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STABILITY OF SECOND-ORDER DIFFERENTIAL INCLUSIONS

HENRY GONZALEZ

ABSTRACT. For an arbitrary second-order stable matrix A, we calculate the
maximum positive value R for which the differential inclusion

@ € Fr(z) = {(A+ A)z, A e RZZ, || A < R}
is asymptotically stable.

1. INTRODUCTION

Let A be a second-order stable matrix (all the eigenvalues of A have negative real
part) and R be a positive real number. For each vector x in the plane we consider
the set of vectors

Fr(z) = {(A+A)z: A cR*? ||A|| <R}, (1.1)
where || - || denotes the operator norm of a matrix. The objective of this work

is to study the global asymptotical stability (g.a.s.) of the parameter-dependent
differential inclusion

z € Fr(z). (1.2)
The main task is computing the number
R;(A) =inf{R > 0: 1 € Fg(z) is not g.a.s.}. (1.3)

This number is closely related to the robustness of stability of the linear system
& = Ax, under unstructured real time-varying and nonlinear perturbations. As in
[1] we consider the perturbed systems of the following types:

YA z(t) = Ax(t) + Ax(t)
Yy a(t) = Ax(t) + N(z(t))
Yaw :  E(t) = Ax(t) + A(t)xz(t)
Sy s &(t) = Ax(t) + N(z(t), 1),
where
o Ac RQXQ;
e N :R? — R2, N(0) = 0, N is differentiable at 0, is locally Lipschitz and
there exists v > 0 such that ||N(z)|| < v||z| for all x € R?;
o A() € L¥(R,, B>)

2000 Mathematics Subject Classification. 93D09, 34A60.

Key words and phrases. Robust stability; stability radius; differential inclusions.
(©2011 Texas State University - San Marcos.

Submitted January 31, 2011. Published November 28, 2011.

1



2 H. GONZALEZ EJDE-2011/159

o N(-,-) : R2xRy — R?, N(0,¢t) = 0 forallt € Ry, N(z,¢) is locally Lipschitz
in = continuous in t and there exists v > 0 such that | N(z,t)|| < v|z| for
allr € Rt € Ry

The corresponding sets of perturbations are denoted by R?*2, P,,(R), P;(R), Pp(R)
respectively. As perturbation norms we choose

IA]| is the operator norm of the matrix;

IN [l = inf{y > 0;Vz € R?: [N(2)|| < yllz[l}, N € Pu(R);

1Al = esssupreg, [[A@)]], A € P (R);

|N||ne = inf{y > 0;Vt € R Vo € R? : |[N(z,t)|| < 7|z}, N € Put(R).
Following [I] (also [2, 3]), we define the radii of stability for A with respect to the
considered perturbations classes:

R(A) = inf{||A|; A € R**? %4 is not g.a.s.}

R, (A) =inf{||N||; N € P,(R), Xy is not g.a.s.} (L5)
Ri(A) = inf{||A]l+; A € Pi(R),XA is not g.a.s.} ’
R, (A) = inf{||N||; N € P+(R), Xy is not g.a.s.}
For the defined stability radii in [I] it has been shown that
R(A) > R, (A) > Ri(A) > Rt (A). (1.6)
In [4] it is proved that
1
R(A) = min {c(A), —3 tr(A)}, (1.7)

where g(A) is the smallest singular value and tr(A) is the trace of the matrix A.

In section 3] we show that R,:(A) > R;(A), so that based on this fact,
and we can restrict the analysis of the asymptotical stability of differential
inclusion (L.I)-(L.2) for R < R(A) = min{— tr(A4)/2,0(A)}. In section 3] we prove
that differential inclusion — comes to be unstable throughout a minimum
norm perturbation of the class P, (®), from what follows that

R(A) = Rn(A) = Ri(A) = Rni(A) = Ri(A). (1.8)

The organization of the paper is as follows. In section 2] we enunciate a Filippov’s
Theorem [5] about the asymptotical stability of differential inclusions, which will
helps us in the fundamentation of the results. In section[3we apply this theorem and
obtain conditions for the stability of our differential inclusion 1) in terms
of two elliptic integrals and we prove the relations . In section 4| we reduce the
elliptic integrals to elementary functions and the complete elliptic integral of the
third kind and in the section [5| we give a caracterization of the equality R;(A) =
R(A) which simplifies the calculation of the number R;(A). In the last section we
give examples which show the applicability of the main results to the computation
of R;(A) for arbitrary stable matrix A. The results of this work are a continuation
of the paper [6], where the real time-varying stability radius of second-order linear
systems is calculated taken as the perturbation norm the Frobenius norm of a
matrix.
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2. A FILIPPOV’S THEOREM

