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POSITIVE SOLUTIONS FOR SYSTEMS OF THIRD-ORDER
GENERALIZED STURM-LIOUVILLE BOUNDARY-VALUE
PROBLEMS WITH (p,q)-LAPLACIAN

NEMAT NYAMORADI

ABSTRACT. In this work, we use the Leggett-Williams fixed point theorem to
prove the existence of at least three positive solutions to a system of third-order
ordinary differential equations with (p, ¢)-Laplacian

1. INTRODUCTION

In this article, we prove the existence of at least three positive solutions to a
boundary-value problem with the (p, ¢)-Laplacian:

(¢p(u” (1)) + ar(t) fr(t,u(t), v(t)) =0 0<t <1,

(¢q(v" (1)) + as(t) fo(t, u(t),v(t)) =0 0<t <1,
aru(0) — f1u/(0) = pru(&r), mu(l) + 61w’ (1) = pgu(m), «”(0) =0,
az0(0) = Bov’(0) = p21v(&2),  720(1) + 620" (1) = pogu(ne), v"(0) =0,

where ¢,(s) = [s[P72s and ¢,(s) = |s|?7"%s are p,q-Laplacian operators; p > 1,
g>1,0<&<,0<y; <1, fori=1,2.

I'in and Moiseev [4] studied the existence of solutions for a linear multi-point
boundary-value problem. Gupta [3] studied certain three-point boundary-value
problems for nonlinear ordinary differential equations. Since then, more general
nonlinear multi-point boundary-value problems have been studied by several au-
thors because multi-point boundary-value problems describe many phenomena of
applied mathematics and physics (see [2, Bl 12, I1]). There is much current in-
terest in questions of positive solutions of boundary-value problems for ordinary
differential equations, on may see [II, 8, @] [10 13| 14, 15] and references therein.
Motivated by the works [7) [I6], in this paper we will show the existence of three
positive solutions for the problem .

The basic space used in this paper is a real Banach space F = (C]0,1],R) x
(C[0,1],R) with the norm |[(u,v)|| := [[ul| + [[v]|, where ||u|| = max;c[o,1) |u(t)|. For
convenience, we make the following assumptions:

(1.1)
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(H1) a; 20,8, 20,7 >0, 0; >0, p; = ayyi +Bivi+ids > 0, pi — piop(n;) > 0,
Pi — ,U,ilgﬁ(fi) > 0, pi1, thig > 0, A; < 0, fori=1,2, and o € (O, 1/2),

A, = —hap(&)  p—pap&) L,
C e = (i) —paop(ni) The
where
Yi(t) = Bi + ity @i(t) =y + 6 —vt, te€[0,1], i=1,2 (1.2)

are linearly independent solutions of the equation z”(t) = 0, t € [0,1].

Obviously, v; is non-decreasing on [0, 1] and ¢; is non-increasing on [0, 1].
(H2) fi € C(]0,1] x [0,400) X [0,400),[0,+00)), and a; : (0,1) — [0,400) is

continuous and a;(t) # 0, for ¢ = 1,2 on any subinterval of (0, 1), and

1
0< / a;(s)ds < +o0.
0

For the convenience of the reader, we present here the Leggett-Williams fixed
point theorem [6].

Given a cone K in a real Banach space F, a map « is said to be a nonnegative
continuous concave (resp. convex) functional on K provided that o : K — [0.+00)
is continuous and

atz + (1 —t)y) > ta(z) + (1 — H)a(y),
(resp.afte + (1 —t)y) < ta(z) + (1 —t)a(y)),

for all z,y € K and t € [0, 1].
Let 0 < a < b be given and let « be a nonnegative continuous concave functional
on K. Define the convex sets P, and P(«,a,b) by

P, = {z € Kllla| <},
P(a,a,b) = {z € Kla < a(a), |l2]| < b}.

Theorem 1.1 (Leggett-Williams fixed point theorem). . Let A : P. — P, be
a completely continuous operator and let o be a nonnegative continuous concave
functional on K such that a(x) < ||z|| for all © € P.. Suppose there exist 0 < a <
b < d<c such that

(A1) z € Pla,b,d)|a(z) > b#0, and a(Az) > b for x € P(a,b,d);

(A2) ||Az|| < a for ||z|| < a; and

(A3) a(Az) > b for x € P(a,b,c) with ||Az| > d.
Then A has at least three fized points x1, x2, and x3 and such that ||x1]] < a,b <
axs) and ||zs|| > a, with a(zs) < b.

