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OSCILLATION OF SOLUTIONS TO ODD-ORDER NONLINEAR
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

TONGXING LI, ETHIRAJU THANDAPANI

ABSTRACT. In this note, we establish some new comparison theorems and
Philos-type criteria for oscillation of solutions to the odd-order nonlinear neu-
tral functional differential equation

[2(t) + p(B)a(r ()] + q(t)2* (o (t) = 0,
where 0 < p(t) <po < oo and a > 1.

1. INTRODUCTION

This paper is concerned with the oscillation and asymptotic behavior of solutions
to the odd-order nonlinear neutral differential equation

[2(t) + p(®)e(r(£)] ™ + q()z* (o (1)) = 0, (1.1)

where n > 3 is an odd integer, « > 1 is the ratio of odd positive integers, p(t), ¢(t) €
C([to, 00)) and

(H1) q(t) >0, 0 < p(t) < po < o3
(H2) 7(t) = a+ bt, with b > 0, o(t) € C([ty,)), 7(t) < t, Tooc =ocorT,
lim; o o(t) = 0.

We set z(t) = x(t)+p(t)z(7(t)). By a solution of (L.I)), we mean a function z(t) €
C([Ty,0)), Ty > to, which has the property z(t) € C™([T,,o0)) and satisfies
on [T}, 00). We consider only those solutions z(t) of (1.1)) which satisfy sup{|z(t)| :
t >T} >0 foral T > T,. We assume that ossesses such a solution.
A solution of is called oscillatory if it has arbitrarily large zeros on [T}, 00)
and otherwise, it is said to be nonoscillatory. Equation is said to be almost
oscillatory if all its solutions are oscillatory or convergent to zero asymptotically.

Since the differential equations have important applications in the natural sci-
ences, technology and population dynamics, there is a permanent interest in ob-
taining sufficient conditions for the oscillation or nonoscillation of the solutions of
various types of even-order/odd-order differential equations; see references in this
article, and their references.
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For the oscillation of odd-order neutral differential equations, see e.g., [3], [4, [
6, [7), [10] 1T, 12, 13, 20} 2], 24, 25, 27, 29]. They studied the oscillatory behavior of
odd-order neutral differential equations

[2(t) + p(8)a(r(£))] ™ + q(t)a(o (1)) = 0,
[2(t) + p(t)a(t — 7)™ + g(t)h(x(t — 7)) = 0,
and established some oscillatory and asymptotic criteria for the case when —1 <
p(t) < 1.
To the best of our knowledge, the study of oscillatory behavior of odd-order
neutral differential equations has not been sufficient. In this paper, we try to obtain

some new oscillation results for (1.1)). To prove our results, we use the following
definition and remarks.

Definition 1.1. Consider the sets Dy = {(¢,s) : t > s > to} and D = {(¢,s) : t >
s> to}. Assume that H € C(D,R) satisfies the following assumptions:
(A1) H(t,t)=0,t>to; H(t,s) >0, (t,s) € Dy;
(A2) H has a non-positive continuous partial derivative with respect to the second
variable in Dg.
Then the function H has the property P.

Remark 1.2. All functional inequalities considered in this paper are assumed to
hold eventually, that is, they are satisfied for all ¢ large enough.

Remark 1.3. Without loss of generality we can deal only with the positive solu-

tions of equation (|1.1)).

2. MAIN RESULTS

The Kiguradze’s lemma is stated below, the readers may find this result in
[14, [15], which plays an important role in the oscillation of higher-order differential
equations.

Lemma 2.1 (Kiguradze’s lemma). Let f € C"([tg,0),R) and its derivatives up
to order (n — 1) are of constant sign in [tg,00). If f(™) is of constant sign and not
identically zero on a sub-ray of [to,00), then there exist m € Z and t1 € [tg,o0)
such that 0 <m <n —1, and (—1)"T™ff(") >0,

ff9 >0 forj=0,1,...,m—1 whenm>1
and
(—1)’”+jff(j) >0 forj=mm+1,....n—1whenm<n-—1
hold on [t1,00).
Lemma 2.2 ([II Lemma 2.2.3]). Let f be a function as in Lemma [2.1)1. If
limy o0 f(t) # 0, then for every X € (0,1), there exists ty € [t1,00) such that
A

n—1| p(n—1)

Ifl >

holds on [ty, o).
Lemma 2.3 ([22]). Let f be a function as in Lemma[21)1. If
FER 0 <o,
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then for any constant 8 € (0,1) and sufficiently large t, there exists a constant
M > 0, satisfying
|f/(08)] = M2 D ().
Lemma 2.4. If z is a positive solution of (1.1)), then the corresponding function
2(t) = z(t) + p(t)z(7(t)) satisfies
2(t) >0, 2" H@)y>0, M) <0 (2.1)
eventually.