In this section we enunciate a Filippov’s Theorem [5], which will be the funda-
mental tool in the analysis of the stability of differential inclusion (3.1)). Let

i€ F(z), zcR? (2.1)
be a differential inclusion which satisfies the following properties:

(i) For all = the set F'(x) is non empty, bounded, closed and convex;
(ii) F(z) is upper semi-continuous with respect to the set’s inclusion as function
of x;
(i) F(cx) = cF(x) for all  and ¢ > 0.
Let p,¢ be the polar coordinates of the point x = (1, 22), then we can write
F(z) = pF(p) and differential inclusion takes the form

/')i)t) = y1(1)

where (y1(t), y2(t)) € F((t)).
‘We will use the notation

F*(9) = {(u1.12) € F(9) 192 > 0},
F=(p) == {(y1,32) € F(9) : 3 < 0}.
For ¢ such that F(p) # ¢, (respect. and F~(¢) # ¢), we put

Kt (p) = sup I . (respect. K~ (p) := sup i ) (2.2)
(y1,92)EFT () 21l (y1,y2)EF~ () l[y2ll

By Filippov’s Theorem, differential inclusion satisfying the conditions (i)-(iii)
is asymptotically stable if and only if for all  # 0 the set F'(z) does not have
common points with the ray c¢z,0 < ¢ < 400 and when the set F*() (respect.
F- (¢)) for almost all ¢ is not empty, the inequality

2 2w

KT (p)dp <0 (respect. KT (p)dp < 0)

0 0

holds.

3. APPLICATION OF THE FILIPPOV’S THEOREM

From Definition we have that for all R > 0, the set Fr(x) for all z € R?
is non empty, bounded, closed and convex in the plane, and Fg(x) is linear with
respect to z. So differential inclusion (L.I)-(1.2) satisfies properties (i)-(iii) and
Filippov’s Theorem can be applied.

The following lemma allows us to write the set Fr(x) in the form we will use it
in the application of the Filippov’s theorem.

Lemma 3.1. For all R > 0 and x € R? it holds that

cos

{A2, A e R A < R} = {r|z] <sma

):0§r§R;O§9<2ﬂ'}.
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Proof. Let z = Ax, A € R?*2|A]| < R then ||z|| = [|Az| < R||z|. Thus exist r:

0 <r <R,and 0 € [0,27) such that z = r||z| <Z?§Z> so that we obtained that

z € {rlz| (2?;3) :0<r<R;0<0<2r}.
cos

Let now z = r||z|| (sin@

), 0<r<R;0<86 < 27 then there exists A € R2x2

such that Az = r||z|| <Z?§z> so ||Az|| < R||z| and from the well known theorem

of Hahn-Banach A € R2*% may be chosen such that [|A]| < R. So we have:
_ cos 2x2

o= rlell (o) € (An A € B 0] < R), o

As a direct consequence of this lemma, the inclusion (1.1])-(1.2)) can be written

in the form

i€ {Az+r|z|| (

cos 0
sin @

):0<T<R;0<9<2W}:F3(x). (3.1)

Changing in (3.1]) to polar coordinates,

(t) = y2(t), (y1(2), 92(1)) € Fr(yp)

FR(@) = {(y1(<p,9,7"),y2(90,9,7’)),0 <r<R0<0< 277}
y1(p,0.7) == fi(p) +reos(f — ¢)
y2(% 0, ’f‘) = f2(90> + rsin(@ - QD),

where
F1(p) == a11 cos? () + (a12 + ag1) sin(yp) cos(p) + ag sin’(y), (3.2)
f2() := ag cos®(p) + (agz — a11) sin(p) cos(¢) — a2 sin?(y). (3.3)
Using trigonometrical identities we have:
filp) =m1 +nsin2(e — x), (3.4)
fa(p) = ma +ncos2(p — x), (3.5)
where
my = a1y -2Hl227 , = a21 ;am’ _ \/(an ;Cl22>2 (a12 ;— as1 )2 (3.6)
and
cos2(x) = 7%22_;@21, sin2(y) = —761112_71&22.