Inspired and motivated by the works mentioned above, in this work we will
consider the existence of positive solutions to (L.I). We shall first give a new
form of the solution, and then determine the properties of the Green’s function
for associated linear boundary-value problems; finally, by employing the Leggett-
Williams fixed point theorem, some sufficient conditions guaranteeing the existence
of three positive solutions. The rest of the article is organized as follows: in Section
2, we present some preliminaries that will be used in Section 3. The main results
and proofs will be given in Section 3. Finally, in Section 4, an example are given
to demonstrate the application of our main result.
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2. PRELIMINARIES

In this section, we present some notations and preliminary lemmas that will be
used in the proof of the main result.

Definition 2.1. Let X be a real Banach space. A non-empty closed convex set
P C X is called a cone of X if it satisfies the following conditions:
(1) z € P,u > 0 implies ux € P;
(2) x € P,—x € P implies z = 0.
Let y1(t) = —¢p(u”(¢)), y2(t) = —dq(v"'(t)), then for ¢ = 1,2, the following two
boundary-value problems
(Bp(u” (1) + a1 () fr(t,u(t),v(t)) =0, 0<t<1,
u’(0) =0,
and
(¢q(v" (1)) + az(t) fo(t, u(t), v(t)) =0, 0<t<1,
v"(0) =0,
are turned into the following two boundary-value problems
Yi(t) — ai(t) fi(t, u(t), v(t)) =0, 0<t<1,

1=1,2 (2.1)
y:(0) =0,
Lemma 2.2. Problem (2.1)) has a unique solution
t
i) = [ alofisuls)v(s)ds, i=1.2 (22)
0

Lemma 2.3. If (H1) holds, then for y;(t) € C([0,1]), the following two boundary-
value problems
W)+ ¢, (1) =0, 0<t<1,
/

a1u(0) — B1u’(0) = pru(éy), (2.3)

yiu(l) + 014’ (1) = pgu(m),
and
V() + ¢y H(ya(t) =0, 0<t<1,
!

av(0) — 20" (0) = pa1v(&2), (2.4)

720(1) + 020" (1) = poav(12),
have a unique solutions

u(t) = /0 Gi(t, s)by,  (y1(s))ds + A1 (g, (y1))0r () + B(o, ' (y1))er(t),  (2.5)

1
v(?f):/O Ga(t,8)¢g " (y2(s))ds + A2(9; " (y2)) 2 () + Ba(dy ' (y2))e2(t),  (2.6)

where

1 [, s<n
Gi(t,s) = o {sﬁi(s)ﬂ%(t% t<s, i=1,2, (2.7)
B 1 e (&1,8)05 (y1)ds  p1 — pi1e1(&1)
A 1 _ L fo 1 Y P Hi1p )
VO )= K i s)on (s —puaser (m) 25
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1| =t (&) g fy Gr(&r,s)o, (y1)ds
B — 8 b :
(& ') = A1 |pr — paoti(m) a2 fol G1(77173)¢;1(yl>d5 , (29)
As(67 (1)) = L i fy Ga(6a,9)8; H(ya)ds  pa — parpa(&a) 7 (2.10)

Ao |2 [y Ga(2,8)d7  (y2)ds  —paagpa(ne)

and

U | —pote(&e)  por fy Ga(Ga,9)6; (y2)ds
Ba(og ' (2)) = B2 |pa — isata(s)  piza i Galna, )6 (ya)ds| (2.11)

The proof of the above theorem follows by routine calculations. We omit it.

Remark 2.4. For a fixed integrable function y, it is obvious that A(¢,'(y)) and
B(¢, ' (y)) are constant.

