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L?*-WELL-POSED CAUCHY PROBLEM FOR FOURTH-ORDER
DISPERSIVE EQUATIONS ON THE LINE

SHIGEO TARAMA

ABSTRACT. Mizuhara [2| obtained conditions for the Cauchy problem of a
fourth-order dispersive operator to be well posed in the L? sense. Two of
those conditions were shown to be necessary under additional assumptions. In
this article, we prove the necessity without the additional assumptions.

1. INTRODUCTION
Let L be a fourth-order dispersive operator given by
L= D; — D} —a(x)D3 — b(z)D? — ¢(x)D, — d(z) (1.1)
where D; = 19,, D, = 10,. We consider the Cauchy problem
Lu = f(x,t), (z,t) €R?

with the initial data on the line ¢t = 0, u(z,0) = g(x).
Mizuhara [2], extending the arguments on [3], obtained the following result.

The above Cauchy problem is L?-well-posed if the coefficients a(x),
b(x), c(x) satisfy:

|/ﬂ61 Sa(y) dy| < C, (1.2)
|| 3(0w) ~ 300)*/9) dy| < Clar — o] (13)
| / " S(ely) — 2a(y)b(y) + a)*/8) dy| < Cler — wo? (1.4)

for any xg,2z1 € R, where (+) is the imaginary part of a complex
number.

In the same article, it was shown that ((1.2]) is necessary for the L2-well-posedness.
While the necessity of conditions (1.3) and (|1.4) is shown under the additional
assumption that there exist a constant p such that

|/ " R(bly) — Baly)?/8 — ) dy| < Clas — o V2, (15)
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where R(-) is the real part of a complex number.

In this article, we show that the conditions and are necessary for the
L?-well-posedness, without using the additional assumption .

The method of proof is almost same as that in [2]; that is, under the assumption
that the conditions are not satisfied, we construct the sequences of oscillating so-
lutions that are not consistent with the estimates required to be L2?-well-posed. In
our construction, we use “time independent” phases. We remark that the idea of
the above method has its origin in Mizohata’s works on Schrédinger type equations
(see for example [1]).

To make our method clear, we consider dispersive operators

k
L[u] = Dyu — D*u — Z a;j(z)DE Iy
j=1
with & > 3. In the next section we draw some necessary conditions for L2-well-
posedness. As for the case k = 4, we show the necessity of the conditions (1.3 and

(T3).
In the following, we denote by B°°(R) the space of infinitely differentiable func-
tions on R that are bounded on R together with all their derivatives of any order.

We denote by [|£(-)|| L2-norm of f(z) given by || £(-)]| = (fy |f (2)[? dz)"/*. We use
C or C with some subindex to denote positive constants that may be different, line
by line.

2. MAIN RESULT

Let L be a dispersive operator given by
k
L[u] = Dyu — DFu — Z a;j(z)DEIy (2.1)
j=1
with & > 3 and a;(z) € B®(R).
Let T be a positive number. Consider the Cauchy problem forward and backward
for L;

Lu) = f(x,t) (z,t) eRx (-T,T) (2.2)
with the initial condition
u(z,0)=g(z) zeR. (2.3)
We say that the Cauchy problem lb is L?-well-posed, if for any f(z,t) €
LY([-T,T], L*(R)) and any g(x) € L*(R), there exists one and only one solution
u(z,t) in C°([-T,T),L*(R)) to the above problem satisfying the following two
estimates: for any ¢ € [0,77],

w«wzc@ww+£wwww§, (2.4)
0
=0l < (g + [ 17C.5)]ds). (2.5)

where the constant C' does not depend on ¢, f(z,t), or g(z).
We consider the behaviour of the oscillating solution u(z, t) = ¢! =+ 0 (¢, £)
to the equation L[u] = 0.
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Define the operator Lg by
Lo[U] = e~ EHe" 0 [ [iCa+et D),
Then we see that
Lo = D= k0, + ) - e (B )i > a) (i 25)or).
j=2 =

Setting dy(x) = —ay(x)/k and multiplying ¢*51®) with S (x f d1(y) dy, we
eliminate the term —¢*~1ay(x) from Lg. That is, defining the operator L, by

Ll [U] = e_isl () L() [eisl () U},

we obtain

Ly =Dy — kD, ng 1Py j(x, D,)
j=2

J
= bju(x) D
=0

Next we eliminate the term —&#~2by o(x) from L; by multiplying e*%2(*)/¢ with
So(x fxo da(y) dy with da(x) = —bao(x)/k. That is, defining the operator Ly by

where

Ly|U] = e*iSz(ﬂ?)/ELl[61'5'2(95)/231]}7

we see that Lo satisfies

2k
Ly=D; — & 'kD, =Y "I P, (2, D)
j=2
where
P o(z, Dy) Z co(x
and, for j > 2
min{j,k}
Pyj(,Ds)= > cju(x)Dh.
1=0

Repeating this process, we obtain the following result.