From expressions (3.4)), (3.5 it follows that:
mln{fQ(QD)a S [Oa 27‘(’)} =Mmz —Mn, max{f2(¢)7 Y e [Oa 27T)} =mz+n

For the corresponding sets F'+ (p), and F ~ () that appears in Filippov’s theorem,
we have

ﬁg(@ = {(y1,12) € Fr(p) : y2 > 0},
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Fr(p) ={(y1,92) € ﬁR(SO) tya < 0}

Denote
RT(A) := —min{0, min fo(¢)} = max{0,n — msy},

R™(A) := max{0, max f2(¢)} = max{0,n + ma}.

Lemma 3.2. Let R < R(A). Then
(a) The set Fr(x) does not have common points with the ray cx,0 < ¢ < 400
for all x # 0.
(b) The set ﬁ;{(ap) # ¢ for all p €10,27) if and only if R € (R*(A), R(A)).
(c) The set ﬁg (p) # ¢ for all ¢ € [0,27) if and only if R € (R~ (A), R(A)).

Proof. (a) The set Fr(x) := {(A+A)x, A € R?*2 ||A| < R}, with R < R(A) does
not have common points with the ray cz,0 < ¢ < +oo for all x # 0 because the
matrix A 4+ A is stable for ||A|| < R(A).

(b) ﬁ}'{(go) # ¢ for all ¢ € [0,27) if and only if for all ¢ € [0,27) there is
0 € [0,2m) such that fa(p) + rsin(0 — ¢) > 0 and this is true if and only if for all
v €10,27m) is fa(p) +7 > 0 and so if and only if either fa(p) > 0 for all ¢ € [0, 27)
or r > —min{ fa(¢), ¢ € [0,27)} condition equivalent with the assertion (b) of this
lemma.

(c) Fr(p) # ¢ for all ¢ € [0,2m) if and only if for all ¢ € [0,27) there is
0 € [0,27) such that fa(p) + rsin(0 — ¢) < 0 and this is true if and only if for all
p €10,27m) is fa(p) —r < 0 and so if and only if either fa(p) < 0 for all ¢ € [0, 27)
or r > max{fa2(¢), v € [0,2m)} condition equivalent with the assertion (c) of this
lemma. (]

(3.7)

We denote
_ filp) +rcos(d — ¢)

- falp) +rsin(0 — @)’
then for R € (RT(A), R(A)) the function KT () that appears in Filippov’s theorem
can be written as

Ki(p) = sup {K(0,0,7): fa(p) +rsin(@ —p) >0} (3.9)
(r,0)€[0,R]x[0,27)

Similarly for R € (R~ (A), R(A)) the function K~ (¢) can be written as

Kr(p) = sup {=K(0,9,7) : f2(p) +rsin(0 — ) < 0}. (3.10)
(r,0)€[0,R]x[0,27

)
Lemma 3.3. (a) For R € (RT(A), R(A)

K, p,r): (3.8)

( ) we have
ooy - F1@V () + 3(p) — B? + Rfa(y)
) ) T )~ T~ Riu(e) &1
(b) For R€ (R~ (A),R(A)) we have:
Kalg) = f1(@)V 7 (@) + F3(p) — R? — Rfs(p) (3.12)

(o)) + F2(p) — RZ— Rfi(p)

Proof. First for arbitrary R € (R (A), R(A)) we prove (3.11). Let given ¢ € [0,27)
and r € [0, R] and let 8y € [0, 27) be such that y2(6p, », ) = 0. Then y1 (6o, ¢, 7) <0
and so the limit of K (6, p,r) for § — 6 and y2(0, ¢, ) > 0 is —oo and therefore for
the calculation of the supremum in we can consider only points in the interior
of the set y2(0,¢,r) > 0. So the supremum is taken for a value 6 for which the
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partial derivative of K (6, ¢, r) with respect to 6 is zero. From this condition after
simplifications we obtain

fa(@)sin(@ — @) + f1(p) cos(d — ) + 7 =0, (3.13)
and solving this equation for sin(6 — ¢) and cos(0 — ),
in(h — —rf2(¥) )V () + f3(p) — 12 -
D= >+f§<sa>$ e e e
—rfi(e) \/fl )+ f3(p) — 12
09 = 7 G >i Re e
Substituting in the expression of K(0,p,r) we obtain
K(p,r) = \/fl )+ 13l — P £ rale) (3.16)

