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POSITIVE SOLUTIONS TO GENERALIZED SECOND-ORDER
THREE-POINT INTEGRAL BOUNDARY-VALUE PROBLEMS

SAOWALUK CHASREECHAI, JESSADA TARIBOON

ABSTRACT. In this article, by using Krasnoselskii’s fixed point theorem, we
obtain single and multiple positive solutions to the nonlinear second-order
three-point integral boundary value problem

u(t) +a(t)f(ut) =0, 0<t<T,

0) = 5/" u(s)ds, a /(;7 u(s)ds = u(T),

2T—on72
where 0 < n < T, 0<a<n 0<ﬁ<n(2T777)

application, we give some examples that illustrate our results.

are given constants. As an

1. INTRODUCTION

We are interested in obtaining positive solutions of the second-order three-point
integral boundary-value problem (BVP)

u”(t) +a(t) f(u(t)) =0, te(0,T), (1.1)

ﬂ/ /077 u(s)ds = u(T), (1.2)

where 0 < < T,0<a < %3, 0<f < 2T—an” ¢ ([0,00),[0,00)), a €

n(2T—n)’
C(]0,00),[0,00)) and there exists a ty € (0, T) such that a(to) > 0. Set
fo= lim 7f(u)7 foo = lim 7f(u)
u—0+ U u—oo U

The study of the existence of solutions of multi-point boundary-value problems
for linear second-order ordinary differential equations was initiated by II’in and Moi-
seev [5]. Then Gupta [3] studied three-point boundary value problems for nonlinear
second-order ordinary differential equations. Since then, the existence of positive
solutions for nonlinear second order three-point boundary-value problems has been
studied by many authors by using a nonlinear alternative of the Leray-Schauder
approach, coincidence degree theory, the fixed point theorem for cones and so on.
We refer the reader to [, 2, 4 [7, 8, @ [0} [T, (12} 13, (14} (15, (16, 17, (I8, 19, 21] and
the references therein. However, all of these papers are concerned with problems
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with three-point boundary conditions consisting of restrictions on the slope of the
solutions and the solutions themselves, for example:

u(0) =0, au(n) = u(l);
u(0) = Bu(n), au(n) = u(T);
W) =0, auln) = u(l);
u(0) = Bu'(0) =0, au(n) = u(l);
au(0) — Bu'(0) =0, '(n)+u'(1) = 0; ete.

Recently, Tariboon [20] and the author proved the existence of positive solutions
for the three-point boundary-value problem with integral condition

u(t) +a(t)f(u(t)) =0, te(0,1), (1.3)
u(0) =0, oz/o?7 u(s)ds = u(1), (1.4)

where 0 < 7 < 1and 0 < a < 2/n?. We note that the three-point integral boundary
conditions and are related to the area under the curve of solutions u(t)
fromt=0tot=n.

The aim of this article is to establish some simple criteria for the existence of

single positive solution for (1.1]), (1.2) under fo =0, foo = 00 (f is superlinear) or
fo =00, foo =0 (f is sublinear). Moreover, we establish the existence conditions of

two positive solutions for (1.1]), (1.2) under fo = foo = 00 o1 fo = foo = 0. Finally,
we give some examples to illustrate our results. The key tool in our approach is
the Krasnoselskii’s fixed point theorem in a cone.

Theorem 1.1 ([6]). Let E be a Banach space, and let K C E be a cone. Assume
Q1, Qo are open subsets of E with 0 € Qy, Q1 C Qq, and let

AKﬂ(ﬁl\QQ)HK

be a completely continuous operator such that

(1) |Au|| < |lu|l, v € KN IRy, and ||Aull = ||ul], u € K NONs; or
(i) ||Au|l = |lu]l, v € KNoQy, and ||Au|| = |jul|, v € K N ONy.

Then A has a fized point in K N (Qa\ Q1).

2. PRELIMINARIES

We now state and prove several lemmas before stating our main results.

