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POSITIVE SOLUTIONS FOR SECOND-ORDER MULTI-POINT
BOUNDARY-VALUE PROBLEMS AT RESONANCE IN BANACH
SPACES

WEIHUA JIANG, BIN WANG

ABSTRACT. In this article, we study the existence and multiplicity of positive
solutions for a nonlinear second-order multi-point boundary-value problem at
resonance in Banach spaces. The arguments are based upon a specially con-
structed equivalent equation and the fixed point theory in a cone for strict set
contraction operators.

1. INTRODUCTION

The theory of ordinary differential equations in Banach spaces has become a new
important branch (see, for example, [2, [6l [7, 12] and references cited therein). In
1988, Guo and Lakshmikantham [8] discussed the existence of multiple solutions
for two-point boundary value problem of ordinary differential equations in Banach
spaces. Since then, nonlinear second-order multi-point boundary value problems
at non-resonance in Banach spaces have been studied by several authors (see, for
example, [B], [I3] [14] 18] and references cited therein). Recently, the existence of
solutions for boundary value problems at resonance have been studied by many
papers, (see, for example [3| 4 9] 10} [IT], [15] 16}, 19]). Using the Krasnolsel’skii-Guo
fixed point theorem, Han [J] studied a second order three-point BVP at resonance
by rewriting the original BVP as an equivalent one. Motivated by their results, in
this paper, we will discuss the existence of positive solutions for the second-order
m-point boundary value problem at resonance

y'(t) = f(t,y), 0<t<l, (1.1)

m—2

y'(0) =0, y(1)= Z kiy(&:) (1.2)
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in a real Banach space E, where 6 is the zero element of F, 0 < & < & < -+ <
b <1,k >0,i=1,2....m—2 " k=1

The boundary value problem (L.1)-(L.2) is at resonance when 37" * k; = 1; that
is, the corresponding homogeneous boundary value problem

y”(t) =0, tel0,1],
YO =0, y)= Y k(e

has nontrivial solutions.

To the best of our knowledge, no paper has considered the existence of positive
solutions for the boundary value problems at resonance in Banach spaces. We shall
fill this gap in the literature. The organization of this paper is as follows. We shall
introduce a theorem and some notations in the rest of this section. In Section 2,
we provide some necessary background. In particular, we state some properties of
Green’s function associated with the equivalent problem of -. In Section
3, the main results will be stated and proved.

Theorem 1.1 ([I, I7]). Let K be a cone of the real Banach space X and K, r =
{z € K|r < ||z|| < R} with R >r > 0. Assume that A: K, r — K is a strict set
contraction such that one of the following two conditions is satisfied

(i) Az L x for allz € K, ||z|| =r and Az # x for allz € K, ||z|| = R.
(il) Ax 2 x forallz € K, ||z|| =7 and Ax L x for all z € K, ||z|| = R.

Then A has at least one fized point x € K satisfying r < ||z|| < R.

Let the real Banach space E with norm || - || be partially ordered by a normal
cone P of E; ie., x < y if and only if y — 2 € P, and P* denotes the dual cone
of P; ie., P* = {9 € E* : p(x) > 0, x € P}. Denote the normal constant
of P by N; ie, 0 < z < y implies ||z|| < NJy|. Take I = [0,1]. For any
x € C[I, E], evidently, (C[I, E],||||c) is a Banach space with ||z||. = maxes ||(¢)]],
and @ = {z € C[I,E] : z(t) > 0 for t € I} is a cone of the Banach space C[I, E|.
A function y € C?[I, E] is called a positive solution of the boundary value problem
(LI)-(T.2) if it satisfies (L.I)-(1.2) and y € Q, y(t) # 6.

In this paper, we denote a(-) the Kuratowski measure of non-compactness of a
bounded set in E and C[I, E]. The closed balls in spaces E and C[I, E|] are denoted
by T, ={z € E: |z|| <r}(r >0)and B, = {y € C[I,E] : |ly|lc < r}(r > 0),
respectively.