Due to Lemma [2.1] the proof of the above lemma is simple and so is omitted.

Lemma 2.5 ([I8| Lemma 3]). Let f and g € C([tg,),R) and o € C([tg,),R)
satisfies limy .o a(t) = o0 and a(t) <t for all t € [ty,00); further suppose that
there exists h € C([t_1,00),R"), where t_; := minep, o) {(t)}, such that f(t) =
h(t) + g(t)h(a(t)) holds for all t € [tg,00). Suppose that lim, .o f(t) exists and
liminf; o g(¢t) > —1. Then limsup,_, . h(t) > 0 implies lim;_, f(t) > 0.

Lemma 2.6. Assume that « > 1, ¢c,d € R. If ¢ >0 and d > 0, then

(07 (% 1 «
Proof. (i) Suppose that ¢ = 0 or d = 0. Then we have (2.2). (ii) Suppose that
¢ > 0 and d > 0. Define the function f by f(z) = 2%, = € (0,00). Then f"(z) =
a(a — 1)z*=2 > 0 for z > 0. Thus, f is a convex function. By the definition of
convex function, we have

ctdy _ flo)+f(d)
< .
f(EEd) < OO,
that is,
c* +d* > 5o (c+d)*.
This completes the proof. O

Next, we establish our main results. For the sake of convenience, let
Q(t) = min{q(t), q(7(t))}. (2.3)
Theorem 2.7. Assume that
(oo}
/ t"71Q(t)dt = oo. (2.4)

to
Further, assume that the first-order neutral differential inequality

(v + 25 960 + ot (e ) wet <0 @29

has no positive solution for some X € (0,1). Then (1.1) is almost oscillatory.

Proof. Assume that z is a positive solution of (|1.1]), which does not tend to zero
asymptotically. Then the corresponding function z satisfies

z(0(t)) = 2(a(t)) + plo(t))z(r(o(t)))
< z(o(t) + pox(o(7(1))),

where we have used the hypothesis (H1). On the other hand, it follows from (|1.1))
that

(2.6)

(1) + q(t)z(o(1)) = 0 (2.7)
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and moreover taking (H1) and (H2) into account, we have

0= DD ) + i alr ()" (o (7(0)

- %(z(”*l)(T(t)))’ +po®q(7(t))z (o (7(1))).
Combining and , we are led to
2D (0) 4 P ()] 4+ (02 (1) + poar(0) (o (7 () <0, (29)
which in view of , and implies
1

20 00) + B DO + @S ew) <0 (210)

Next, we claim that 2/(t) > 0 eventually. If not, then lim; . 2(t) = a > 0
(a is finite) due to Lemma From (2.1)), we obtain lim,_. 2(¥)(t) = 0 for
k=1,2,...,n — 1. Integrating m from ¢ to oo for a total of (n — 1) times and
integrating the resulting inequality from ¢; (¢; is large enough) to co, we obtain

/too %Q(s)za(a(s))ds < 00,

which yields
/ s"71Q(s)ds < oo.

ty

This contradicts (2.4). Hence by Lemma [2.2] and Lemma we obtain

A
z(t) = 1)

Thus, it follows from (2.10]) that

t" 12D () for every A € (0,1).

(e

[z("_l)(t)—&-p%az("_l)(T(t))]’—&—;i(z <(nAl)!a"_l(t)z("_l)(a(t))) <0. (2.11)

Therefore, setting ("~ (¢) = y(t) in ([2.11]), one can see that y is a positive solution
of (2.5)). This contradicts our assumptions and the proof is complete. ([

Remark 2.8. In the comparison principle in Theorem we do not assume that
the deviating arguments is either delay or advanced type, and hence this result
is applicable to all types of equations. Further, the comparison principle estab-
lished in Theorem reduces oscillation of equation to find conditions for the
first-order neutral differential inequality (2.5)) has no positive solution. Therefore,
applying the conditions for equation o have no positive solution, one can
immediately get oscillation criteria for equation .

Theorem 2.9. Assume that (2.4]) holds. If the first-order differential inequality

/ Q(t) A n—1 * af—1
w'(t) + 2o (1 + B ((n — 1)!0 (t)) w*(t7 (0(t))) <0 (2.12)

has no positive solution for some 0 < A < 1, then (1.1) is almost oscillatory.
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Proof. Assume that z is a positive solution of (|1.1]), which does not tend to zero
asymptotically. Then y(t) = 2(»~D () > 0 is a decreasing solution of (2.5). We
denote

It follows from 7(t) < t that

w(t) < y(r() (1422,

Substituting this into ([2.5)), we obtain that w is a positive solution of (2.12)). A
contradiction. This completes the proof. (]