Lemma 2.1. Let 8 # zé?ﬂ; Then for y € C[0,T], the problem

u' +y(t)=0, te(0,T), (2.1)

n n
0) = ds, ds = u(T), 2.2
u(0) ﬁ/oucs)s a/0u<s>s u(T) (2.2)
has a unique solution
_ (B—a)t— T
U0 = BT ap) — pn@T 7
2(1 — pn)t + B
(2T — an?) — Bn(2T —n

) /On(n —5)%y(s)ds

T ¢
)/0 (T — s)y(s)ds —/O (t — s)y(s)ds.
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Proof. From ([2.1), we have u”(t) = —y(t). For t € [0,T), integrating from 0 to ¢,
we obtain

For t € [0, 7], integrating from 0 to ¢, we obtain

u(t) = u(0) + v’ (0)t — /Ot (/OT y(s)ds)dx;
u(t) = u(0) +u'(0)t — /Ot(t —s)y(s)ds := A+ Bt — /Ot(t — $)y(s)ds. (2.3)

Integrating ([2.3)) from 0 to 7, where 5 € (0,7T'), we have
n 772 n T
/ u(s)ds =nA+ —B — / (/ (x — s)y(s)ds)dx
0 2 0 0

U
=nA+5B-3 / (n— 5)%y(s)ds.
272,
Since u(0) = A,
T
u(T)=A+ BT — / (T — s)y(s)ds.
0
By ([2.2), from u(0) = 8 [, u(s)ds we have
2

(1=BnA——-B=—2 [ (n—s)"y(s)ds,

and from u(T) = o [ u(s)ds we have

an? o}

(I—an)A+ (T - T)B = /0 (T — s)y(s)ds — 5 /On(n — 5)2y(s)ds.

Therefore,

= /8772 ! — S s)as
4= 2T — an?) —[377(2T—77)/o 0=t
— ﬁT ! — S 2 S)as
T~ =y J, (1 e
_ 2(1 - Bn) T hls\ds
U= e~ BT ) /0 0=

o) ! — 5)%y(s)ds
+(2T—m,2)_5,7(2T_n)/0 (1 — 8)%y(s)ds.

Hence, - has a unique solution
_ (B —a)t = pT T2
ult) = (2T — an?) — Bn(2T —n) /0 (1= ) uls)ds
2(1 = )t + pn?
2T — an?) = Bn(2T —n

T t
) /o (T — s)y(s)ds — /0 (t — s)y(s)ds.
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Lemma 2.2. Let0<a< 0<5<72](7;TO‘Z].IfyeC(OT)andy() 0 on

(0,T), then the unique solutzon u of 2.1)-(2-2) satisfies u(t) >0 fort € [0,T].

Proof. Tt is known that the graph of u is concave down on [0,7] from u”(t) =
—y(t) < 0, we obtain

[ utehds = 50w + ), (2.4)

where 17(u(0) +u(n)) is the area of the trapezoid under the curve u(t) from ¢t = 0
tot =mn for n € (0,7). Combining (2.4) with (2.2)), we can get

l0) > 5t (25)
u(T) > 5= uln), (2.6)
such th
such that 2T —an?  2(T —n) + 212
2—-pn>2— 5T~ = T —n >0 (2.7)

From the graph of u being concave down on [0, 7] again, we obtain
u(n) —u(0) J u(T) —u(0)

2.8
U T (2.8)
Using ([2.9), (2.6 and (2.8), we obtain
220 (a—B)n
If u(0) < 0, then u(n) < 0. It implies 2 (2T n) < 0, a contradiction to § < E(TZZFO:?;

If u(T) < 0, then u(n) < 0, and the same contradiction emerges. Thus, it is true
that u(0) > 0, u(T) > 0, together with the concavity of u, we have u(t) > 0 for
t € [0, T]. This proof is complete. |