Define

F(t.y) = f(t,y) + 8%,
where 3 € (0, %). Obviously, y(t) is a solution of the problem (L.1)-(L.2) if and only
if it is a solution of the problem
y'(t)+ FPy(t) = F(t.y(t), 0<t<1, (1.3)

m—2

y(0) =0, y1)=Y ki), (1.4)

i=1

and the problem (1.3))-(1.4) is at non-resonance.
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For convenience, we set

m—2 m—2
ag = Z k;cos B¢ —cosB, a1 = (ag+1)sinf+ Z k; sin B;,
i=1 i=1
m—2
ag = 1-— Z kz COSﬂ(l 7&1)
i=1
In this paper, we assume the following conditions hold.
(H1) k; >0,i=1,2,...,m—=2,0<& <& < <&no <1, S0 2k =1
(H2) P is a normal cone of E and N is the normal constant; F' : I x P — P,
F(t,0) =0 for all t € I; for any r > 0, F(t,z) is uniformly continuous and
bounded on I x (P NT,) and there exists a constant L, with 0 < L, <
(Bao)/(2a1) such that

a(F(I x D)) < L,a(D), VD cC PNT,.
2. PRELIMINARY LEMMAS

Lemma 2.1. Assume 22_12 k; =1, then for h(t) € C[I, E], the problem

S0+ Pl = b, 0<e<1, )
YO =6, y)= Y k(&) @2)

has a unique solution

y(t) = %/0 sin B(t — s)h(s)ds +

cos (3t
Bao

—Zk/ sin B(&; — s)h(s)ds] (2.3)

=: /0 G(t, s)h(s)ds

Lsin B(t — s) + <22 [sin B(1 — 5) — X7 ky sin A&, — 5)]
Z'fgifl SSSmin{t7£i}v;i:1327"'am71;

= 0[sin B(1 — 5) — Y1 kysin B(&; — )],
if max{&_1,t} <s<&,i=1,2,...,m—1.

[/0 sin B(1 — s)h(s)ds

where

G(t,s) =

The proof of the above lemma is easy, so we omit it.
Lemma 2.2. There exist ¢y, co > 0 such that
Cl(I*S)SG(t7S)SC2(1*S), t,SG [071]

Proof. Take H(t,s) = c¢(1—s)—G(t,s). We will prove that H(t,s) > 0, t,s € [0, 1],
when c¢ is sufficiently large. For ¢, s € [0,1], we have

H(t,s) > c(l—s)— lsinﬁ(t —)— cos ft sin 8(1 — s)
B ao
1. sin B(1 — s)
c(l—s)— Bsmﬁ(lfs) BT
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=c(1-s)— %[14— a—lo}sinﬁ(l —3)
> <c—1_aio)<1_s).

Take co > 1+ a—lo, then H(t,s) >0, t,s € [0,1].
Now, we prove H(t,s) <0, t,s € [0,1], when c is sufficiently small. For ¢ € [0, 1],
s € (&1, 1], we have

H(t,s)gc(l—s)—czsft[ B(1—s) Zk sin 3(&; — s)]

j=t

m—2
<e(l—s)— C;Zﬁ[sinﬁ(l — ) — kjsin B(& — s)]

0 =

o(l—s) - klﬁcojﬁ nB(1 - s).
Since
B Si%, 0<ax< /2,
g(x) = {17 =0

is continuous on [0,7/2]. So, we obtain

= > 0;
mer[gl;mg( x) 1= mg

ie., sinz > moz, x € [0,7/2]. Therefore,

moky cos 3

H(t,s) <ec(l—s)— " (1-29)

“ (e moklcosﬁ)(l_s)'

For ¢t € [0,1], s € [0,&1], we obtain

ao

Ht,s) < (1 — ) — C;bﬂt

[sin B(1 — s) Zk sin B(&; — s)]

ag

<c(l-s)— COSBQ Z k; cos B+E = 29) sin pa=¢)

Bag = 9 5
m—2
2 L+&) . 1-¢;
<o 2O S g os LS g, PU_E),
Take
0 < e < min { ToRLC0S0 2cos B2 ki cos 2AHED) gin 5(12—57:))}.
a0 Bag

Then we have ¢1(1 —s) < G(t,s), t,s € [0,1]. The proof is complete. 0

Lemma 2.3. Assume (H1) holds. If h € Q, then the unique solution y of (2.1))-
(2.2) satisfies y(t) > 6, t € I and y(t) > yy(s) for allt,s € I, where v = c1/cs.
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Proof. Obviously, y(t) > 6 for all ¢t € I. By Lemma [2.2] we obtain

y(t) > /0 (1= 9)h(s)ds = C—l/o ca(1 — s)h(s)ds > yy(r), Vt, rel.