)V E(p) + f3( () —r2Frfi(p)

When the following inequalities hold: fa()\/f2(¢) + f3(¢) — r2 +7f1(p) > 0 and
OV (@) + f3(p) — 12 —rfi(¢) > 0, from the two possible signs in (3.16) by

dlrect comparison we have that the maximum value of K (p,r) is

)V I (p) + f5(p) =12+ 7falp)

\/fl )+ f5(p) =2 = rfi(p)

and so taken into account that, accordmg with (3.9), the function (3.17) is a mono-
tone increasing function in r we have the assertion (3.11)) of the lemma. When one
of the numbers

2O F20) + [20) — 12+ rhile), Falo) F20) + F2(9) — 2~ ri()

is positive and the other negative then we have for the maximum of K (¢, r):

\/f1 )+ f3(p) =2 =7 fa(0) (signfi(p))
o)V FE(p) + f3(0) —r2 + 7| f1(p)]

K(p,r) = , (3.17)

K(p,r) = ; (3.18)

but in this case we have

(f2 \/f1 )+ f5(p) —r2 +rfilp )(f2 \/f1 )+ f3(p _7"2_7“f1(§0))
= (f2(e) =) (i (») +f2 () <0,

and so (fa(p) —7)(f2(p)+r) < 0 from what follows that there exists 7 € (0, R) such
that (fo(p) +7) = 0 or (f2(¢) —7) = 0. We consider only the first case, because
in the same form can be analyzed the second case. Then for § = ¢ + 5 we have

(f1(9) +7cos(0— ), folg) +Fsin(0— ) = (F1(9), fol9) +7) = (f1(),0) € Fr()
with R < R(A) and so according with the assertion a) of Lemma we have
that f1(¢) < 0. But then the expression coincide with and again we
have the validity of (3.1I)). So we have proved the assertion a) of the lemma. The
assertion b) follows from and the results obtained in the proof of the part
a). O

Theorem 3.4. The differential inclusion (3.1) depending of the parameter R is
asymptotically stable if and only if R € [0,R(A)) and when R € (R*(A), R(A))
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(respect. R € (R™(A), R(A))) the following inequality holds:

IHR) = V() + F5(e) - R+ Rx(p)
o falp) \/fl +fz @) — R* — Rfi(p)

0 <0. (3.19)

respectively,

- o file \/fl +f2 p) — R? — Rfa(p)
I (R) .= d 0. 3.20
) /o —f2(p)V/ [ (p) + f3(¢) — R2 = Rfi(y) os (320

The assertion of the above theorem follows directly as a consequence of Filippov’s

Theorem and the Lemmas ([3.2)), (3.3]).
Remark. For R € (RT(A), R(A)) and arbitrary vector  in the plane, using the

expressions (3.14)) (3.15) we denote

oHa) = o —BRle@) \/f1 (p(@) + HpE) -

1O ) + 2) <so<x>>+f2< () - (32
vl (z) = —Rfi(e(z)) 2))V fi (e f3(p(x)) — R?

5 (7) F2(o(x)) + f2(p(x)) + e ))+f2( @) . (3.22)

where p(z) is the angle between the vector z and the first axis of the original
coordinate system. Calculating sin@ and cosf from equalities: cos(f — p(z)) =
vy (), sin(@ — ¢(x)) = vy (z) and substituting its in the expression we obtain
a second-order non linear but homogeneous system which solutions are solutions of
differential inclusion :

. vi(z) —ovg (o)
t=Ax+ R (vé’(x) Uf'?(l‘) ) z. (3.23)

This system has as trajectories spirals which turn around the origin in positive sense
and the value of the integral I (R) is the Ljapunov exponent of the solutions of this
system(note that the homogenity of the system and the rotations of the solutions
around the origin implies that all solution of the sytem have the same Ljapunov
exponent). So the condition I*T(R) < 0 is true if and only if the system is
asymptotically stable. We will name the system the positive extremal system
of differential inclusion . For all stable matrix A € R? the positive extremal
system is the perturbation of the nominal linear system # = Ax with the nonlinear

perturbation
+ +
Ni(A,z) =R (vl (x) —v3 (ac) x
RS =R @) o @)