Proposition 2.1. There exist the functions di(x),ds2(z),...,dg(z) € B®(R), such
that with S(x,x0,&) defined by
/ (y) dy
Zo

k
£Z? IEo, Z
LOO[U] _ e—iS(w,me)LO[eiS(w,xo,g)UL

the operator Log defined by

which has the form
k+k(k—1)
Loo =Dy — & '"kD, — Y &I Pi(x, D) (2.6)
j=2
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where Pj(z,Dy) is a differential operator of order at most k. In particular for
i=2,...,k,

Pj(z,Dy) = pjqla)Dl. (2.7)

Here the functions d;(x) are uniquely determined by the coefficients of L.

Remark 2.2. We see from (2.6)) and (2.7) that Lgg[l] = Zf(:kl_l) £7Ir;(z) with
some 7;(x).

Proof of Proposition [2.1. We have to show only the uniqueness. Assume that there
exist some d;(z) (1 < j < k) such that the operator Log given by

EOO[U] _ efig(z,zg,g)Lo[eif;‘(z,zg,é)U]’

where 5’(:6,:100,5) = Z?:l Ej%l f;“o J](y) dy, has the form similar to Lgg, that is,
Loo[1] = Zf(:kl_l) £797;(x) with some 7;(z).

Since Lo[U] = 520, [o[e~*(®20:01]], we obtain

fjoo[U] — e*i(g(m,zo,E)*S(rymo,E)LOO [ei(g(mwfﬂo-,f)*s(fﬂ’moﬁ) U].

Then

Z £, (x) = e (@m0, =S @0 ) [ 10i(5(7.70,80) =5 @,0,0)],
Comparing the coefficient of £€¥=7 (j = 1,2,..., k), we see that d;(z) = d;(x) by
the induction on j. O

Note that for the fourth-order operator in (|1.1]), we have the following: (see also

[21)

() = ) (2.9
-1 3 ., 3
dz(z) = = (b(z) - ga(2)” = 5 Dsa(2)) (2.9)
— a(z)®  a(x)b(z
ds(z) = Tl (c(a:) + (8) _al )2b( + D, (4D, dy () + 6d2(z))). (2.10)

In this note, we show the following result.

Theorem 2.3. If the Cauchy problem (2.2)-([2.3) is L?-well-posed, then the func-
tions di(x),da(x), ..., dr—1(x) given in Proposition satisfy: For 1 <j<k-—1
and any xg,r1 € R,

1 .
!/ Sd; (y) dy| < Clay — | 1. (2.11)
xo

By Theorem [2.3} it follows from ([2.8)), (2.9) and (2.10) that it is necessary that
(1.2), (1.3) and (1.4)) hold for the Cauchy problem, for the operator given by (|1.1)),
to be L?-well-posed.

To prove Theorem we prepare following propositions.
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Proposition 2.4. If the Cauchy problem [2.2))-([2.3)) is L?-well-posed, then we have
1
}/ Sdy (y) dy} <C (2.12)
zo

for any xg,z1 € R.

Proof. Assuming that f;ol Sidy (y) dy is not bounded, we construct the sequence of
solutions uy, (z,t) that are not consistent with the estimates or . Indeed,
if f;ol Sy (y) dy is not bounded, for any positive integer n we can find g, 21, € R
satisfying

T1n
| Sdy (y) dy| > n.
To,n

Here, we may assume that

T1,n
—/ Sdy(y) dy > n

Zo,n
by exchanging xo, and zi, if necessary. Now we set &, = n|r1, — Ton|. We
remark that the boundedness of d;(z) implies that |z1,, — ®o,n| — 00 as n — oo.
Hence &, — oo as n — oo. We choose t,, so that 1, = 29, — ktngﬁfl. That is,
th = —(@1.n — Ton)/(kn|21,0 — T0.0|E57%). We note that |t,£872| = 1/(kn) and
t, — 0asn— oo.
Since &, = n|z1,, — Tonl, it follows that, if j > 2,