C2

The proof is complete. (]
Define an operator A : Q — C[I, E] as follows

Ay(t)) = %/ sin 3(t — s)F(s,y(s))ds + C;ift

—Zk/ sin B(& — s)F (s, y(s))ds].
(2.4)

By Lemmas 1 and we obtain that A : Q — C?[I, E]NQ, and y(t) is a positive
solution of (L.1])-(|1.2]) 1f and only if y(t) € C?[I, E]NQ and y(t) # 0 is a fixed point

of the operator A

[/o sin 8(1 — s)F(s,y(s))ds

Lemma 2.4. Assume (H1), (H2) hold. Then, for any r > 0, the operator A is a
strict set contraction on Q N B,..

Proof. Since F(t,x) is uniformly continuous and bounded on I x (P NT,), we see
from that A is continuous and bounded on @ N B,.. For any S C @ N B,., by
([2:4), we can easily get that functions A(S) = {Ayly € S} are uniformly bounded
and equicontinuous. By [12], we have

a(A(S5)) = sup a(A(S(1))), (2.5)

tel
where A(S(t)) = {Ay(t) :y € S, t € I is fixed}. For any y € C[I, E], g € C[I,1],
by fo (s)y(s)ds e co({g(t)y(t)|t € I} U{6}) C co({y(t)|t € I} U{0}), we obtain
a(A(S(1)))
= 1 tsin —5)F(s,y(s))ds cos ft
= a(lg [ sl F(s.u(s)ds + G2

—Zk/ sin 3(& — $)F (s, y(s))ds] : y € 5)

< Slgﬁa(@w(s,y(s)) isel, yeSpu{o)

+ Sir;fa(@({F(s,y(s)) sel, yeSule))

Wa(m({p(s,y(s)) rs€l, yeSu{n}))

- ﬁao a({F(s,y(s)):s €1, ye S}
S MQ(F(I X B))a

where B={y(s):sel, ye S} C PNT,.
By (H2), we obtain

[/01 sin 3(1 — s)F(s,y(s))ds

+

a(A(S(1) < 2 L.a(B). (2.6)
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For any given € > 0, there exists a partition S = Ué—zlSj such that
diam(S;) < a(S) + g j=1,2,...,1. (2.7)

Now, choose y; € S;, j =1,2,...,l and a partition 0 =ty < t; <--- <t =1such
that
_ €
lys (8) =y DI < 3,
Obvioufly, B = Ué-:l UY_, Byj, where B;; = {y(t) : y € S;,t € [ti—1, t;]}. For any
y(t),7(t) € Byj;, by (2.7) and (2.8)), we obtain
ly() =@ < ly(®) =y O+ [ly; @) — v Ol + ly;(E) — 5]

£ _
<y —yjlle + 3T lly; —7lle

Vi, Teftiontd, j=1,2,...,01,i=1,2... .k  (28)

< 2diam(S;) + % < 2a(8) +¢,

which implies diam(B;;) < 2a(S)+e¢, and so, a(B) < 2a(S)+¢. Since € is arbitrary,
we obtain

a(B) < 2a(S). (2.9)
It follows from ({2.5)), (2.6) and (2.9) that

a(A(S)) < &Lra(SL VS C QnNB,.
Bag

By (H2), we obtain that A is a strict set contraction on @ N B,.. O

3. MAIN RESULTS

Let K ={y € Q:y(t) > yy(s), Vt, s € I}. Clearly, K C Q is a cone of C[I, E].
By Lemmas 2.1 and 2:3] we obtain AQ C K. So, AK C K.
For convenience, for any z € P and ¢ € P*, we set

F(t F(t
F° = lim sup sup M, F*> =lim sup sup M7
lz|—0 ter |z lell—oo tel ]l
Ft F(t
F{ =liminf inf M7 F¥ = liminf inf pE(t )
llzl|—0 tel (,0(33) |z||—oo tel (p(gj)

and list the following assumptions:

(H3) There exists ¢ € P* such that p(x) > 0 for any z > 6 and F7 > Bao,

Ya2
(H4) There exists ¢ € P* such that ¢(z) > 0 for any « > 6 and F2 > %
0 8’
(H5) < N(l+a0)€10—cosﬁ)'
e B
(H) F™ < wirragyi=eoss-
(H7) There exists o > 0 such that
Bag
su F(t, 2)|| < Q.
tel, FGP ” ( )H N(l"‘&o)(l —COSﬂ) 0

ro/N <Tzll<ro
(H8) There exist Ry > 0 and ¢ € P* with ¢(z) > 0 for any x > 6 such that
F(t 2
e elFe) | fay

tel,z€P e\ Yyaz
YRo/N<|lzl|<Ro (@)
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Theorem 3.1. Assume (H1), (H2) hold. If one of the following conditions is
satisfied:

(i) (H4) and (H5) hold.

(ii) (H3) and (H6) hold.
Then the problem (1.1)-(1.2)) has at least one positive solution.

Proof. (i) By (H4), we obtain that there exist constants M > % and r; > 0 such
that

e(F(t,x)) > Mp(z), Ytel,ze P, |z|>r. (3.1)
For any R > Nrq /v, we will show that
Ay Ly, Vyek, [lyl.=R. (3.2)
In fact, if not, there exists yo € K, ||yo||c = R such that Ayy < yo. By
Yo(t) = vyo(s) =0, Vi, sel, (3.3)
we have
lvo@®ll = - lyolle > 71, Ve e L. (3.4)

By (2.4), for any ¢t € I, we have

cos [t
Bao

72 / sin 3(€; — 5)F (5, uo())ds]

cosﬂt Z k; / sin B(1 — s)F(s, yo(s))ds.

ﬂao i=1

This inequality, (3.1] , and (3.4]), imply
1
S(Ayo(0)) > —— 3 ki/ sin (1 — 5) Mo (yo(0))ds

i=1 i

= %Mw(yo(o))-

Considering Ayy < yo, we obtain

¢(y0(0)) > %Mw(yom» (3.5)

It is easy to see that ¢(yo(0)) > 0 (In fact, if ©(yo(0)) = 0, by (3.3)), we obtain
©(y0(0)) > vp(yo(s)) > 0 for all s € I. So, we have ¢(yg(s)) =0 for all s € I. That
is, yo(s) = 6. This is a contradiction with |lyo||. = R). So, contradicts with
M > % Therefore, is true.

On the other hand, by (H5) and F'(¢,6) = 6, we obtain that there exist constants
O<e< and 0 < r9 < R such that

A(yo(t)) = %/ sin B(t — s)F(s,yo(s))ds + [/0 sin B(1 — s)F(s,yo(s))ds

B~ag
N(14ap)(1—cos 3)
|E(t, )| <ellz||, Vtel, zeP,|z| <ro. (3.6)
For any 0 < r < re, we now prove that

Ay 2y, VyekK, |yllc=r. (3.7)
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In fact, if not, there exists yo € K, ||lyollc = r such that Ayg > yo. Since (2.4)
implies

1
Ayo(t) < %Z"Sm / sin B(1 — s)F (s, yo(s))ds, Vt € I. (3.8)
0 0
So, we have
1
0 <uyo(t) < w/ sin B(1 — s)F(s,yo(s))ds, Vtel.
Bag 0
This, together with (3.6]), imply
N1 +age [P . N(1+ag)(l —cospf)e c
(o) < FLEEE [ i 1 — 5o = 00l cos Dl
Bag 0 B*ag

for all t € I. Therefore, we obtain ¢ > (2%ag/N(1 + ag)(1 — cos3). This is a
contradiction. So, (3.7) is true.

By (3:2), (3.7), Lemma [2.4] and Theorem we obtain that the operator A has
at least one fixed point y € K satisfying r < ||y||. < R.

(i) By (H3), in the same way as establishing (3.2]) we can assert that there exists
ro > 0 such that for any 0 < r < 19,

Ay Ly, VyekK, |ylc=r (3.9)

On the other hand, by (H6), we obtain that there exist constants r1 > 0 and e,

: B
with 0 < € < Walo—cosﬁ)’ such that

I1E(2)|| <ellzll, Viel, ze P, [z >r.

