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REGULARITY AND SYMMETRY OF POSITIVE SOLUTIONS
TO NONLINEAR INTEGRAL SYSTEMS

WANGHE YAO, XITAOLI CHEN, JIANFU YANG

ABSTRACT. In this article, we consider the regularity and symmetry of positive
solutions to the nonlinear integral system

u@) = [ Kale—9)" D dy, o@) = [ Kale—p)
n PIE R™ [v1?
for z € R™, where K, () is the kernel of the operator (—A)® + id of order «,
with0 <8 <2a<n,1<p, ¢g<(n—p0)/Band
1 1 n—2a+ 3
p+1 + g+1 n '
We show that positive solution pairs (u,v) € LPT1(R™) x L9t1(R™) are locally
Hélder continuous in RV \ {0}, radially symmetric about the origin, and strictly
decreasing.

1. INTRODUCTION

In this article, we consider the regularity and symmetry of positive solutions to
the nonlinear integral system

v(y)? u(y)”
u(r) = [ Ku(z—y) dy, v(z)= [ Kailz—y dy (1.1)
( R" lyl? R~ ) yl?
for x € R™, where K, (z) is the kernel of the operator (—A)* +id, 0 < a < 1,
0<fB<2a<n,1<p,q< 22 and

B
1 1 n— 2o+
+ ﬁ. (1.2)
p+1 q+1 n

It can be shown that problem (1.1)) is actually equivalent to the indefinite fractional
elliptic systems

v uP
— (A"t v=—,
lyl? lyl?

If p=q and 3 = 0, problem is of particular interest in fractional quantum
mechanics in the study of particles on stochastic fields modelled by Lévy processes.
A path integral over the Lévy flights paths and a fractional Schrédinger equation
of fractional quantum mechanics are formulated by Laskin [11], see also [12]. Tt

(—A)*u+u= in R™. (1.3)
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was shown in [I0] that in the case p = ¢ and 8 = 0, problem ([1.3) has at least a
positive classical solution, which is radially symmetric and decays at infinity.
On the other hand, the problem

(—A)a/Qu =9, (—A)Q/QU =uP, inR" (1.4)

and its generalization have recently been extensively investigated in [T} (2, [, [5] 6] [7]
etc. Such a problem is equivalent to the integral system

q P
u(a:):/ %dy, v(ac):/ %dy, in R™. (1.5)
R |2 — ] e |2 — ]

Solutions (u, v) of (1.5)) are critical points of the functional associated with the well-
known Hardy-Littlewood-Sobolev inequality, which is precisely stated as follows.

Proposition 1.1. Let 0 < A < n and let 1 < p,q < oo such that % + % + % = 2.
Then )

R? JR [T — |’\
for f € LP(R™) and g € LY(R™).

da dy| < Cyanll fllpllglle

Regularity and symmetry as well as classification of solutions of and its
generalization have been widely considered, see [2] and references therein. The
Hardy-Littlewood-Sobolev inequality plays a key role in the study of these prop-
erties. Meanwhile, the moving plane method and the regularity lifting method for
integral equations have been developed, see also [2] and references therein. Further-
more, the double weighted Hardy-Littlewood-Sobolev inequality, was introduced in
[15], which is stated as follows.

Propos1t10n12 Let 0 < A <n,1<p<oo,T1< ,,ﬂ< ,T+B >0, %4—%:1
and * 5+ q, + /\Jr:“a =2 Ifp<g<ooand f € LP(R"), E Lq/(R”), Then, there
exists a constant C' independent of f and g such that the following inequality holds

L mwdm < Ol flpllglly- (1.6)

Critical points of the functional associated with inequality (L.6) will yield so-
lutions of (1.4) if 7 = 8 = 0. Essentially, problem (1.4)) is related to the Riesz
potentials Z,(f) = (=A)™%, 0 < a < §, which is defined by

L@ = g [ e dy

ZL'*y|n 2c

for some C(a) > 0. It is known that

1 1 2a
Ta <C , h -—=—- - —
IZalle < Cllflp,  where - =~ =
In [g], the authors studied the regularity and radial symmetry of solutions of

v(y)? u(y)?

wa) = [ Gole—) U o) = [ Gole—n a7
where G, is the Bessel kernel; that is,

Golz) = W/Oo ¢~ o lal?/(45) (a—n) /295
" I3 Jo s’
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which is associated with the operator (—A+id)%. While problem (1.1]) is connected
with the kernel K, of the operator (—A)® + id, such an operator enjoys different
features, for instant, it is not clear whether the ground state solution of

(-A)*u+u=uP, inR"

is exponentially decaying at infinity, see [I0] for further properties of the operator
(=A)* + id and results for one equation case. We will consider in this paper
the regularity and radial symmetry of positive solutions of , which involves
in Hardy type weights. To this purpose, we first establish the following Hardy-
Littlewood-Sobolev inequality for the potential K, with double weights.

Theorem 1.3. Let 0 < a < 1,1 < p,g < &, 7,8 > 0. In addition n(1 — % -

2a

% + 270‘) >0+7>n(l- % — %) Then, there exists a constant C, independent of

f € LP(R™) and g € LY(R™), such that the following inequality holds

f(@)Ko(z —y)h(y)
’/ an |7 [y]® da dy| < O| fllpllhllg- (1.8)

Furthermore, let

Ka(z —y)h(y)

Th(z) = dy,
ze lelTyl?
then
TRy = S (Th, )] < Cllhllg,
where%—&—ﬁ:l, 1—1—52%—&—% and h € L1(R™).