Lemma 2.3. Let an? # 2T, ﬁ>max{n2T 77)’0} If y € C(0,T) and y(t) = 0
fort €[0,T), then problem (2.1)-(2-2) has no positive solutions.
Proof. Suppose that (2.1)-(2.2)) has a positive solution wu satisfying u(t) > 0, t €

[0,T] and there is a 7 € (() T) such that u(rp) > 0.
If u(T) > 0, then [ u(s)ds > 0. It implies

2T — an T (u(0) +u(n)) — n*u(T)
ﬁ/ s)ds > JOT = 77)/ u(s)ds > T@T - 1) i (2.9)

that is
u(T) —u(®) _ uln) ~ u(0)
T n '
which is a contradiction to the concavity of u.
If w(T) = 0, then [} u(s)ds = 0. When 79 € (0,7), we obtain u(ro) > u(T) =
0 > w(n), which contradlcts the concavity of u. When 79 € (n,T), we obtain
u(n) < 0=u(0) < u(ry), which contradicts the concavity of u again. Therefore, no

positive solutions exist. O

(2.10)

Let E = C[0,T], then E is a Banach space with respect to the norm

|ull = sup fu(t)].
te[0,T)
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Lemma 2.4. Let0<a< 0<ﬂ<§7;TwT77 IfyeC’OT and y(t) = 0 for
t € [0,T], then the unique solutwn to problem (2.1)-(2.2)) satisfies

i > , 2.11
t?ﬁ}%]“( ) = yllull (2.11)

where

an(T —n) an® BT —n)  By?
) } (2.12)

V=i e g B ST @ T @ T
Proof. From the fact that u”(t) = —y(¢) < 0, we know that the graph of u(t) is
concave down on [0, T]. If u(¢) is maximum at ¢ = 71, then ||u|| = u(m). We divide
the proof into two cases.

Case (i) If w(0) > u(T') and minge(o 7y u(t) = u(T), then either 0 < 7 <7 < T,
or0<n<n <T. 0K <n<T, then

w(T) — u(n)
u(m) <ull)+ ————(nn —T
() < ull) + B - T)
w(T) — u(n)
< _
<u(T) + T 0-1T)
_ Tu(n) —nu(T)
T—n
ikl
< (D) (v @9)
T(2—pn) — an?
= u(T).
an(T —n) )
This implies
. an(T — 77)
min_ u(?
in, (t) = T@ - 3n) — arf? [l
fo<n<m <T, from
u(n) () | uln)
77 T1 T
together with , we have
2
an
u(T) 2 —————u(m).
D= @ gz ™
This implies
. an?
tg[l()lg]U(t) 2= 6T [[ul|

Case (ii) If u(0) < u(T") and minsejo, 7 u(t) = u(0), then either 0 < 7 <n < T,
or 0<n<n <T. f0< 7 <n<T, from

uln) _ u(m) _ u(n)
T—-n"T-7~ T
together with ([2.5)), we have

u(0) > Bn(T —n)

> @y ™
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Hence
. (T —n)
t) >
é?&%w ) @— AT [[ul-
Ifo<n<mn <7, from

u(r) _ uln) _ uln)
T B 7_1 X n )

together with (2.5)), we have

B’

u(0) > ———— u(m).

©) (2-p0)T ()
This implies

. s

t
Ao = = M

This completes the proof. ([

In the rest of this article, we assume that 0 < o < 2T/n?, 0 < 8 < QTT‘J‘Z) It

is easy to see that (L.I)-(1.2) has a solution u = u(t) if and only if u is a solution
of the operator equation
—a)t—pT
(2T — an?) — Bn(2T —n
2(1 — Bn)t + B
2T — an?) = pn(2T —n

- /0 (t — s)a(s)f(u(s))ds & Au(t).

; / (0~ 9)a(s) f(u(s))ds

| / (T — 5)a(s) f (u(s))ds

Denote
K={ueE:uz>0, H[loln u(t) = llull}, (2.13)
te

7]
where v is defined in (2.12)).