For convenience, let

p1(1 —0) ¥i(o) (1 —0) 1/)2(0)}
e1(a) TPi(1) walo) T ahe(1)

Ay = mas {1, 1)1 I el ieall

AQ:min{ min @(t), min (), min @o(t), min Pa(t), }7

te[o,1—0] telo,1—0] telo,1—0] t€lo,1—o]

A = min {AO7 1111 }

If (H1) and (H2) hold, then from Lemmas [2.2) and [2.3] we know that (u(t),v(t)) is
a solution of if and only if

u(t) = /O Gi(t,8)¢, ' (Wi(s))ds + Av(¢,  (Wi(s)))vr(t) + Bu(ey, ' (Wa(s)))ea(8),

Ao = min{

=/ G2(t78)¢;1(Wz(8))d5+A2(¢;1(Wz(8)))¢2( )+ Ba(¢g ' (Wa(s)))pa(t),

where 0 < ¢ <1, and W;(s) = [ ai(7) fi(7,u(7),v(r))dr, for i = 1,2.

We need some propertles of the functions G;,i = 1,2, in order to discuss the
existence of positive solutions. For the Green’s functions G;(t,s), we have the
following two Lemmas [7].

Lemma 2.5. If (H1) and (H2) hold, then

0 < Gi(t,s) < Gi(s,s), t,sel0,1], (2.12)
Gi(t,s) > AoGi(s,s), teo,1—0],s€]0,1], (2.13)
fori=1,2.
Denote
K = {(u.0) € Bu(t) > 000 2 0, _min_(ult) +0(0) > Al o)}

It is obvious that K is cone. Define the operator T': E — E by
T(u,v)(t) = (Ta(u, v)(t), Ta(u, v)(¢)), Vi€ (0,1), (2.14)



EJDE-2011/139 POSITIVE SOLUTIONS 5

where
/ Gi(t, ) ())ds + Av (¢, (Wi () (8
FBI6; (Wals))en(t), 0<t<1, o)
/ Ga(t, )67 (Wals))ds + Az (6 (Wa(s)))6a(t)
+ Ba(og  (Wa(s))p2(t), 0<t <1,
where Wi(s) =[5 ai(7)fi(r,u(r),v(r))dr, for i = 1,2. Evidently, (u(t),v(t)) is a

solution of . ) if and only if (u(t),v(t)) is a fixed point of operator 7.

Lemma 2.6. If (H1) and (H2) hold, then the operator defined in (2.14) satisfies
T(K) C K.

Proof. For (u,
Ty (u, 0)(£) > 0

T (u,v)(t)

v) € K, then from properties of G1(t, s) and Gs(t, s), T (u,v)(t) > 0,
, t €0,1], and it follows form (2.15]) that

/ G (t, )67 (Wi (s))ds + Ay (6 (Wi () (1) + Ba (6 (Wi (5)))n ()

/ G1(5,5) (5))ds + Ax [A1 (65 (W (5))) + Ba (5 (Wi (s)))]
Thus,
I3 ()] < / G (s, 5)5 (Wi ())ds + As [A1 (65 (Wa(5)) + Ba(é (Wi ()]
On the other hand, for ¢ € [0, 1 — o], we have

in Ty (u,v)(t
el g T )

1
= o | / G (1,88, (W (s))ds + A1(85 (W) (1) + Ba(9, (W) (1)

tefo,1—0]
>Ao/ Gi(s,s) (s))ds + Av(,  (W1)¥1(t) + Bi(, ' (W) (t)
> Ao/ G1(s, s)¢p (W1(s))ds + % Ay [Al(dfl(Wl)) +Bl(¢;1(Wl))]
>\ / G1(s, ) (s))ds + A1.[A1 (¢, ' (Wh)) + Bi(o, H(Wh))]]
2 A T1(u, v)||.

In this way, for any (u,v) € K, we have

min o (u,v)(t) > A||Ta(u, v)]|.
tefo,1—0]

Therefore,

min (T3 0)(0). Bo(u,0)(1) 2 AT (. 0)] + Al Ta(ar0)|

= AT (u, v), To(u, v))||
From the above, we obtain T'(K) C K. This completes the proof. O
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3. MAIN RESULTS

In this section, we discuss the existence of positive solutions of (1.1). We define
the nonnegative continuous concave functional on K by

alu,v) = JSrtngi?ig(u(t) +v(t)).