Next, we use Theorem to investigate properties of positive solutions of (1.1]).
In the following, we always assume 1 < p, ¢ < % and that ((1.2)) holds. We have
the following result.

Theorem 1.4. If (u,v) € LPTLH(R™) x LITHR"™) is a solution pair of (L.1)), then
(u,v) € L%(R™) x L=(R").

Results in Theorem hold also for sign-changing solutions of . In the
proof of Theorem we first lift the integrability of a suitable cut-off function of
the solution by the regularity lifting method to some L%, and then we show that
the solution is actually in L*°. From Theorem one may expect the solution to
be smooth. Our next result asserts that the solution is locally Holder continuous.
Precisely, let v =1— g, under the conditions in Theorem we have the following
result.

Theorem 1.5. u,v € C27 (R™\{0}).

loc

Furthermore, we show that the solution is radially symmetric by the moving
plane method.

Theorem 1.6. Both u and v are radially symmetric and strictly decreasing about
the origin.

In Section 2, we establish the weighted Hardy-Littlewood-Sobolev inequality
related to the kernel K,. Then, using the inequality, we prove Theorem [I.4] in
section 3. In section 4, we prove Theorem [I.5] by Theorem [I.3] and the regularity
lifting method. Theorem is shown in section 5 by the moving plane method.



4 W. YAO, X. CHEN, J. YAN EJDE-2011/161

2. HARDY-LITTLEWOOD-SOBOLEV INEQUALITY FOR THE BESSEL POTENTIAL

In this section, we establish a weighted Hardy-Littlewood-Sobolev inequality for
the potential K,. Let a € (0,1), the kernel K, associated with the operator
(—A)* 4 id is defined as

1

Ko(z) = fﬁl(w)’

where F~! is the inverse Fourier transformation. It is known from [I0] that the
kernel K, is radially symmetric, non-negative and non-increasing in r = |z|. Fur-
thermore, for appropriate constants C7 and Cs, the kernel K, satisfies

Cylz|~" 2@ when |z| <1,

2.1
Colz|™"72* when |z| > 1. 1)

Ka(z) < {

Proof of Theorem[I-3 By (2.1)), we have

J(x)Kqo(x —y)h(y)
L vl

_ f@)Ka(z —y)hly)
{ /" /{y:lz—yzl} g’

|z [7|y|?

f@)Eo(z —y)hly)
+/"/{y:z—y|§1} 2|7 |y|® dy dal (2.2)

cef | Lo,
R™ J{y:|z—y|>1} ‘$| |l’7y| |y|

n J{y:|lz—y|<1} ‘x|T|x - y|n a|y|

Firstly, we estimate I. We write

[ DI,
(w:lal<3} S {yslo—y(z1} [2]7]2 =yl 2oyl

S FEUAWDL
{e:]z|>5} /A

yilo—y|>1} 27T — y[rT2e]y|8

(2.3)

Notice that if || < 3, |y — «[ > 1, then |y| > 1. While the function |z|~"72* is in

L"(R™\B1(0)) for all -~ <7 < oo, we have by Young’s inequality that

1 1/r
12 gz <ol < Clalla ([ —ae)
{l-1=1} q (z:lo|>1} || (n 2007

where 1—1—% = %—1—
s =ng/(n —2aq), w

I </ |f(2)| dx(/ [A(y)] dy) da
T Jwilel< sy 1270 {yily—al>1) [ — Y[+

o Ti-I_1i2a 1-1_1, 20
< I fllpllf - 17" 2“x{|-|21}*|hIIIL</ o T dx) -
{z:]2<3}

. Choosing in Young’s inequality that r = n/(n — 2«a), then
obtain

D RI=

n—2aq

<cllylie( [ e te)

(]| >1} @] (H2er
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4B 1-1 142
x (/ || rat dx) P
{z:|z|<1}
Since n — % >0 if and only if B4+ 7 < n(1 — 11) - % + 22), it yields

L < ClflpliPllg-

We decompose I, as follows.
h
ne[ V@I,
{wilel> 1} Jyila—yl>1,ly> 33 12]712 — y[" T2yl

+/ / Tlf(a:)llfi%)al dyds (2.4)
{w:l2123} Hyla—ylz1yi< 3y 27| =yl T2ely]

=15+ 13

Furthermore,
h
n=f V@I 4,
{wilel> 3} Huslo—yl > LIyl = L1yl 2 [} 121712 = y["F2e]y]

h
/ / |f(x)”n(+y2)(l dyda (2.5)
o213} Jyila—yl> 1y 2 Lyl < )2y 2172 =yl T2 y]

= I+ 1%

Now we estimate I3! and 132, respectively. We deduce by Young’s inequality that
h
pef b L)
{alal>3) 217 {welyl> 3 Ja—y1>1y [T = Y]
< I 1720 2y) * Al / o]+ )

{z:]z|>1}
<cistota(

x:

1

1
q

—1
q

=

1_
|z| =+ 7= d;z:)