It is obvious that K is a cone in E. Moreover from Lemma and Lemma
A(K) C K. It is also easy to check that A : K — K is completely continuous. In
the following, for the sake of convenience, set

2T + B(T + n?) r
T —an?) = nel =) /0 T(T — s)a(s)ds,

2= Bn)(T —n) T ol e\ds
A2 = (QT*ONYQ)*BTI(ZT*U)/O (8)ds.

A=

3. MAIN RESULTS

Now we are in the position to establish the main result.
Theorem 3.1. Problem (1.1)-(1.2) has at least one positive solution under the
assumptions:

(H1) fo =0 and foo = 0o (superlinear); or
(H2) fo =00 and foo =0 (sublinear).
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Proof. At first, let (H1) hold. Since fo = lim,_o+ (f(u)/u) = 0 for any € € (0, AT],
there exists p. such that

f(u) <eu for u €0, pil. (3.1)
Let Q, ={u€ E: |u|| < p,} for any u € K N 99, . From (3.1, we obtain
—a)t — BT "
Ault) < o o [ 9t (e

2(1 — Bn)t + pn? /T

(2T — am?) — Bn(2T —n) Jo
< 5t !
(2T —an?) = pn(2T —n) Jo

@Tﬁ—a§t+w2221' U‘AT u(s))ds
< Gr—er g (1 Sl uls)ds
=) gy J, (7wl
< kL) [ = syt
2T + (T + 1)

< EPx

T
(2T — an?) — Bn(2T —n) /0 T(T — s)a(s)ds

=eMips < pe = [Jull,
which yields
|Aul| < ||lul| for ue KNOQ,,. (3.2)
Further, since foo = limy, oo (f(u)/u) = oo, for any M* € [A;*', 00), there exists
p* > p. such that
fw) = M*u  for u > p™. (3.3)

Set Qv ={u e E: ||lul| < p*} forue K ﬂ@Q Slnce u € K, mingeo 7 u(t) >
v||ull = vp*. Hence, for any u € K N, from and (2.7), we obtain

(B —a)n—pT K
@T—aﬁ)—ﬁm?T—n)A(nSyd$f@@»%
(2—Bn)n
(2T — an?) — pn(2T —n
_/0 (n—s)a(s)f(u(s))ds

_ (2— By r
= e e J, (T et

1
T ) — AT )

< [Tn= 9= @ T+ (3T =)+ an)s]a(s)f(uls)as
0

Au(n) =

; / (T — s)a(s) f (u(s))ds
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(2—Bn)n
~ (2T —an?) — Bn(2T — 7

LA(T—smwww@»@

ter- an2)__Tgn(2T ) /On(ﬁ —5)(2 = Bn)a(s) f(u(s))ds
~ T - afz)_ﬁ%T - 1) /OT(T — s)a(s)f(u(s))ds

b 01 92— el (o)
T er (QQ;QB)W)(gnz?? —n) / o) o)

e (27577)(T 1) 4
>0 M (2T — an?) — Bn(2T — n)/o safs)ds

= M*Asp™ = p* = |lul,

which implies
\|Au|| lu|| for ue K NOQy-. (3.4)

Therefore, from (3.2} and Theorem [1.1] it follows that A has a fixed point
in KN (Q \ Q) such that P < Jull < p*.