It is obvious that, for each (u,v) € K, a(u,v) < |[(u,v)].
In this section, for convenience, we denote
—~ 1 —~ 1
A; = B

_ L pi— paei(&) -
LA ’ A,

piz  —pi2pi(m:)
1 1—0o
M; = max G;(t,s)ds, m;= min / Gi(t,s)ds, i=1,2.

0<t<1 Jy oc<t<l—0o

*ﬂiﬂ/&‘(fz‘) Hi1
Pi — Mz‘2¢i(ﬂi) Hi2 ’

Also we use the following assumptions: There exist nonnegative numbers a,b, ¢
such that 0 < a < b < min{)\, p:"]\zl,p:}\"‘/jz te, and f;(t,u,v) satisfy the following
conditions:

1 c
(H?)) fl(t7u7v) < [01 G«l(t)dt('zsp(1711\/11[1-"-/\1:4\114'/\1Eﬂl])7 and

1 c
T &g —),
fO ag(t)dt p2M2[1 + A1A2 + AlBg]

for any ¢t € [0,1],u 4+ v € [0, c];
(H4) fi(t,u,v) <

falt,u,v) <

1 a
———), and
fol aq(t)dt ('bp (p1M1 [1+A1A1+A1Bq] ) ’

1 a
7 q —),
fO ag(t)dt p2M2[1 + A1A2 + AlBQ]
for any V¢ € [0,1],u +v € [0, al;

falt,u,v) <

1 b
(H5) fl(t7u7v) > f(,l_d al(t)dtqbp(ml[l-i-/\z;\vl-ﬁ-l\zévl])7 ot
1 b

fa(t,u,v) > ¢q(

[ as(t)dt “mall + AyAy + Ay By

for any t € [0,1],u+v € [b,%], where p% + p% <1

Theorem 3.1. Under assumptions (H1)-(HS5), Problem (1.1)) has at least three
positive solutions (u,v1), (uz,ve), (us,vs) such that ||(ui,v1)] < a, b < a((uz,vs)),
and ||(us, v3)|| > a, with o((us,v3)) < b.

Proof. First, we show that 7' : P. — P. is a completely continuous operator. If
(u,v) € P,, by condition (H3), we have

Ai(e, ' ()

<L | Jo G1(&1,8)0, 1 (fy ax(r) fo(r,u(r), v(7))dr)ds  p1 — a1 (€r)

AN H12 fol G1(5175)¢;1(f05 ar(7) fi(r,u(r),v())dT)ds —p12¢1(n1)

c
< —

< — A
p1[l+ A1 A1 + Ay By

and

Bi(¢, ' (y))
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A (&) opn fol G1(&1,8)0,  (fy ar(m) fr(r,u(T),v(7))dT)ds
Avpr— i (m) g2 fol Gi(&1,8)¢, ([ ar(7) (T, u(T), v(T))dr)ds
< < B,
pill+ AA; + A B
Thus,
1T (u, )
= g [l o))
= Orgtagl / G1 t, s 1(5))d8+A1(¢p_1(W1))w1( )+Bl(¢ (Wl)) ( ))
c .
— —A t
pi[l+ Ay A1 + A Bl] * pi[l+ AA) + A By 11it)
< — B (1)
pl[]- + A1A1 + A Bl]
< ¢ [+ AyAy+ A By = <
pill+ AA; + A B P

In the same way, for any (u,v) € P, we have
c
To(u,v)|| < —.
T2 (u, v)|| s

thus . .
1T (u, 0)|| = T2 (w, 0| + | Ta(u, )| < — + — <.
p1 P2
Therefore, ||T(u,v)|| < ¢, that is, T : P. — P.. The operator T is completely
continuous by an application of the Ascoli-Arzela theorem.

In the same way, the condition (H4) implies that the condition (A2) of Theorem
is satisfied. We now show that condition (A1) of Theorem is satisfied.
Clearly, {(u,v) € P(a,b,2)|a(u,v) > b} # 0. If (u,v) € P(a,b,2), then b <
u(s) +v(s) < b, s € [0,1 — o]. By condition (H5), we obtain

Ay (¢;1 ®)

> L unf G1(&1,8)9, (f1 a1 (7) fi(r,w(7),v(7))dr)ds  p1 — p11p1(&1)
A1 u12f G1(&1,9)0, ([, 7 an () fi(m,u(r),v0(r))dr)ds  —pi2er(m)

> S

1+ A2A + AyBy]

and

B(¢, ' (v))

S b —pu1(€)  pa fl 7 Gy, )¢71(f?170a1(7_)f1(7-au(7_) (T)dT)ds
T A1 pr— paoti(m) gz [ Gi(€r, s)o, ([T aa(7) fu(T u(T), v(7))dT)ds
> b B.