Sincer+ﬁ>n(1—%—l) we have n — (7 + ) < 0. Hence,

Pg— p q
L' < Clflplnllq-
By the Fubini theorem, we find

h
gef ] LT
{wilel> 3} Jyilyl> L je—y1>13 |7 — Y[ T2 y]

h
< / | (%( / 7|f(x2‘+2adw) dy
{wlyl>1y 1Yl {wle—y|>1} |2 =Y

pq 1-1
< gl 17" g2 p) * |f|||p(/ [yl =7 dy)

1
q

{y:lyl=3}
e VR
<omla( [ s ) T
{w:lyl>3}
In the same way, n — (T—l—ﬁ)pq 7 < 0ifand only if 7+ 5 > n(l—1— %)7 and

then
132 < ClIf1plRllq-
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Using the Fubini theorem and Young’s inequality, we obtain

i< | h(y) U@L
{y:lyl<

1 ly|P+7 (wila|> 1 Ja—y|>1} [T —y[" T2
2 - 1T+1ﬁ 2a 1_%_34'27&
<l 1 e <l ([ Wl T ay)
{y:lyl<s}
1 n—2«a
<clnllte( [ e
{a]z|>1} |g]| =2
N
([ W T )
{y:ly|<3}
Since n — ﬁ >0 if and only if B+ 7 < n(1 — % - % + 22 it follows that
P q n
I3 < Cllflplhllg-
Secondly, we estimate J. There holds
h
- VG g,

o—yl<1y [2|7lw =yl 2oyl

|f ()| (y)]
dydz .= Jy + Js.
+/z:z|<2} /{y; yar 1+ J2

Note that if |z| > 2, |[y—z| < 1, then |y| > |z|—|z—y| > 1 > |z —y| and |z| > |z —y].
By Young’s inequality,

1Y)l
I :/ fla / —— 0 dydx
1 {z:]z|>2} ( ) (lo—y|<1} ‘I 7y‘n72o¢+ﬂ+7—

X{|-|<1}
< ||prHh*(|.|n_27a+g+T)”p’ (2.7)

1 1/1
Ul )

{y:lyI<

Wherel%:%—l—%—l, thatis%=2—%—%. Thus, n — (n — 2a+ B+ 7)l > 0 if
and only ifﬁ+7<n(l—%—l+ Za) " it follows that

<t
Ji <Ol fllpllhllg-

To estimate Jo, we decompose it as follows.

wef T
{wlel<2y Jylo—yl <ty > ey 121712 =y 722 y]

wilzl<2} J{

yle—yl<tlyi<lel} 1217 1T =y 2 |y|?

(2.8)
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Now we estimate J3 and J3 respectively.

| (@) Ly,
J2 S ‘/{\xx|§2} |.’]C|7-+ﬂ (/{y;h;_ygl} ‘IE — y|n*2a dy) d
LA
= /{ (Ih])(&) da:

wilzl<2} |78 fo

1 1-1/p—1/g+2a/n (29)
< £ llp I (AN 2 (/ o da)
{w:|2|<2} || T=T75=1/aF2a7m
1 1-1/p—1/q+2a/n
N ) |
{z:|z|<2} |x|171/p71/q+2a/n,
Since n — oz > 0 if and only if 7+ 8 < n(1 - 1/p — 1/q + 2a/n), it
yields

Jy < Clflplnllq-

In the same way,

x|z <2} {y ly|<|z|} || |$— | lyl

LT
{wlyi<2y Y17 (w2 ly)} [T =yl

7 (y)]
< / 5 La([f)(y) dy 2.10
fulvl<2y [WIT° (210)
1 1-1/p—1/q+2a/n
A O e e
{y:|y|<2} |y|171/p71/q+20</n
1 1-1/p—1/q+2a/n
<cifblila( [ ) -
{y:lyl<2} |y|T=17p=1/aF2aTn
The inequality 7+ 5 <n(l —1/p —1/q + 2a/n) implies
J3 < Ol flpllhllg-
The proof is complete. U

3. L°°-BOUND OF SOLUTIONS

In this section, we show that any solution of in LPTL(R") x LITH(R")
actually belongs to L (R™) x L*(R™). To this purpose, we will use the regularity
lifting method developed in [2], which we will state as follows.

Let Z be a given vector space, || - ||x and || - ||y be two norms on Z. Define a
new norm || - ||z by

F-llz = /1 M + 1 115
Suppose that Z is complete with respect to the norm || - ||z. Let X and Y be the
completion under || - ||x and || - ||y, respectively. Here one can choose p such that

1 < p < 0. According to what one needs, it is easy to see that Z = X N'Y. The
following regularity lifting theorem was obtained in [2].

Lemma 3.1 (Regularity Lifting I). Let T be a contracting map from X into itself
and from Y into itself. Assume that f € X and that there exists a function g € Z
such that f =Tf + g, then f also belongs to Z.
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Proof of Theorem[14 Let (u,v) € LPTH(R™) x LI (R™) be a pair of solution to
integral systems (|1.1). We first show by Lemma that (ue,ve), a cut-off function

of (u,v) defined below, belongs to LP(R") x Li(R") for p > 7025, 0> 5525 and
% — % = ﬁ - ﬁ, then we prove that (u,v) € L®(R™) x L>®(R™).