Next, let (H2) hold. In view of fy = lim,_,o+(f(u)/u) = oo for any M, €
[A5!, 00), there exists r, > 0 such that

fu) > Myu for 0 < u < r.. (3.5)
Set Q,., ={u € E: |ul]] < r.}foruce K ﬂ 09,,. Since u € K, it follows that
minepo, 7y u(t) = 'y||u|| = 7. Thus from (3.5]) for any ue KN 8Qr*, we have
(8 — o)y = BT /" 2
Au(n) = —s)%a(s)f(u(s))ds
(1) = G Pz | (1= sas) f(u(s)
(2 Bn)n /T
+ T — s)a(s)f(u(s))ds
(T —an) — (T ) Jy T 721

—A%n—ﬁd@ﬂwﬁws

(2 - Bn)(T —n) g
> 1Mo ) - BreT — 1) /0 sa{s)ds

- M*AZT* 2 Ts = ||’U,||7

which yields
|Aul| = ||u|l for u € K NoK,,. (3.6)
Since foo = limy oo (f(u)/u) = 0, for any &1 € (0,A]'], there exists 79 > 7.
such that
f(u) < e1u for u € [ro, 00). (3.7
We have the next two cases:

Case (i): Suppose that f(u) is unbounded, then from f € C([0,0),[0,00)), we
know that there is r7* > 7y such that

flu) < f(r*) for u e [0,77]. (3.8)
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Since r* > g, from and (3.8), one has

fu) < f(r*) <er™ for uw e [0,77]. (3.9

For u € K, |ju] = r*, from (3.9), we obtain
2T + B(T + n?)

2T —an?) = Bn(2T —n

. 2T+ B3(T +n?) E
qu@T—aW%w%@T—nLAC”T s)a(s)ds

=A™ < ' =[ul|.

Case (ii) Suppose that f(u) is bounded, say f(u) < N for all u € [0, 00). Taking
r* 2 max{N/e1,r.}, for u € K, ||ul]| = r*, we have

2+ BT +1) ' —s)a(s)f(u(s))ds

S . T = e
oT + B(T +11%) T

<JV(QT—O/QQ)_577(2]“_77)‘/0 (T Ja(s)d

. 2T+ B(T+7?) r
< G et et J, T el

=™ <t = u.

Au(t) <

T
)AtnT_@agﬂM@ms

Au(t) <

Hence, in either case, we always may set Q,.« = {u € F : ||u]| < r*} such that

|Au|| < |Jul| for u € K NOQ,~. (3.10)
Hence, from ({3.6]), (3.10) and Theorem it follows that A has a fixed point in
KN (Qp\ Q,,) such that 7. < |lul| < 7*. The proof is complete. O

Theorem 3.2. Suppose that the following assumptions are satisfied:

(HS) fo = foo = 00,
(H4) There exists a constant py > 0, such that f(u) < A7*py for u € [0, p1].

Then (1.1), (1.2) has at least two positive solutions uy and ug such that
0 < luall < p1 < [[uell-

Proof. At first, in view of fo = lim,_ o+ (f(u)/u) = oo, for any M, € [A;*, o),
there exists p. € (0, p1) such that
flu) =2 Myu, for 0 <u < p.. (3.11)

Set Q,, ={uc E: |lul| < p.} foru € KNIQ,,. Since u € K, then min,¢jo 7 u(t) >
v[lul| = vp«. Thus from (3.11)), for any u € K N9IQ,, , we obtain

_ (8 —a)n = BT T als) fluls)ds
Auly) = e [ = sa u(s)a

(2_/677)77 ' — Ss)als u\s S
et [ (= als) ()

- / (0= s)a(s) flu(s))ds

@-pT-n [T
200 Mo oy J, 2o
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= M. Aaps 2 pi = [|ul],

which implies
|Aul| = ||lul| for ue KNOQ,,. (3.12)

Next, since foo = limy oo (f(u)/u) = 0o, then for any M* € [A;*, 00), there exists

p* > p1 such that

f(u) = M*u, foru>~p". (3.13)
Set Qp ={u € E: |lu|| < p*} foru € KNOQ,-. Since u € K, then min o 7y u(t) >
v[lu|| = vp*. Thus from (3.13) for any v € K N 0RQ,-, we have