1+ Azzﬂ + Aszl]
Thus,

a(T (u, v)(t))
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= min (Ta(u,0)(8) + To(u,v)(1))

1
> min ([ Gits)0; (Ma(s)ds + Ar(; (W) (0) + Br(d; (W) ()

o<t<l—o

+ min (/0 Ga(t,s)dy (Wa(s))ds + Az (o (Wa))a(t)

o<t<l—0o
+ Ba(oy (W2))ea (1))
b b —~ b —~
> — = + — = Ay (t) + = — B1p1(t)
14+ AsA; +A2By 14+ A A +A2By 14+ AsA; +A2By
b N N
> — [1 + Ay Ay + AgBl] =b

T 14 AyAy + Ay By

Therefore, condition (A1) of Theorem is satisfied.
Finally, we show that the condition (A3) of Theorem is also satisfied. If
(u,v) € P(a, b, ¢), and ||T'(u,v)|| > b/A, then

a(T(u0)(®) = min T(w,v)(t) > A[T(w.0)] > b

Therefore, the condition (A3) of Theorem is also satisfied.

By Theorem|[L.1] there exist three positive solutions (u1,v1), (u2,v2), (u3, v3) such
that [|(u1,v1)|| < a,b < a((ug,v2)), and ||(us,vs)|| > a, with a((us,vs)) < b. we
have the conclusion. O

4. APPLICATION

As an example, we consider the boundary-value problem
(9p(u” (1)) + a1 () fi(t,u(t),v(t) =0 0<t<1,
(¢q(v" (1)) + az(t) fo(t,u(t),v(t)) =0 0<t<1,

w(O) ~w(O) = u(y), wl)+u(1) = Juz), W@ =0, O
1 1

1
o(0) = v(0) = o(}), v() +v ()= Lo(z), 0"(0) =0,
where a;(t) =1, a; = 8; = =6; =1, for i = 1,2, and
fl(t7u7v) = fg(t,u,v)

o0 + Tono te0,1,0<u4v<1

_ 505 + 2((u +0)* = (u+0)) + g, t€[0,1], 1<u+wv<2,
o + 2[logy(u+v) + “E4] + 55, t€[0,1], 2<u+v<4
1()75W+4V“+U+ﬁv tef0,1], 4 <u+v < +oo,

Choose 0 = %, p=q =3, p1 =p2 = 2. Then by direct calculations, we obtain
pi=3i(t) =1+t ¢i(t) =2—t,t €[0,1],

—kinti(&)  pi—paer&) B o L 23
pi — pi2i(ni)  —pa2pi (1) 15’ !

s
I

8 )

1 4 . 1—0 25
M; = max G;(t,s)ds ==, m; = min Gi(t,s)ds = —

0<t<1 Jo 3’ o<t<l—o
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1 1—0o 1
/ az(t)dt = 1, / az(t)dt = 5 1= 17 2,
0 o

Aozmin{%(l_a) Ya(o) w2l —0) Pa(0)
e1(0) "a(1) palo) o

A = maX{L [l lealls 12l llall p = 2,

min  ©9(t), min wg(t)l}:L

Ay = min{ min (), min 7 (¢)

t€lo,1—o] telo,1—o] 7156[(7,1—:7] t€lo,1—0o]
. A 1
A= mln{Ao, A—j} =3
1 45 1 2304

)

PiMi[L+ M A+ M B 986 [l + ApA; + AoB;] 2765

So we choose a = 1, b = 2, ¢ = 200, Then, by Theorem system (4.1)) has at
least three positive solutions (u1,v1), (u2,v2), (us,vs) such that ||(u1,v1)|| < a,b <

a((ug,v2)), and ||(us,vs)|| > a, with a((us,v3)) < b.
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