Note that the perturbation N (4, z) is of the class P, (R) defined in the introduc-
tion of this work, and that according with (3.21)), (3.22) and (3.14), (3.15) for all
+ ot
x the matrix (Uﬁ_ (z) :)_2 (m) is an orthonormal matrix, from what follows that

vy (x) o (2)
the perturbation N (A, z) has norm equal R.
Similarly For R € (R~ (A), R(4)), an arbitrary vector x in the plane, we denote

(o) e Do) )y * Et) T
Y Rle@) + Be@) Ry
Rii(p(x) AN/ AEORYHEOR

R RS o Ry 1 ey
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where o(z) is defined as above. Then we obtain a second-order non linear but
homogeneous system which solutions are solutions of differential inclusion ((3.1)):

- W)~ @)
t=Ax+R <112_ (x) v () > x. (3.24)
This system has as trajectories spirals which turn around the origin in negative
sense and the value of the integral 7~ (R) is the Ljapunov exponent of the solutions
of this system. So the condition I~ (R) < 0 is true if and only if the system
is asymptotically stable. We will name system the negative extremal system
of differential inclusion . For all stable matrix A € R? the negative extremal
system is the perturbation of the nominal linear system @ = Az with the nonlinear
perturbation of the class P,(R) which norm is R,

N=(Ag) = B ( (2) v;(x) i

vy () vy (2)
Lemma 3.5. For an arbitrary stable A € R?*2 matriz we have
R(A) > R,(A) = Ri(A) = Rpt(A) = Ri(A). (3.25)

Proof. Let N(z,t) € Pu(R), |[N(2,t)||lnt = Ro. Then for all t € R, z € R?
N(z,t) = r(t)||z| @’;zg;) for suitable 0 < r(t) < Ry, 0 < 6(t) < 2, and so
all solution of the perturbed system & = Az + N(x,t) is a solution of differential
inclusion (3.1) with R = Ry, from what follows that

Roi(A) > R;(A). (3.26)

In the case R;(A) = R(A) from the inequalities and follows that all the
considered stability radii are equals and then the assertion of the lemma is true.
When R;(A) < R(A) from the remark to Theorem there exists Np,(4)(4,z)
nonlinear perturbation of the class P,(R) and norm R;(A) such that the perturbed
system & = Ax + Ng,(4)(A, ) is not g.a.s., so R, (A) < R;(A), and from that and
, the assertion of the lemma follows. |

4. CALCULATION OF THE INTEGRALS IT(R) AND I~ (R)

First note that if A € R2*2 is a stable matrix such that n = 0, from expressions
(3-4), follows that f1(¢) and fa(p) are constant functions, so the integrals
I'™(R) and I~ (R) are immediate, but as we show in the next section it is not
necessary in this case calculate these integrals, because easily can be proved that
R;(A) = R(A).

In this section for the case n # 0 we give the expressions of the integrals I (R)
and I~ (R) that appear in the Theorem in terms of elementary functions and
the complete elliptic integral of the third kind. For the reduction of the integrals to
canonical elliptic integrals we use the well known method proposed by example in
[7] and the following equality which appears in the table of integrals of this book:

< dt t2+a?2 1 5 .
e m = E H(O{ ,k), lf a > b, (41)
where [](+,-) denotes the complete elliptic integral of the third kind and
b2

2 _ D o2 _
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After rationalization of the denominators in (3.11)), (3.12) we obtain
f1(@)f2(0) + RV FE(9) + f5 () — R?

Kji(p) = )~ : (4.3)
Ki(p) = @A) ‘Ff;;/)ff(@ +[3(p) R )

The rationalization can introduce some singularities in the integrals, but taken into
account that the original integrals exist as proprius integrals for the considered
values of R, we can calculate this mtegralb in the sense of the Cauchy principal
value. From Theorem and ., after decomposition in partial fractions

we have

1T Aly) f1(p)
I*(R) = /0 (f2 +

2 ()+R f2( )—R
7\/f()+f2 L V@) + A3 ) R?
fa(p) + fa(p) — >d<p7

P Y S (D) —f1(¥)
! (R)_Z/o (f2( )+R+f2( )—R

RVIHC )+f2 R HOEY > R?
Falo) + 12(2) - )i
So if we define
L(R) = T_Nle) g L[ m 45
=5 ) B R T2), R rrY (45)
o 1 2m fl(@) - 1 2m my
PR =5 Be)-R%32), hip) &Y (46)
/ \/flf +)f2 ®) — de(p (4.7)
Li(R) := 2/OW\/JC1 f2(+)fQ ©) = R2d<p (4.8)
we have
I'*(R) = Ii(R) + I2(R) + I3(R) + I1(R), (4.9)
I7(R) = —I1(R) — I1(R) + I3(R) + I4(R). (4.10)