= (8 —a)n — BT ! —5)2%a(s) f(u(s))ds
Auly) = g P [ = sPa(fu(s)a
(2—Bn)n

+

T
(2T — ) — Bn(2T — 1) /0 (T — s)a(s) f(u(s))ds

—A%rﬁmvwmw

> M d
” @T“—an%-—ﬁn@T“—n)(>sa®)s
= M"Asp" = p* = ||ul],

which implies
|Au|| > |Ju|| for ue K N OQ-. (3.14)

Finally, let Q,, = {u € E : ||lu|| < p1} for any u € K N 08Q,,. Then from (H4) we
obtain

2T + B(T + n?) g
Ault) < g L [ (T = s)ate) fu(s)ds
. 2T + B(T + n?) r
ST ) - pneT =) /0 TAT = s)als)ds
< P1 = ||U’Ha
which yields
|Au|| < JJu|| for ue KNOKQ,,. (3.15)

Thus, from (3.12), (3.14) and (3.15)), it follows from Theorem [1.1]that A has a fixed
point u1 in KN (Q,, \Q,,), and a fixed point us in KN (2, \ 2, ). Both are positive
solutions of (1.1J), (1.2) and 0 < |luy|| < p1 < ||uz||. The proof is complete. O

Theorem 3.3. Suppose that the following assumptions are satisfied:

(H5) fO = foo =0,
(H6) There exists a constant ps > 0, such that

fu) = A ps for u € [ypa, pa).
Then (1.1), (1.2)) has at least two positive solutions u; and ug such that
0 < llurll < 2 < lJuall

Proof. Firstly, since fo = lim,_o+ (f(u)/u) = 0, for any ¢ € (0, A]*], there exists
P« € (0, p2) such that
flu) <eu, foruel0,p.. (3.16)
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Let Q, ={ue€ E:|ul|l < p.} for any v € K N0SY,, . Then from (3.16), we obtain
2T + B(T + n? r
+ AT L) ) / T(T = s)a(s) f (u(s))ds
0

(2T — an?) — Bn(2T —n

2T + B(T + n?) r
S ST — ) — B2l — ) /0 TAT - o)als)ds

S ehipe < pu = |ul,

Au(t) <

which implies
|Au|| < JJu|| for ue KNOKQ,,. (3.17)
Secondly, in view of fo, = lim, oo (f(u)/u) = 0, for any &; € (0, A]'] there exists
po > pa2, such that
f(u) <eru, for u € [pg, o). (3.18)
We consider the next two cases.
Case (i): Suppose that f(u) is unbounded. Then from f € C([0,0),[0,0)),
there exists p* > pg such that
F) < f(p%), for ue [0,p7]. (3.19)
Since p* > po, from and one has
f(u) < F(0%) <erps forue (0,57, (3.20)
For u € K, and [|lu|| = p*, from (3.20), we obtain
2 T
S e [ T = 9t fu(s)ds
. 2T+ B(T+7?)
2T — an?) = Bn(2T —n
<erhip” < p" = Jlull
Case (ii): Suppose that f(u) is bounded, say f(u) < L for all u € [0, 00). Taking
p* > max{L/e1, po}, for u € K with ||u|| = p*, we have

Au(t) <

<ew

T
)/0 T(T — s)a(s)ds

2T + B(T + n? T
Auft) < (QTa;;)ﬁ( 5:;(2:277) /O T(T - s)a(s) f (u(s))ds
ABT+0) T s
(2T—0ﬂ72)—ﬁ77(2T—77)/o = sjats)d
 APTER) (T s
< T sy 7T

<erhip” <p' = luf.
Hence, in either case, we always may set ,- = {u € E : |Ju|| < p*} such that
|Au|| < |Ju|| for u e K NOQ-. (3.21)

Finally, set Q,, = {u € E : [ju]| < p2} for v € K N9Q,,. Since u € K,
minseo, 7y u(t) = v||ul| = vp2. Hence, for any u € K N 9Q,,, and (H6), we have