For any sufficient large positive real number £, define

_ Jul), if Ju(z)| = € or [z] > ¢,
ue(w) = {u§(x) =0, otherwise. (3-1)

Similarly, we define ve. Let

Ko(z —y)lvel " g(y) dy, TSy = [ Feli= y)lueP~ 1 f(y)

Tig(z) =
! Rn |y|? Rn |y|?

dy

and

Te(f,9) = (TT9. T3 f)-
Let Gg(z) = u(w) —ug(x), and B¢ = {x € R" : |u(x)| = € or |z[ > £}. Similarly, we
define v¢ and E%. By , we have

Ko(z —y)lv(y)|" v(y)

u(x) = d
= . 7 /
K — q-1 K — q-1
_ a(® y)\vgy)l v(y) dy+/ a(® y)lvgy)l v(y) dy
E? ] R\ EY lyl
[ Kol =@l ) [ Kale =)l )
R" ly|? Rn lyl?
(3.2)
Moreover,
Ky(x—vy)lv a1y
where )
Ko(x —y)|ve(y)|T  ve(y 5
M) [ Kele =B g
R |yl
Similarly,
K,(z—y)|u p=ly
where )
K.(x —y)|u P=ig .
My(z) = (z —y)| sgy)l ¢ dy — 7 (x).
R lyl
It yields

(ug, ve) = Te(ug, ve) + (M (x), Ma(2)),
where T¢(ug,ve) = (TfUE,TQEUE).
We claim that M (x), Ma(z) € L*°(R™) N L*(R™) for s > 1. Obviously, t¢, 0¢ €
L>(R™) N L*(R™). So it suffices to show that Hy, Hy € L°°(R™) N L*(R™), where

[ Koz —y)|oe(y)|" e (y)
Hy(z) = - P dy,
Hyw) = [ el = olicWP aely) ,

R™ |y‘ﬂ
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Now, we estimate Hp, the estimation for Hs can be obtained in the same way.
By the definition of ¥¢(z), for € R™, we obtain

K,(x —
|Hi(z)| §C/ %dy
wlyl<ey 1Yl
K,(x — K, (x —
<c Bl ) gy 4 0 Kale =y,
{ylyl<&lo—yi>1y 1Yl {ylyl<&lo—yl<y 1Yl
1
<o R R
{yilyl<e Jo—y|>1} [T — y["F2]y|0
1
+C —dy
(ilyl<e.e—y|<1} [YPlT —y["2
= A(z) + B(z),
where C' > 0 depends on &. Since 0 < § < 2 < n,
A(x) <C ——dy < C.
fylyi<ey 1l°
Similarly,
B(z)

C

< (/ +/ )—_dy
(<t le—yl<Lle—y2wl}  Jwlyl<ee—yl<tle—yi<lyly / 1Y]° |2 —yl* 2o

¢ c
- et / T amars W=C
/{y:|y<s} Jy|n=2ets {yle—yl<1y & —y["=20FP

As aresult, H; € L*°(R™). On the other hand, by Theorem for r > ns

2as+n—s3?
we have

[ Hillzs gny < N0 Lr(Be(0)) < C5
that is, H; € L*(R™). The claim follows.
Next, we show that T¢(f,g) is a contraction map from LP(R™) x LI(R") into
LP(R™) x Li(R™) for ¢,p > 1 satisfying
1 1 1 1

= 3.5
p ¢ p+l g+1 (3:5)
We may verify by the fact p,q > 1, (1.2) and (3.5) that
- np . ng
>— 5 5>t
¢ n+ (2a— B)p b n+ (2a — 6)q
Choosing d; such that
1 q—1
— =4 — 3.6
di ¢ q+1 (3.6)
we verify by (1.2) that
. np
>dp > —————. 3.7
e Yot (2a — B)p (3.7)
By Theorem [I.3] we find
IT¢gllp < Clllvel* " glay - (3.8)

This and Holder’s inequality yield
ITFglls < Clloell 21 lgllg: (3.9)
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In the same way, choosing di = % + g%, we obtain

IT5 fllg < Clllugl”™ flla, < Clluellhyiil £l (3.10)

Since (u,v) € LPTHR™) x LI (R™), one can choose ¢ sufficiently large so that

1 1
Tt gllp < 5 llglla, IT5 fllg < 5 1 £ll5- (3.11)
Therefore,
ITe (£, 9)lloxa = I(T5 9, T5 Flloxa = T3 glls + 15 £l
1 1 1
< slalls + 5115 = 510 9)loxa

In other words Tg(f, g) lS a contraction map from LP(R") x LI(R™) into itself for
D,q>1,= —% = m —m In particular, for p=p+1 and § = ¢+ 1, we see that

Te(f, g) is also a contraction map from LP'H(R”) LIt (R™) mto itself. Choosmg

P, q large enough such that p > 555 ﬂ’ 115 — % = ﬁ — m7 by Lemma

we conclude that (ug,ve) € (L”(R”) X Lq(R")) N (LPTLHR™) x LITH(R™)).