1 T1n
| 3;1/ dj(y)dy| <C.

Zo,n

Then, by setting xo = zo,, and { = &, in S(z,x0,€); that is, S(z,z0n,&n) =
Sk L JFdj(y) dy, we have, for large n,

j=1 5_”7;—1 ZTo,n

T1,n

|S(21,0, Z0,n,En) —/ di(y)dy| <C, —=SS(x1n,Zom,En) >

0,n

|3

Consider the case where there exist infinitely many n’s such that ¢, > 0. Then,
by choosing a subsequence, we may assume t,, > 0 for all n > 0. Let s,, € [0,¢,] be
a number satisfying

—98(w0.n — ksn&i " B0, 6n) = max —IS(won — kt&y ™! wo.n,En).
<i<t,

Since o, — ktn &8l = 21, we see that —3S(zo., — ksp€F 1, 20 0, &) > /2. Pick
a non-negative function g(z) € C*°(R) satisfying:
g(x) =0 for |z| >1, (2.13)

/g(gc)2 dx = 1. (2.14)
R
Set
Un (3, t) = e TS+ @00 60) g (3 4 theFT — g ).
Then
Llun(z,)] = /@& Hten+S@e0nén) [0 (2 4 theh—1 — Zon)|-
Noting (D; — k=D, )g(x + tkéF=1 — 2.,,) = 0, we see that

Loolg(x + théE™" — 20.)] = > g2y (2)gY) (2 + thef ™ — mo,n)
0<j<k, 0<q<k2-2
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and
Llun(z,t)] = ' (@EnttentS(@.zonen)

XY T (@)e (e ke — o).
0<j<k, 0<g<k2 -2
On the support of g0)(z + theh~ = 20,5, where |z — (w0 — kt€h~!)| < 1, we have
S (@, 20,1, En) — S(o,n — Kt 20,0, n)] < C. (2.15)

By the definition of s,,, if 0 <t < s,,, =SS (2o — kt&E 1 0., 60) < =SS (20.0 —
ksn&F=1 20.,,€,). Then, if 0 < t < s,,, we obtain

k
|L[up (2, 1)]| < Ce—%S(wo,n—ksnffLA7$0,n7fn)§§—2 Z |g(j)(l‘ + tkf,li_l —Zom)|,
=0

from which we obtain

Sn _
|0 de < Ol S8 boni ot
0

(2.16)
1
< Cie—SS(onn—ksn€ﬁ717wo,rrz7fn).
- kn
While we obtain
[un (-, 0)[| < C (2.17)

from
U (,0) = ei(xEn"!‘S(xvﬁO‘nv&n))g(m — Zo.n)

and (2.15). Here we remark S(xo.n, Zon,&n) = 0.
On the other hand, from

Un(ff,sn) — ei($£7z+s(ﬂ?7$0,n7€n))g(x + ksnfﬁ_l _ xoyn)
and (2.15)), it follows that
(-, 80)| = Coe™S5@on—hksn&n ™ zo.nén) (2.18)

If the Cauchy problem is L2-well-posed, we have estimate (2.4):
[[tn (-, 5n) [ < C([Jul, 0)]] +/0 [L[u(, )] dt).
Hence estimates (2.16)),(2.17)) and (2.18]) imply

< ¢ — _ 1 _x _ ¢ —
e—ds(mo,n—ksnfﬁ, 1 20,m,6n) <G 10(1 + ﬁe SS(z0,n—ksn &l 171‘0,"45%)).

But since —3S(zo,n — ksn8 1 20,0,&,) — 00 as n — oo, the above estimate is
impossible for large n. Then has to hold. In the case where there exists an
N such that t, < 0 for n > N, we can construct similarly to the previous case, a
sequence of functions uy,(z,t) that are not consistent with estimate (2.5)). O

Proposition 2.5. Letl € {1,2,...,k —2}. Assume that, for any j € {1,2,...,1}
and any z,€ € R,

x—i—fl )
[ sawan <l (219)
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If the Cauchy problem ([2.2] — is L?-well-posed, then

1+1 I+§I'+1
|Z§j 1/ Sd;(y)dy| < C (2.20)

for any x, € € R with £ # 0.

Proof. Similarly to the proof of Proposition assuming that (2.20]) is not valid,
we construct the sequence of solutions wu,(z,t) that are not consistent with the

£t .
estimates or . Indeed, if 5T} L / e Sd;(y) dy is not bounded, for

j=1¢-1 Jz
any p051tlve 1nteger n we can find z,, € R and &, € R\ {0} such that
l+1 Tn _‘_E;rl
§J — / dy‘ > n?