By (H2), we obtain

sup |F(t,2)] =: b < 0.
tel, ze PNTy,

So, we have

|F(t, )| <ellz|]| +b, Vtel, xeP. (3.10)
Take ( )( )
Nb(1+ ag)(1 —cospf
1t > max {ra, B%ag — Ne(1 + ag)(1 — cos 3) It

we will prove that
Ay 2y, VyeK, |lylc=R. (3.11)

In fact, if there exists yo € K, ||yol|lc = R such that Ayy > yo. Then, by (3.8)) and
(3.10), we obtain

lwo(t)] < {20 T cos 5)

1
Bag ) /0 sin B(1 — s)(ellyo(s) [ + b)ds

N(1+ ap)(1 —cospf)
BPao

N

IN

(ellyollc +b), Vtel.

So, we have
Nb(1 4+ ap)(1 — cosf)
Iyolle < f%ag — Ne(1 + ag)(1 — cos 3)
A contradiction. Therefore holds.

By (3.9]), (3.11), Lemma [2.4{and Theorem we obtain that the operator A has
at least one fixed point y € K satisfying r < ||y||c < R. The proof is complete. [

< R.
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Theorem 3.2. Assume (H1), (H2) hold. If one of the following conditions is
satisfied:

(i) (H3), (H4), (H7) hold.
(ii) (Hb), (H6), (H8) hold.
Then (1.1)-(1.2) has at least two positive solutions.

Proof. (i) By (H3), (H4) and the proof of Theorem we obtain that there exist
r, R with 0 < r < rg < R such that

Ay £y, YyeK, |lylc=r,
Ay £y, VyeK, |lyl.=R.
Now, we prove that
Ay 2y, Vye K, [yllc =ro. (3.12)

In fact, if there exists yo € K, ||yollc = ro such that Ayy > yo. By (3.8) and (H7),
we obtain

NOta) [* By )
lwolle < T/o sin (1 - S)N(l +ap)(1 — cos ) rods = To.

A contradiction. So, is true. By Lemma and Theorem we obtain
that the operator A has at least two fixed points y1, yo € K satisfying r < ||y1]|. <
ro < [[g2lle < R.

(i) By (H5), (H6) and the proof of Theorem [3.1} we obtain that there exist r, R
with 0 < r < Ry < R such that

Ay 2y, VyekK, |ylc=r,
Ay 2y, VyeK, |lyl.=R.

On the other hand, by (H8) and the same way as used in the proof of (3.2)), we can
prove that

Ay Ly, VyeK, [yl = Ro. (3.13)
By Lemma [2.4] and Theorem [1.1} we obtain that the operator A has at least two
fixed points y1,y2 € K satisfying r < [Jy1]l. < Ro < |ly2]lc < R. The proof is
complete. O

Similar to the proofs of Theorem and Theorem we can easily get the
following corollaries.

Corollary 3.3. Assume (H1), (H2) hold. If one of the following conditions is
satisfied:

(i) (H4), (H5), (H7), (H8) hold with Ry < yro/N.

(i1) (H3), (H6), (H7), (H8) hold with ro < yRo/N.
Then — has at least three positive solutions.

Corollary 3.4. Assume (H1), (H2) hold. If one of the following conditions is
satisfied:

(i) (H5)-(H7) hold, and there exist R; > 0, @; € P* with p;(z) > 0 for x > 0,
i = 1,2 such that
, 2
in pilF(t 7)) > b ao’ i=1,2,
tel,z€P,vR;/N<||lz|<R;  @i() yag

where Ry < yro/N, ro < yRa/N.
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(ii) (H3), (H4), (H8) hold, and there exist r1,r2 > 0 such that

B ag
sup 1F(t, z)ll < T,
tel, a€P,yri /N<|al|<r; N(1+ ao)(1 —cosp)

i=1,2,

where r1 < yRo/N, Ry < yra/N.

Then (1.1)-(1.2)) has at least four positive solutions.

1

2
3

[4
[5
[6
[7
8
9
[10
11
[12
13
14
15

16

We can prove easily the existence of multiple positive solutions for (|1.1)-(1.2)).
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