Finally, we show that u,v € L>®°(R™). Since u(z) = ue(x) + te(x),v(z) =
ve(z) + Ve(z) and G, ¥ € L>®(R™), we only need to verify ue,ve € L*°(R"). By
, and My, My € L*®(R™), it is sufficient to verify that Iy, I, € L (R"),
where

(3.12)

Kq(x — q—1 K (x— p—1
Rn |y Rn |y
There holds
K,(x —y)|ve|? Ko (x —y)lve|?
o= | =, , | =g,
{y:lyl <€} [l {y:lyl>€) ] (3.13)
= J(z) + G(x).
If € R"\B2(0), y € Be(0), then |z —y| > |z| — |y| > & > |y|. Thus,
q q
J(x)<C e __ay<c loe?
{ylyl<ey [ =yl T2y {ylvl<er 1Yl (3.14)
- (/ | |q+1d q/(q+1) / 1 p )1/(q+1) - '
S 73 y) ( Y S
{wilyl<e) {wilyl<ey [y]@HDP
since ¢ < (n — B)/B. If x € Bog(0), we have
_ q _ q
{yilyl <€ lo—yl>1} lyl {yilyl <& -yl <1} ll
|ve?
sc/ SR - W
{ylyl <6 lo—y>1y [T — Y[ T2yl
|ve
+c/ e gy O () + C ().
{ylyl<eo—yl<1y 17—yl 2 yl?

Now we estimate Ji(x), Jo(z) respectively. By Holder’s inequality, we have

q/(q+1) 1 1/(q+1)
Ji(x) < C(/ |ve 9! dy) (/ a8 dy)
{wilyl<€) {wly<ey 1Yl (3.15)

<C
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and because of ¢ > ng/(2a — (3), we deduce

JQ(.’E)
|ve?
- -
{y: v < Je—y| < Je—y| 2]y} |7 — ¥ 2 [ylP
|ve?
+/ ff2a B dy
(y:lyl <&, |z—y|<Le—y|<|y]} |Z = Yl [yl

|U£|q / |fU£‘q
S/ Taars W+ e — a1
{y:|y|<€} ly|—2 +8 (ylo—yl<L.ly|<e} |z —y|n—2 1B ( )
~ q/q 1 (G—a)/d
= </ |U€|q dy) (/ ﬁdy)
{y:lyl<&} {ylyl<ey [y|7Ta (20th)

+ (/{y:y<§} |U£|q dy)q/é(/{ 1 e dy) (G—a)/d

T
yilz—y|<1} |z — y|T-a
<C.

Inequalities (3.14),(3.15) and (3.16]) imply that J € L*°(R™). Now we estimate
G(z). For any = € R",

G(x)</ Mder/ Mdy
(wlylE le—y|>1} lyl? (wlyl>E le—y|<1} lyl?
|ve |
cof .
rlyl>eJe—yi>1} |2 =yl T2 y]P
+C ¢ dy
(wilyl>eJe—yi<1} [T — yl" 72 |ylP
|vg|? |ve|?
<C S L { S Y S 1
{ylyl > lo—yl>1y [T — Y12 yl? (yilo—y|<1} [T — y|P20F0

= CGy (CL‘) + CGQ({L‘)
By Holder’s inequality,

Ga(x) < (/Rn |v§|‘idy>q/q</{ .1(n72a+ﬁ) dy) (i-9)/d <c

yle—yl<1} |z —y|Ta

Now we estimate G1(x). Since ¢ > 207}36 > %, we can choose an r such that
l<r< %. Hence, Holder’s inequality implies that

_ q/q 1 1/r
Gi(z) < / lve|dy / ——~-dy
( {wilyl>€} ) ( {lo—yiz1y ¥ |z —y|0H2e) )

1 1-q/4—1/r
X (/ 7gdy> <C
{y:lyl>€} |y| =717

Consequently, both J and G belong to L>(R"), so is I;. Similarly, we have I €
L*>°(R™). Therefore, u,v € L>(R™). The proof of Theorem is completed. [

(3.17)

4. REGULARITY OF SOLUTIONS TO INTEGRAL SYSTEMS

In this section, we show that the solution of (1.1)) is H6lder continuous. We recall
the regularity lifting theorem II given in [2]. Let V be a Hausdorff topological vector
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space. Suppose there are two extended norms defined on V/,
1Al - lly = V= [0, o0].
Let
X ={veV:|vx <o}, Y:i={weV:|v|y <o}

We also assume that X is complete and that the topology in V is weaker than the
topology of X and the weak topology of Y, which means that the convergence in X
or weak convergence in Y will imply convergence in V. The pair of spaces (X,Y)
described as above is called an XY —pair, if whenever the sequence {u,} C X with
up — u in X and |lu,lly < C will imply u € Y.

From [2, Remark 3.3.5], we know that if X = LP(U) for 1 < p < 0c0,Y = C%(U)
for 0 < v <1, and V is the space of distributions, where U can be any subset of
R™ or R™ itself, then (X,Y) is an XY —pair.

Lemma 4.1 (Regularity Lifting II). Suppose that Banach spaces X,Y are an XY -
pair, both contained in some larger topological space V' satisfying properties de-
scribed above. Let X and %) be closed subsets of X and Y respectively. Suppose that
T:X — X s a contraction:

ITf =Tgllx <nllf—gllx, Vf.g€X and for some 0 <n<1;
and T :Y —Y is shrinking:
ITglly <08lglly, Vg€ and for some 0 < 0 < 1;

Define
Sf=Tf+F forsomeF cXnN9.
Moreover, assume that S : XNY — X NY. Then there exists a unique solution u
of the equation
u=Tf+F inX,

and more importantly, u € Y.

