dz = 0

z(0) = z(2m), z(0)=x(27), Z(0)=z(2w), Z(0)=7(2n), 1)
where c is a real constant.
Lemma 2.1. Let b< 0, d >0 and
0< ¢ <n (2.2)

b
where n is an integer n > 1. Then (2.1) has no non-trivial periodic solution for
any fized T € [0,27).
Proof. We consider a solution of the form z(t) = e* where A\ = in with i2 = —1.
Then Lemma 2.I] will follow if
Y(n,7) =n*—bn? + censinnt +d # 0

for all n > 1 and 7 € [0,27). By (2.2)), we obtain

n* 5 C
b_1(n,7) = 5 n + Ensinm’ + 3
< n74 —n?a4 ¢ 4 C,l
=% " T
n* d
2 12<0
< b + b <
Therefore, 1)(n,7) # 0 and the result follows. If z € Li_ we shall write
1 27
I=— z(t)dt, z(t)==z(t)—=
27T 0
such that fOQW Z(t)dt = 0. O

We consider next the delay equation
) () + @ (t) + bi(t) + c(t)a(t — 7)) +dz =0 23)
z(0) = z(27), #(0) = &(2n), #(0)=&(2n), ¥(0) =% (27), '

where a, b are constants and c(t) € L3 .
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Theorem 2.2. Let b<0,d >0 and T'(t) = b~ te(t) € L3,.. Suppose that
0<T()<1. (2.4)

Then has no non-trivial periodic solution for every fized T € [0, 27).

Proof. Let x(t) be any solution of . Then

0= % :ﬂ 0 [%{x(i“) +aF +de + {7+ T)i(t - T)}}]dt
- v - e FOF(1) + T(0)(t — )t
> % O% FO)lE(t) + T(@)a(t — 7)]dt
_ /0% B2(t) + T(OF(0)i(t — 7)) de
- % 0% [5}2@) - ?é%) - @ij(t - T)}dt
% Ozﬂ ? [#(6) + it — 7)] .

In the above expression we used the equality

a+by2 a? b
2 ) -

From the periodicity of (), it follows that

ab:(

Hence,

By [4, Lemma 1] where § > 0 is a constant. This implies that = is constant a.e.
But since d # 0 we must have x =0, a. e. ]

3. THE NON-LINEAR PROBLEM

We shall consider here a preliminary Lemma which will enable us obtain a priori
estimates required for our results.

Lemma 3.1. Let all the conditions of Lemma hold and let & be related to I'(t)
by Theorem . Suppose that v € L3, and

0<v(t)<T(t)+e ae tel0,2n]
holds for any v € L3, where ¢ > 0. Then

1 27

o i(t) {b*l{x“”) +a% +dz} + 3+ D(t)a(t — 7')} dt > (5 —€)||%: -
™ Jo 27
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Proof. From the proof of Theorem [2.2] we have
L. : "
= [ i [b—l{x@v) Vad +da) + i+ o(t)E(t — 7)} dt
0

2w

k= /0%[52“) - O] + 5[5 /0%[952@ ) = T(0)F(t 7))t
e [+ By

L e -rwie- o] - = [Te-n
[T 22 (t — 7)dt

> (8= )lilfy -

We shall consider the non-linear delay equation
) 4 f(@)F + bi 4 g(t, 2(t — 7)) + dz = p(t) (3.1)

where f : R — R is a continuous function and g : [0,27] x R — R are 27 periodic
in ¢t and g satisfies Caratheodory condition; that is, g(-, ) is measurable on [0, 27|
for each x € R and g(t, ) is continuous on R for almost each ¢ € [0, 27]. We assume
moreover that for r > 0 there exists Y, € L3 such that |g(¢,y)| < Y. (t) for a.e.
t €10,2n] and = € [—r,7].

Theorem 3.2. Let b < 0 and d > 0. Suppose that g is Caratheodory function
satisfying the inequality

g(t,y) >0, |yl <r (3.2)
lim sup 9ty) <T(t) (3.3)
ly|—o0 by

uniformly a.e., t € [0,27] where r > 0 is a constant and T'(t) € L3, is such that
0<T(t) <1 (3.4)

Then for arbitrary continuous function f, the boundary-value problem (3.1)) has at
least one 2m-periodic solution.