(ﬁ B CV)U 7 ﬂT " 2
G | = sPao) () s
(2—pBn)n
2T — an?) — Bn(2T —

Au(n) =

+

) / (T — s)a(s) f (u(s))ds
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- / (0~ )a(s) flu(s))ds

L @-mT-n [T _
> 2205 G M [ salds > o =l

which yields

|Au|| = |lul| for ue K NOQ,,. (3.22)
Thus, since p, < p < p* and from (3.17), (3.21)) and ([3.22)), it follows from Theorem
that A has a fixed point u; in K N (2, \ ©2,.), and a fixed point uy in K N
(2, \ Q,,). Both are positive solutions of (L)), and 0 < [Ju1]] < p2 < |Juzl|-
The proof is complete. O

4. SOME EXAMPLES
In this section, to illustrate our results, we consider some examples.

Example 4.1. Consider the boundary-value problem

u’(t) 2P =0, 0<t<eé? (4.1)
2 [° 2 [°
u(0) = 7/ u(s)ds, u(e?) = f/ u(s)ds. (4.2)
9 Jo 3 Jo
Set a =2/3,3=2/9,n=c¢, T =¢€?, a(t) =t2, f(u) = uP. We can show that
2 2T 2 4 2T — an?
I<a==-<2=—, 0<f==< = .
‘=3 e P =9 <31 " n@r—u)

Case I: p € (1,00). In this case, fo = 0, foo = 00 and (H1) holds. Then (4.1)),
has at least one positive solution.

Case II: p € (0,1) In this case, fo = 00, foo = 0 and (H2) holds. Then (L),
has at least one positive solution.

Example 4.2. Consider the boundary-value problem
1
u' (t) + s- HY2wW? u?) =0, 0<t<4, (4.3)
1 ! 1
u(0) = —/ u(s)ds, wu(4) = 2/ u(s)ds. (4.4)
Set a =2, 3=1/10,n=1,T =4, a(t) = g (4 — )2, f(u) = u!/? + u®. We can

show that 0 < a =2 <8 =2T/n?,0< =1/10 < 6/7 = (2T — an?)/(n(2T —n)).
Since fo = fOo = 00, then (Hs) holds. Again A7* = ((2T—an?)—pn(2T—n))/(2T+

B(T + n?) fo Ja(s)ds)~t = 530/85, because f(u) is monotone increasing
functlon for u > O takmg p1 =4, then when u € [0, p1], we obtain
530 _
flu) < f(A) =18 < —=p1 = A7y,

which implies (H4) holds. Hence, by Theorem (3.2, BVP ( , . has at least
two positive solutions u; and ug such that 0 < Hu1 | <4< ||u2||

Example 4.3. Consider the boundary-value problem

4
u”(t) + e¥ue " = 0, 0<7f<g7 (4.5)
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u(0) = 2/01/5 u(s)ds, u(%) = 20/01/5 u(s)ds. (4.6)

Set « =20, 3 =2,n7=1/5 T = 4/5, a(t) = €32, f(u) = u?e~". We can show
that 0 < a =20 <40 =2T/1?, 0< B3 =2<20/7T= (2T — an®)/(n(2T — 1)), v =
min{an(T—n)/(T(2-Bn) —an?®), an?/((2—8n)T), Bn(T—n)/((2—An)T), Bn?/((2—
Bn)T)} = min{5,5/8,3/16,1/16} = 1/16. Since fo = foo = 0, then (H5) holds.

. _ T _
Again A7 = (2T — an?) — Bn(2T — m)/(+(2 — Bn)(T — ) (T sa(s)ds)™" =
2—256*32, since f(u) is monotone decreasing function for u > 2, taking ps = 32,when
u € [ypa, p2], we obtain

f(u) = £(32) = 10246732 > 400e 7% = A5 ' po,

which implies (H6) holds. Hence, by Theorem BVP (4.5), (4.6) has at least
two positive solutions u; and ug such that 0 < |lu1]| < 32 < [Juz]|.
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