Proof of Theorem[1.5. Since (u,v) is a solution pair for (1.1]), we have
vi(y)
u(x) = K.(lx —y|)—5 dy
0= [ Fallr o)
= vi(y)
- Kl (s dsdy
I ()

oyl [y

= (y)
- K&(S)’U ds dy
/o /Bs(r) |y\ﬁ
- (y)
- K;(s)u ds dy.
/o /BS(I) ly|®

For any Q@ cC R™\ {0}, denote d = dist(0,Q2) > 0. Let X = L>®(Q) and Y =
C%7(Q). By Theorem [1.4] u,v € L= (R"), we define

X = {w € X[[lwllz~ < 2llullz~ + 2[v[z},
Y = {w e Y||lwllz= < 2lullze +2[v[z}.

and

For every € > 0 such that 0 < e < 4 , we define

[
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€ AD
—— [ [ mue TR s w0 - @e1r0)
0 JBs(z |yl

Fur(hermore, we deﬁne

FPy(x / / K! (s ) dsdy, F = (FPv,Flu).
B (a: y‘

Obviously, a solution (u,v) of ( is a solution of the equation
(ﬁ, 0) =T.(4,0) + F.

Write Se (4, 0) = T. (G, 9) + F. We will show for £ > 0 small that 7. is a contracting
operator from X x X to X x X, and also is a shrinking operator from Y xQ to Y xY.
Furthermore, F' € (XxX)N(YPx9Q), and S : (XxX)N(YPYxY) — (XxX)N(Y xD).
This then will yields (u,v) € Y x Y by Lemma

We first show that T. is a contracting operator from X x X to X x X. For any
f,g € X, we denote here and below that f? = f7. By the mean value theorem, we
have

|72(2) ~ T2g(a)| < /OE/B (%)Ifq(y)—gq(y)uﬁjfﬁf)| ds dy

< Cmax{||f7<, gl F<HIf — QHLwE/Q s" PR (s)| ds.

By (2.1), we obtain

€
/ s"PIK! (s)| ds < O(e227F)
0
as € — 0. Hence, for € > 0 small,

T2 f(x) = Tdg(x)| < Cmax{||If |7, IglF<HIf — gllo=e7. (4.1)

Choosing ¢ > 0 small so that Cmax{||f]|9=, ||lg|%= }e2*~# < 1/4, we see that TJ
is a contracting operator from X to X. Similarly, T? is also a contracting operator
from X to X. Therefore, T is a contracting operator from X x X to X x X.

Next, we verify that T, is a shrinking operator from %) x ) to Y x Y. We only
show it for TZ, it can be done in the same way for 7?. Assume f € ). Then for
any z, z € ), we have

T2 (@)~ Taf(2)| = | / / . Py~ [ » ﬁ;(l?dy}ff;(s)dﬂ
_>M/ /L(m f;W fgijzzan]Kﬂ()dydﬂ
1 1
S‘A./ WW |y+z—ﬂw
+,(fq()gff’(y47247 ))}KL(S)ddeP

ly+2—z|f
For y € Bys(x), 0 < s < ¢, we have |y|>|m|—s>d—g:g>0and ly+ 2z —z| >

\Z|—|y—$|2d—82%. So both \B and

1 .
a7 are regular in B(z) for
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0 < s < €. In particular, there exists C' > 0 such that |ﬁ —
Hence,

m| < Clzx — z|.

1
_ dyd
’//M W ~ s =) Kelo) duds

< Clflle == [ 5K (s)as
0

< Ol o — 2le%

< CIFIE 1 oo ko — 2le®

If |z —2| <1, |z — 2] < |z — 2 if |z — 2| > 1, |2 — 2| < (diamQ)} 7|z — 2|".

Therefore,
1
_— dy ds
//M I \y+z—x|ﬂ) as) dyds

< fllgon |z — 2

On the other hand, by the mean value theorem,

fily+z—x)_,
) =zl
|// )| K (s) dy ds|

ly+z—alf
< CIAIE I llgn e — =1 / "KL (s) ds|
< CIIAIFE N fllcon |z — 27>
where w is valued between f(y) and f(y + z — x). Consequently,
T2 f(z) = T2f ()| < Cllfllcon|a — 2|7
Choosing € > 0 sufficiently small, we obtain

|T2f(x) = TIf(2)]
sup
z#z |z — 2|

We may derive in the same way as (4.1) that

1
721 (@) < Ol |z~ < Ll llenn-

Therefore, for any f € 9,

1T f (@)l con < Sl fllcos

that is, T¢ is a shrinking operator from 9) to Y.
Now, we show that F9v(x) and FPu(z) are Holder continuous for u,v € ). We
only deal with F9v(x). For FPu(z), it can be shown similarly. We write

//B(fo |dey// KL (s )ddy

x) + Fa(x

N |
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For z, z € ), we have

e - A= [ (e |y|ﬁ)dy‘/BS(MULﬁZ)dy)K&(S)dS’