Proof. Let 6 > 0 be associated to the function I by Theorem Then by (3.2)),
(3-3) there exists a constant R; > 0 such that

9(t,y) 0
0< I'(t)+ = 3.5
< 900 <)+ 5 (35)
if |y| > Ry for a. e., t € [0,27] and all y € R. Define Y : [0,27] x R — R by
y ot y), lyl = By
R71g(t,R), O<y< Ry

v
—R1 g(t, —Rl), —R; < y < 0

I'(t), y=0.
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Then by (3.5, we have

0<Y(t,y) <T(t)+ g (3.7)

for a. e. t € [0,27] for all y € R. Moreover the function Y (¢,y) satisfies
Caratheodory conditions and

gt, 2t —7)) =b"tg(t,2(t — 7)) = Y (t,2(t — 7))i(t — 7)
is such that a. e. ¢t € [0,27] and all x € R, we have
|9(t, &(t — 7)) < alt) (3.8)

for some a(t) € L%.. To prove that (3.1) has at least one periodic solution, it
suffices to show that the possible solution of the family of equations

b~z NF(2)F] + &+ (1 = VD)@t — 7) + AY (¢, &(t — 7))
+ o7t dr + \g(t,&(t — 7)) + Y (t,2(t — 7)) = Ao~ 'p(t)

are a-priori bounded in W247’r2 independently of A € [0,1]. By inequality (3.7) one
has

(3.9)

0<(1—=NT(t)+AY (t,a(t —7)) <T(t) + g (3.10)

for a. e. t € [0,27] and all z € R. From Theorem 2.2 we can derive that for A =0
equation ([3.9) has only the trivial solution. Then using Lemma [3.1] and Cauchy
Schwarz inequality we obtain

1

o 2T 0

+ AY (t,@(t — 7))a(t — 7) + Ag(t,&(t — 7)) + b 'dw — )\p(t)}dt

27
0 i{b’l[:c(”) Ff(E)E] + 7+ (1= VD)@t —7)
6 . — ~ — ~
> §|ﬂc\fq;w = (lalz + [0~ |pl2)|Z|2 + b~ [d]Z]
5. . e
> Sl — Blilag, — b7 IE

0. .
2 §|x\?qzlw — Bllmy,

for some @ > 0. Hence,

|2y < ? =c1, (3.11)
with ¢; > 0. This implies
|E|s < ¢ (3.12)
|00 < €3 (3.13)
where c; > 0 and c3 > 0. Using Wirtinger’s inequality in , we obtain
]y < ¢4 (3.14)

with ¢4 > 0. Multiplying (3.9) by —i(¢) and integrating over [0, 27], we obtain
[z < |E[3]1 + 3 |El2 +lalz + dldfz + |pl2|E]2

Applying Wirtingers inequality we obtain
#2 < es (3.15)
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with ¢5 > 0 and hence
|$|oo < Ce
with ¢g > 0. We multiply (3.9) by (") (t) and integrate over [0, 27] to get

1y N 1l (i - (i O G
—b7 S < () |oolElala ™ a0 + 22|22 + 14+ S l]2]2 5

+ 107 |d| |2 ]2 + a2z |2 4 |p|2] 2t o
<[ F (@)ool #2]2 (27| 4 |22

6 . v — v v i(tv —
+\1+§||$|2|9C( Moo= d|z ) |2 + a2 ]2 |2 + [plo]a’ ) |2 [p71,

where we used the Wirtinger’s inequality. Thus

2]y < ¢ (3.16)
with ¢; > 0. Finally multiplying (3.9)) by z(¢) and integrating over [0, 27] we obtain
2|2 < cs (3.17)

with cg > 0. Hence,
|@lyaz = |2l2 + [E]2 + [z + ]2+ [2]; S es +ea+co+ o5 +or = Oy

Taking R > Cy > 0, the required a priori bound in W247’T2 is obtained independently
of z and . |

4. UNIQUENESS RESULT

For f(z) = a, a constant, in (1.1]), we have the following uniqueness result.

Theorem 4.1. Let a,b,d be constants with b < 0 and d > 0. Suppose g is a

Caratheodory function satisfying

g(t, &1) — g(t, &2)
b(a1 — &2)

for all x1,x9 € R with 11 # w2 where T'(t) € L3 is such that 0 < T'\(t) < 1. Then

for all arbitrary constant a and every T € [0, 27) the boundary-value problem

0<

<T(t) (4.1)

W (t) + a'F + bi + g(t, &(t — 7)) + dx = p(t) (12)
z(0) = x(2n), #(0) = &(27), #(0) = &(27), T(0) = ¥ (2n), ’

has at most one solution.

Proof. Let x1,x2 be any two solutions of (4.2)). Set x = x1 — xo. Then x satisfies
the boundary value problem

bl () + 0T +D()i(t —7) + b e =0
2(0) = z(2m), #(0) = &(27), #(0)=i(2m), ¥(0)= ¥ (2m),
where the function I'(¢) € L2 is defined by

F(t) _ g(t;il(th);a!)](t7i2(t77—)) if CE(t) # 0
i if #(¢) =0

if #(t) on every subset of [0,27] of positive measure, then z is constant Since
d # 0 we must have x = 0 and hence x; = x5 a.e. Suppose on the other hand that
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Z(t) # 0 on a certain subset of [0, 27] of positive measure, then using the arguments

of Theorem we obtain that z = 0 and hence ;1 = x5 a .e. (|
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