We note that the boundedness of d;(z) implies that |§,| — co as n — co. We set
Yp = Tn + 2T (p=10,1,2,...,n). Then, noting

. Yp w'n+££1+1
Z/ d;(y) dy:/ d;(y) dy,

p=1"¥Yp—1 Tn

we see that there exists some p such that

l+1
fj T /y d;(y) dy| > n.
Then, redefining x,, by z,, = yp—1, we have
l+1
fj T / dy’ > n.
First we consider the case Where for mﬁnltely many n, we have
l+1 o n
i / (y) dy > n.
— én
Then we consider only such n.
We define t,, by ktnfk L= — ; that is, t, % We see that ¢, — 0

as n — oo. Slmllarly to the proof of Proposition [2.4] using the phase function
S(2,an, &) = 3K ] —=r f d;(y) dy and a non- negatlve function g(z) € C*(R)

satisfying zjné , we COHSlder un(z,t) given by
x4+ ktehl — o,
&
We note that, if |z + ktéF=1 — z,,| < [&,]" and |¢] < [t,],
@ — an| < [€a]" + RtET < |l + €7 /n|
from which we obtain, on the support of u,(z,t),

1 xT
|§]_1/ dj(y)dy| <C

Up (2, 1) = e ETHE S (@an.€a)) o

)& 2.
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for j > 1+ 2. Hence, on the support of u,(x,t),
I+1

1S (2, 20, En) Z - 1/ d;(y)dy| < C (2.21)

On the other hand, if |z + kt&f~! — z,,| < [&,|', the assumption (2.19) on d;(x)
(j =1,...,1) of Proposition implies that

xp—kteh 1 ‘
| / Sd; (y) dy — / Sd; (y) dy| < Cléa i

which implies that

l+1 l+1 mnfktgk 1
5] il / Sd;(y) dy — i / Sd;(y) dy| < C (2.22)
on the support of u,(x,t).
Similarly to the proof of Proposition we assume t,, > 0 and choose s, € [0, ;]
so that
Hl Tp—ksn €71 I+1 T —kteh 1
g sewamg ((Xon [T suwa)
We have
i(Ex k x,x l"l’ktéﬁil*.’tn _
Liuy(z,t)] =€ (Ex+t£"+5(z, n,én))Loo[g( gl )nl l/2]_

k—
Note that (D, — k&5~ Dy)g(“"=") = 0 and

x4+ ktehl — g, (])(ac—i—k;ték L n)f_jl

Dig(T> &

Then we see from (2.6)), (2.7) and I + 2 < k that

k k—1 _ " B
Loo[g<“tfg—lm>\5n| 2

k
— Z ¢h=2-1=pp (1)g (J)(M—l””gnrl/?’
k>j>0,k2—2—1>p>0 &

k—1
(:v+kt£n —wn) with 0 <t < s,,, we have

On the support of g er

l+1 Ty — kt{n
/ dy’ <C

‘%S(l‘?x’n?gn 7 =1
j= 15”

Then if 0 <t < s, we have
Lt Y]] < Ol e O5n—boni o)

Hence
/ L[t (z, )] dt < Csnl€n|*=2 eSS @n—hones ™ 2n én)
(2.23)

o= S8(@n—ksn&s @n,En)

NS
=1Q
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Noting u,(z,0) = e/ +S(@zn, E"))g(”” f””)|§ |=4/2, we obtain |3S(x, 2y, &) < C
on the support of u,(z,0) from and (2:22). Then we have
[[un(z,0)]] < C. (2.24)
Finally we see from and that, on the support of w,(x, s,),
—S8(@, T, €n) = =SS (zn — ksnél 20, &) + C,

from which we obtain

ltn(, 52)[| > Coemd5@nhane o) (2.25)

If the Cauchy problem is L2-well-posed, we have the estimate , to which we
apply ([2.23), (2.24) and (2.25)). Then we obtain the inequality that is not valid for
large n. Hence the estimate ([2.20)) has to hold.

In the case where there exists some integer N > 0 such that ¢, < 0 for n > N.
Then we can construct the series of functions u,,(z,t) for which the estimate
is not valid for large n.

If there exists some integer N > 0 such that, for n > N,

l+1 wn+£,f1
— 1/ (y)dy < —n,
n

then, by setting, v, = x, + &1, we have

l+1 yﬂ_£l+1
— 1/ (y)dy > n.