< o]l m/ / dy) KL (s)] ds.
L € ( (Bs(2)\Bs(2))U(Bs(2)\Bs(x)) \ylﬁ )

Denote by A* the symmetric rearrangement of the set A, and f* the symmetric-
decreasing rearrangement of a function f. It is known that for the characteristic

function x4 of a set A, x% = xa+~. Moreover, for nonnegative functions f and g,
there holds

fgdx < ffg*dx
Rn Rn

If |z — z| > 2s, then

1 1 1
(Bs(z)\Bs(2))U(Bs(2)\Bs()) |y B.(z) |yl B (z) |yl

—/ ! d +/ L d
T i e
1 1
< crdnt [ xeosd
fropmas [ xmogs

<O P

< Cs" Pz — 2],

If |z — z| < 2s, we have

(Bs(x) \ Bs(2)) U (Bs(2) \ Bs(x)) C (Bs(x) U By(2)) \Bsf%fTH)'

Let r = (s” - (s - %)n)l/n. Noting 0 < s < 1 and reasoning in the same way,
we obtain

[ R i
(B (@)\B.(2)U(B. (2)\B. (@) [Vl (Bo@U(Bo(ONB, sy (552) Y]

1
< 2/ =5 dy
B.(0) |yl? (4.2)

SC(S"— (s— ‘$;Z|)n)%

< Os" 1Pz — 2.

As a result,

1
_B _3_
|Fi(z) = Fi(2)] < —[[v)|d |z — 2[' " / s"TATLKL (s) ds < O(e)||v]|d o — 2]
1>

that is,

F — F
oy [0~ Fa(2)
otz |l — 2|7

< C(e). (4.3)
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Now we estimate the Holder norm of Fy. For z,2z € Q, by (4.2),

y) Uq(y) /
F: — Fy(2)| = / / dy—/ dy | K, (s)ds
[F2(@) ()] = | B, (z) ly|? B (z) y|? ) (®) |

IN

IN

o0
ol — 27 / SO (s) ds

N

oo
< —follf e — 2] / S BK () ds.

We may verify that
[ ) = Ka) =) [ ) ds
1 1

§Ka(1)—|—0(n—ﬂ)/ gnAlgTn=2a g

1

< K,1)+C.
Thus,
[Fa () = Fa(2)| < Cllol| Lz — 2[5
that is,
F: — F
[ B@) =BG _
otz |l — 2|7
Inequalities (4.3]) and . 4.4)) yield
Fa _ F4
up ) = PR _
z#z |z — 2|7

From the definition of Fj(x) and Fs(x), we have

IFu(@)] < ol / ([, o s

1
< Clloll% / 8| (5)] ds
< CE)llo-,

Pl <ol [ ([ )l

< Clol. / B ()] ds
1
< o]t

It follows from and . ) that
|[F|pe < C(e)|[v]| T

and

1
Joll%.-. / / dy) | ()] ds
1 ( (Bs(x)\Bs(2))U(Bs(2)\Bs (x)) |y|ﬁ )

(4.6)

(4.8)

Inequalities (4.6) and (4.8) imply that F9v is Holder continuous, and this together

with (4.8)) imply Flv € XN Y.
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Finally, we show that S. maps (X x X) N (2 x Q) to itself. We need only to
verify that if ||w| g~ < 2||ul/L= + 2||v] L=, then
[T wl L < 2[|ulle + 2[|v] Lo (4.9)
In the same way, we can prove
[TPwl g < 2[ullzee + 2[|v] Lo (4.10)
Now, we verify (4.9). Indeed,

€ q
o) = [ [ wie T dsay
0 JBs(z) ]

S
1
Clullis +2el)? [ [ I o) duds
0 JBg(x) |y

IN

€
< C2flullz +2||’UHL°°)q/ s" P KL (s)|ds
0
< C2llullp= + 2ol )ie* 7.
Therefore, choosing e sufficiently small, but independent of w, we obtain (4.9)). This
completes the proof of the theorem. ([
5. SYMMETRY OF SOLUTIONS

In this section, we show that positive solutions of (1.1)) are radially symmetric.
For a given real number A\, we may define

Ex={z=(z1,22, -+ @) ER"|21 <A}, Th={z € R"[z1 = A}
For x € ¥y, let x) = (2\ — 21,22, -+ ,T,), and define
ur(x) = u(zy), va(z)=v(z)).

Lemma 5.1. For any positive solution u of (1.1), we have

e —use) = [ (Ko=)~ Kalor—0)) (524 - B)ay. )

Wl lual?

v(z) —vr(z) = /E <Ka(:v —y) — Ka(z) — y)) (uP(y) ui(y)) dy.  (5.2)

P
Proof. Let £§ = {z = (21,22, -+ ,zn) € R"|z1 > A}. It follows from (L.1) that
Ko (x —y)v? Ko (x —y)v?
o= [ Kale =) [ Kale—u),
2 | =5 |
Ka(x — y)vq(y) dy + Ka(x — y)\)vq(y)\)
5 Y 5
= |y = [y |
Kol@ =9)v'(y) o\ [ Kaloa=9)eily) ;-
B B
=a |y =a [y |

Here we have used the fact that |z —yx| = |xx — y| and the fact that K, is radially
symmetric in R"™. Substituting x by z, gives