Lemma 4.1. If A € R?*2 s q stable matriz such that n # 0, then for the integrals
I.(R),k =1,2,3,4 in the sense of Cauchy Principal Value we have

0 if Ima + R| <n
Li(R) = { mimsgn(matR) if [ma + R| > n; (4.11)

(m2+R)2—n?
o [0 if Ima — R| <n 412
)=\ sty e — | > .
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0 if|lme+R|<n
15(R) = § = as(RIR[ B (R)TT (1 + (5. /1~ ooty )| (413)
if |ma + R| > n;
0 iflmg— R| <n,
I4(R) = ¢ = 044(R)3?{54(R) I1 (1 + T“ER; 1- agéR))}, (4.14)
if |/ma — R| > n,

where [[(+,) denotes the complete elliptical integral of second kind, o(A),5(A) are
the smallest and largest singular values of the matrix A, and my, ms,n are the
numbers given by (3.6]), and

|52(A) —
a(R) = (m (4.15)

as(R) = = (4.16)

nmit
Vmi +m3y/(ms + R)? — n?
—— 4 4y/(ma + R)2 —n?

Ps(R) =1— (4.17)

T3(R) = \/ﬁm;Jr o \/n7m72 (4.18)
mi+m3
as(R) = 20*(4) - RY) (4.19)
o(A)? = B2 (ma — R — 2]
Ba(R) =1- NCE mQ\Zmﬂz — (4.20)
m(R) = \/Tﬁj;_(w - (4.21)

Proof. The integrands in I (R) and I3(R) are very simple rational functions, which
primitive functions are given in terms of logarithmic or arco tangents functions and
so evaluating the integrals in the sense of the Cauchy Principal value we obtain
easily the results of the lemma.

Now we explain how to compute the more complicated integral I3(R) (The com-
putation of I4(R) is completely similar).

In the case |mg + R| < n using the methods proposed in [7], the integral Is(R)
can be easily reduced to the form ffooo 1/((t2 — p2)\/ﬁ) dt, where P is a positive
polynomial of fourth degree, and the parameter p is real and positive. It is well
known [7], that the primitive function of this last integral is an elliptic integral of the
third kind, which becomes logarlthmlcally infinite, for t = p as £ In(t—p)/(2+/P
and; for t = —p as FIn(t + p)/(24/P(p)). From that it follows that the 1ntegral
I3(R) taken in the sense of the Cauchy prlncipal value is equal zero.

In the case [mo + R| > n from expressions (3.4)), we obtain

Fi(9) + F3(9) = B? = mi + m3 +n® — R* + 2ny/mi + mj cos 2z,



EJDE-2011/159 SECOND-ORDER DIFFERENTIAL INCLUSIONS 11

f2(@) + R =mgy +R+n[LCOSQZ‘— Lsian],

\/m%—i—m% \/m;f—i—m%
where x = ¢—x—v and siny = \/7 cosp = \/7 Using this expressions

we write the integral in the form

dzr

1[4 \/m%—i—m%+n2—R2+2n\/m%+m§COS2x
I5(R) = —
3(R) 4/0 mg—&—R—i—n[\/icos%c \/7511123:]

Now by the change of the variable of integration tan(z/2) = ¢t and using the ex-
pressions for the smallest and the largest singular values of the matrix A:

a(A) = m? +m3 +n? —2ny/m? +m3,
G(A) = m? +m3 +n?+ 2ny/m? +m3,

we obtain
L(R) /°° VF (A) — R? + (a*(A) — RO /VI+ 2 u
3 = - — nmao 2 _2nmit nmso ’
—oo [(m2+ R Wree: )t ez tma + R+ m]
Factoring the denominator,
o2(A)—R?
(R V(AR [ e+
3 = > — ;
mz—l—R—i\/% —oo V1+t2(t — 13(R))(t — T3(R))
where 73(R) is given by (4.18). Using the identity
1 1 T t
=28 4.22
t—7)t—7) [T—?(t2—72+t2—72)]7 ( )

and taking into account that the integral of an odd function in the real line is zero,
we obtain