— n

By setting t,, = fgﬁfk /n, as the above argument, we can construct the series of
functions w, (x,t) which are not consistent with the estimates (2.4)) or (2.5). O

Remark 2.6. If the coefficient a;i(x) of L is zero, we can obtain the oscillating
solutions wu, (z, t) having smaller L[u,(x,t)] in the power of &, by solving the trans-
port equation. We note that, if aj(z) = 0, the operator Ps(z, D,) appearing in

[2-6) is Po(x, D,) = (5)D2.
x_(ln_ktgﬁil) —1/27 ;3
Note that Loo[g(——"g—=—)[&|"/%] is a sum of
L — (xn - k‘tfﬁ_l)
&
with 0 < j <k and —k(k—1) <p<k—2—1. We choose

* B n_k k=1 —
< [ty (e e e

&hrp.i ()99 ( )énl "2

gj;P(x’t) gp kf

as a solution of the transport equation

x— (xp — ktf’;_l)
&

Dyg — k€¥ ' D,g = €01 ()99 )&l 72,
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‘We have
5572D§gj,p(xat)
-1 N ox— (2, — kteFT1 _
= et Dy o) (g
23 : r— (x, — ktek—! _ (2.26)
+5ﬁ@’"p,j(w)g“+”( ( 51 ))Iﬁn\ 2
jgk—2=2 v . r— (x, — kteh1 B
F g S [ g (D e
and
EfL*?’Dmgj’p(z,t)
-1 o — (xn — kRN
:§£@Tp7j(x)g(J)( e )|§n| / (2.27)
I ) (@ = (wn — KGN
+§£W rp,j(y)dyg(]+1)( ( é ))‘fnl v,
g'ﬂ Tn n

Then it follows from 1 < [ < k — 2, |z — z,| < |&.]' + k[t|¢5~L on the support
of g(j)(%), and [s,£8727Y < 1/n, that, if 0 < ¢t < s, and n is large,
L? norm of fgo[g(x,t) — > gjp(z,t)] is smaller than that of Loo[g(z,t)] where
g(z,t) = g(%ﬂfnrl/? and we assume s, > 0. We see also that L?
norm of g; ,(z,0) is smaller than that of g(z,0) for large n. Taking into account of

(2.26) and (2.27)), we see that Loglg(x,t) —>_ gj,p(2, t)] is also a linear combination

. _ _ k—1
of terms like: €27, ;(z)g") (%) |€,|7!/2. Then we can repeat this process.

Proposition 2.7. Letl € {1,2,...,k —2}. Assume that the estimate (2.20]) holds
for any xq, & € R with £ # 0.
Then we see that, for j =1,2,...,1+1,

Xy .
|/ Sd;(y) dy| < Clzy — 2|0~ H/EHD, (2.28)
o

Proof. Indeed, for any integer p > 1, any y € R and any n € R\ {0}, we see that

. 1 p(l+1) —p \l+1 —p \I+1
op(i—1)  py+n'" 2 1 (y+(27Pm) " (g=1)+(27Pn)
[ =Y gme= [ 4;(y) dy.
y e

! 2707t Jy @y (a1
Then from (2.20) we obtain
Hloop(i—1)  pytn'
1> ﬁ/ Sd;(y) dy| < Cp. (2:29)
=1 " v

Here the constant Cp, may depend on p, but not on y or on 7. Hence, by setting

I+1
Xj= A [UT Sdi(y)dy (j=1,2,...,1+41), for p=0,1,....1, we have

I+1
Z 2p(3—1)Xj =K,

Jj=1

with |K,| < C,.



EJDE-2011/168 DISPERSIVE EQUATIONS ON THE LINE 11

Since the [ + 1-th order matrix whose (i, ;) element is 20-DU=1) is invertible,

_ 1 oyttt :
we see that X; = = fy Jd;(y) dy is bounded on Ry, x R, \ {0}. Hence

1+1

y+n -
|/ Sd;(y) dy| < ClnP~
Yy
which implies

|/ Sd;(y) dy| < Clw — y|U~1/CHD)
Yy

for any y, w € R, where ] =1,2,...,14 1. The proof is complete. (Il
Proof of Theorem[2.3. Using Proposition and we see obviously that
the assertion of Theorem 2.3 is valid. O

Remark 2.8. For the operator L, defined in the Introduction, Mizuhara [2] proved
Proposition 2.4, Proposition 2.5 in the case of [ = 1, and Proposition [2.7] in the
case of [ = 2.
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