[ Galzx —y)vi(y) Ga(z —y)o3(y)
u(ea) = /E P /z e Y

dy
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Hence,

) —use) = [ (Kalo =)~ Kalon — ) (2 - 20 ay

PR
Similarly, we have
uPy) — ui(y)
v(z) —oa(x) = (K z—y)— K m,\—y)( — )dy.
(2) - val2) LA o =1) = Kol =) (T8 - 2
This completes the proof. ([

Proof of Theorem[1.6. We use the moving plane method developed for integral
equations in [6] to prove the result. First, we show for sufficiently negative A
that

u(z) <ulxy), v(r) <v(xy), VYo Xi. (5.3)
Set

wy(x) =u(z) —u(xy), za(z)=v(x)—0v(x)),
VT ={z e By|u(z) >ul(zy)}, XV ={zei|v(x) > v(za)}

From Lemma we deduce that

M@—ww:A”w@M%w%%Mm—wxww By

PTG
[ (o) (G - )

Since |x — y| < |xx — y| and |y| > |ya| in Xy, taking into account that K, (x) is
decreasing as well as that t? is convex, we obtain

u(z) — ux(z) S/ (Ka(zfy)fKa(xkfy)) (M,M) dy

v ly[? lyal?
q _ 9
< [ (K —v) - Kolar - 0) (D200 gy
=37 lyl?
A
v (v — v
<C Ka@*@#@-
=0T |yl
We may derive as in the proof of (3.9) and (3.10) for
111 1
PG p+l g+l
and
Ll ¢t 1 1 p-l
dl (j q+ 1’ d2 P p+ 1
that
- —1
oAl sy -y < Cllo* 2xllpar (mg ) < Cloll7 4 o 1Al pasy ) (5.4)
and
_ -1
Iorlzags ) < Cllar nlpossg oy < Ol oo loalssg ) (59)
As a result,

-1 -1
lllzosy < Cll o 000 b o 0l s gy (5:6)
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Since (u,v) € LPTL(R™) x LITH(R"), for sufficiently negative A,
p—1 qg—1 1
C||uHLp+1(Z';a7) ||’U||Lq+1(21>f\,*) S 2 .

Hence,
1
”w)\HLﬁ(z“;v*) < §Hw>\”[j(z’;’*)~

This implies X'~ must be a set of measure zero. Similarly, the measure of X\'" is
zero. Consequently, holds.

Next, we increase the value of A continuously; that is, we move the plane T to
the right as long as the inequality holds. We show that by moving T in this
way, it will not stop before the plane hitting the origin. Let

Ao = sup{A|u(z) —ux(z) < 0,v(z) —ovx(z) <0,Ve € Xy} (5.7)
Obviously \g < 0, We claim that
Ao = 0. (5.8)
In fact, if it were not the case, we would show that the plane could be moved further
to the right by a small distance, and this would contradict with the definition of
Ao- Suppose by the contrary that Ag < 0, and that there exist some points xg, 1
in ¥, such that u(zo) = ux,(z0),v(z1) = vz, (21). By Lemmal5.1]and noting that
ZTxag = (T0)ry, We obtain

0 = u(zo) — ur, (o)

= /Z (Ka(xo —y) — Ko(zr, — y)) (”q(y) 3, (y)) dy.

w7yl

Since |y| > |yo| in X),,
vi(y) o3, ()
WP Jyaol?
Moreover, |zg — y| < |zx, — y| in Xj,, we infer that

HZ)\

0*

v(xz) =y (2) =0, ae x€Xy,.
This also implies that v(z) = 0, which is a contradiction to the fact that v is
positive. So we have
u(x) <upy(x), a.e.x € Xy,.
Similarly,
v(x) < vy (z), a.e. x€Xy,.
Since (u,v) € LPTLHR™) x LI (R"), for any € > 0 there exists R > 0 such that

/ uPTde < e, / vl de < e
R"\Bg(0) R"\Br(0)

By Lusin theorem, for any 6 > 0, there exists a closed set F5 with Fs C Br(0) U
Yy, = F and m(E — Fs) < ¢ such that wy,|Fs, 2x,|Fs is continuous.

As wy,, 2y, < 0 in the interior of Xy,,wx,, 2, < 0 in F5. Choosing €9 > 0
sufficiently small so that for any A € [Ag, Ag + €0), it holds that wy, 2y < 0 in Fj.
For such a A,

XV C M" = (R"\Bg(0)) U (E\Fs) U[(ZA\XZ,) N Br(0)],
£0T C MY = (R™\Bg(0)) U (E\F5) U[(S\\E%7) N Br(0)].
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We may choose ¢, and g¢ small so that

1
Ol ey 0 ey < 5
Hence,

1
”w)\”Lﬁ(Zz") < §Hw>\”Lﬁ(E;“_)a

which implies that $}"~ must be of measure zero. Again, it contradicts the defini-
tion of A\g. Equation is proved.

On the other hand, we can also move the plane from positive infinite to zero by
the similar procedure. Hence, u(x), v(x) are symmetric and monotonic with respect
to 1 = 0. Moreover, since the 7 direction can be chosen arbitrarily, u(z),v(z) are
radial symmetric and strictly monotonic with respect to the origin. Thus we have
completed the proof of Theorem [T.6] O
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