I3(R)

_ Va2 (A) - R? 2%/ iA) ez 1 3(R) 1 gt
T o+ R-— — V1i+e2 m3(R) —T3(R) 12 — 13(R)

NOW uslng eXpI‘eSSIOnS and -,
T3 (R) 1 nmli 1
S AL R — Z35(R),
R B LS ey crweeey ) Epr A R

(A) R2

o2(A) — R? s + 12 1
LR = = R = NG = %{B?’ / 1+t2 t* —73(R) -

And finally from the formula and expression we obtain the expression
(14.13)). |
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5. CALCULATION OF THE RADIUS OF STABILITY FOR ARBITRARY MATRICES

Let us now formulate some important results related to the integrals I1(R),
R € (RT(A),R(A)) and I~ (R), R € (R~ (A), R(A)), which allow characterizing
the stable matrices A € R**? such that R;(A) = R(A) and formulate the algorithm
for the calculation of the number R;(A).

Lemma 5.1. Let A € R?*2 be a stable matriz such that n = 0 or mgo = 0, then
R;(A) = R(A).

Proof. If n = 0, then from (3.4) and (3.5) we have that fi(p) = my, fa(p) = mq
are constant functions. So if the differential inclusion (3.1]) changes to be unstable

throughout a nonlinear perturbation Ng (A,z) or Np (A, x), then this perturbation
will be in this case linear constant perturbation and so from inequalities we
have R;(A) = R(A). If my = 0, then RT(A) = n, R~ (A) = n, thus for R > n
from and follows that I1(R) 4+ I2(R) = 0 and from and that
I3(R) < 0 and I4(R) < 0, so using the expressions (4.9), we conclude that
I*(R) <0, I"(R) < 0 and from Theorem [3.4 R;(A4) = R(A). O

Lemma 5.2. Let A € R?*2 be a stable matriz such that max{R~(A), R*(A)} <
R(A) and R € (max{R~(A),R"(A)}, R(A)), then in the case my > 0 is [~ (R) < 0
and in the case ma < 0 is IT(R) < 0.

Proof. Let R € (max{R™(A), R*(A4)}, R(A)) then fo(p)+R > 0and fa(p)—R <0
for all ¢ € [0,27) and from expressions and we have that Is(R) < 0 and
I4(R) < 0. Now if mg > 0, then mos + R > 0,y — R < 0,ma + R > |ma — R|
and so from the expressions (4.11)) and ([{.12)) follows that I;(R) + I2(R) > 0, but
now from this and (4.10) we conclude I~ (R) < 0. The proof in the case my < 0 is
completely similar. O

Theorem 5.3. Let A € R?>*2 be a stable matriz. The equality R;(A) = R(A)
is true if and only if from the inequality max{R~(A),R"(A)} < R(A) follows
IT(R(A)) <0 in the case ma >0 and I~ (R(A)) <0 in the case my > 0.

Proof. From lemma the assertion of the theorem holds in the cases ms = 0 or
n = 0. Thus from now on we assume ms # 0 and n # 0. In the case R~ (A) >
R(A),R*(A) > R(A) in theorem the condition for the integrals automatically
follows, and so R;(A) = R(A).

Now if RT(A) < R(A), but R~ (A) > R(A), then we have to cheque only the integral
I*(A). In this case from the lemma [3.2) we have ms + R > n, and |ms — R| < n,
so from lemma [I.1] I;(R) < 0, I(R) = 0, I3(R) < 0, I4(R) = 0, from what we
obtain: I*t(R) < 0, and from theorem [3.4] follows the equality R;(A) = R(A). The
case R™(A) < R(A), but R*(A) > R(A) is completely similar. Finally we analyze
the case ma > 0 and max{R(A), RT(A)} < R(A). In this case from the lemma
follows that I~ (R) < 0 for all R € (max{R~(A),R*(A)}, R(A4)) and then from
theorem and the fact that IT(R) is a monotone increasing function of R the
equality R;(A) = R(A) is true if and only if IT7(R(A)) < 0. The proof in the case
mo < 0 is similar. O

Lemma 5.4. Let A € R**? be a stable matriz.
(i) If ma > 0 and RT(A) < R(A), then for R > RT(A) sufficiently near to
RY(A) is I (R) < 0;
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(ii) If mg < 0 and R~ (A) < R(A), then for R > R~ (A) sufficiently near to
R(A) is I (R) < 0.

Proof. We prove only the assertion i), the prove of ii) is similar. For R > R*(A)
sufficiently near to RT(A) we have from that I;(R) < 0 and from
that I3(R) < 0. Furthermore for R sufficiently near to R*(A) is |ma — R| < n
and so from lemma follows that Io(R) = I4(R) = 0. Thus from follows
I*(R) < 0. O

Finally, as a direct consequence of the results proved in this work and the fact
that the functions I (R), R € (R"(A),R(A)) and I~ (R), R € (R (A),R(A))
are monotonically increasing functions of the variable R, which follows from ,
we formulate the general algorithm for the calculation of the number R;(A).

Algorithm.

1 For the given stable matrix A calculate the numbers: mj,mo, n, o(A),
R(A);

2 If mg =0 or n =0, then put R;(A) = R(A);

3 If my # 0, n # 0, calculate R*(A4) and R™(A). If RT(A) > R(A) or
R~ (A) > R(A), then put R;(A) = R(A);

4 If max{R (A),RT(A)} < R(A) and my > 0 calculate IT(R(A)). If
IT(R(A)) <0 then put R;(A) = R(A);

5 If max{R (A),Rt(4)} < R(A) and my < 0 calculate I~ (R(A)). If
I7(R(A)) <0 then put R;(A) = R(A);

6 If max{R~(A), RT(A)} < R(A), ma > 0 and I (R(A)) > 0, search Ry €
(R*(A), R(A)) such that IT(Ry) < 0, and use bisection method in the
interval (Rg, R(A)) to determine the root R of the equation I*T(R) = 0 and
put R;(A) = R;

7 If max{R™(A),RT(A)} < R(A), ma < 0 and I~ (R(A)) > 0, search Ry €
(R~(A),R(A)) such that I~ (R) < 0, and use bisection method in the
interval (Rg, R(A)) to determine the root R of the equation I~ (R) = 0 and
put ;(A) = R;

6. EXAMPLES

In this section we give applications of the main results of this work to the calcu-
lation of the stability radius R;(A).

Example 1. Let
—220 -99
A= {181 —220} ’
Then simple calculations give m; = —220, my = 140, n = 41, o(A) = 219.768.
So, R(A) = min{c(A4),—1tr(A)} = 219.768, R*(A) = max{0,n — my} = 0,
R™(A) = max{0,n + my} = 181, max{R"(A), R~ (A)} < R(A) and IT(R(A)) =
I17(219.768) = 0,37 > 0, so from theorem 2 we have that R;(A) < R(A) and R;(A)
is the root of the equation: I™(R) = 0. Using lemma we calculate the integral
I7(200) = —0.711 < 0 from what follows that R;(A) € (200,219.768). Since It (R)
is a monotonically increasing function we can applied the method of bisection to
obtain an approximation for the number R;(A). Finally we obtain

I1(214.555) = —0.0001034 < 0, I1(214.560) = 0.000188 > 0
and we can take R;(A) = 214.555.
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Example2. Let

241 —220
Then my = —220, my = 200, n = 41, o(A) = 256.321. So, R(A) = 220, R*(A) =
0,R~(A) = 241. So R~ (A) > R(A) and the assertion of the Theorem 2 implies
that R;(A) = R(A) = 220.
Example 3. Let

. [—220 —159} .

91 —220
Then from the calculations we obtain: m; = —220, me = 50, n = 41, g(A) =
184.610. So, R(A) = min{g(A), —Ltr(A)} = 184.610, R*(A) = 0, R~(A) = 9,
max{RT(A), R~ (A)} < R(A) and I'T(R(A)) = I'"(184.610) = —2.324 < 0, so from
theorem 2 we have that R;(A) = R(A) = 184.610.

[ )

Conclusion. In this paper we have solved the problem of the computation of
the number R;(A). We have characterize the stable matrices A for which the
equality R;(A) = R(A) holds. In the case when this numbers are not equal the
results allow with arbitrary accuracy calculate R;(A) using the bisection method
to search the zero of the integral IT(R) or I~ (R). We have proved also that
R, (A) = Ri(A) = Rn:(A) = R;(A) for all stable matrix A. This results to our
knowledge are not reported in the mathematical literature. It is of interest to note
also that the number R;(A) has closed links with the stability of switched linear
systems. For the exposition of recent advances in this important topic see [§].
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