Corollary 2.10. Assume that (2.4) holds, and oo =1 and o(t) < 7(¢t). If

it [ 07 1(5)Q(s)ds > SR FIUR (2.13)

7o St o)
then (1.1)) is almost oscillatory.
Proof. According to [I7, Theorem 2.1.1], the condition (2.13]) guarantees that (2.12))

with a = 1 has no positive solution. Hence by Theorem 2.9} equation (|1.1)) is almost
oscillatory. This completes the proof of Corollary O

Now, we shall establish some Philos-type oscillation criteria for the oscillation of
)
Theorem 2.11. Assume that (2.4)) holds and o(t) > 7(t)/2. Further, assume that
the function H € C(D,R) has the property P and there exist functions h € C'(Dg, R)
and p € C([to, 00), (0,00)) such that

= ht s — Ht, )2

s p(s)

= h(t,s), (ts)e Dy (2.14)

If

lim sup K (t,s)ds = 00 (2.15)

t—oo H(t, to) to
for all constants M > 0, L > 0 and for some 3 > 1, where
Lia-1 pOQ
Ki(ts) = (5)" H(ts)p()Q(s) — (1+ 5-)
then (L.1)) is almost oscillatory.
Proof. Assume that z is a positive solution of (|L.1]), which does not tend to zero

asymptotically. Proceeding as in the proof of Theorem we obtain (2.10) and
Z'(t) > 0. Define

Bp(s)h?(t, s)
20M H (t,s)T"2(s)’

L(n-1)
w(t) = p(t)z(”f;), (2.16)
then w(t) > 0, and i
sy ey 20 () 2 ()2(r(1)/2) — 520D (1) (7(1)/2)
w'(t) =p (t)m + p(t) 2 (T(Qt)/2) . (217)

It follows from Lemma [2.3] and Lemma that there exists a constant M > 0,
such that

2 (1(t)/2) > M 72(t)z" =V (r(t)) > M7 2(t) "D (1), (2.18)
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which in view of (2.16) and (2.17) yields

(n) (¢ /(¢

w0 < iy 270 70

n DM TR,
z(T(t)/2) p(t)
Define another function

RO (2.19)

o(t) = p(t) Z(T(t)/Q) (2.20)
then v(t) > 0, and
(n—1)
0= 0 )
e , (2.21)
N (t)bz ”)(T(t)) (r()/2) = 52D (7(1))2' (7(1)/2)
P 22 (T(t)/2) '
It follows from ([2.18)), (2.20) and (2.21) that
Z(n) T / n—2
OBV ((t)(/t2))) + ’; g))v(t) _ % - (t)(t) V(1) (2.22)
In view of and , we obtain
e P 200+ p D (W) ),
w'(t) + == (1) < p(t) EO) +m v
T2 et A DM )

2 o O O g v Ok

It follows from (2.10]) that there exists a constant L > 0, such that

W' (1) + p%av/(t) < —(é)ailp(t)Q(t) + [;,/((tt))w(t) - banp(t)(t) w0 (2.23)
USUUNTRLL A U0 |
b " p(t) 2 p(t) -

Multiplying (2.23]), with ¢ replaced by s, by H(t,s) and integrating from 7" to ¢
;with T' > t1, we have

[ G HE9peQ)s
T

’ bM -2
_/ H(t,s)w ds+/ Hts () ds—/ TH(t,s)T (S)w2(5)ds
p(s) T

/Hts ds—l—/TH(t,s)'Op/(S)v(s)ds

po® [T oM 7 2(s)
-—=— | 5 H(ts)
b Jr 2 p(s)
It follows from the above inequality and (2.14) that

| Gy e spaes
T

v%(s)ds.

¢ t oM " 2(s)

h(t,s)w(s)ds—/TTH(Ls) ) w?(s)ds

gH@ﬂMﬂ—/

T
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+ EH(@ T)v(T) — po” t h(t, s)v(s)ds

b b Jr
_ po” b oM Tn_Q(S)UQS 5
o | e T s

Thus, for any 8 > 1,

/(é)a_lH(taS)P(S)Q(s)ds

T 2
t s)h2(t, s
< H(t,T)w(T) + /T zbz\gfi—)is()if()w)ds

¢ bMTn—2(s)H(t, s) 26p(s) 9

_/T {\/ 28p(s) w(s)+\/4bMT"2(s)H(t, S)h(t,s) ds
L(B-1bMT R (s)H(ts)

_/T 26p(s) w(s)ds (2.24)

+ P e, Ty + 8

Y Bp(s)hi(t,s) .

b b Jp 20M717=2(s)H(t, s)
o t bMT"=2(s)H (t,s) 28p(s) 5
_ % T [\/ 26p(s) U(S)+\/4bMT”2(3)H(t,s)h(t’s) ds
po® [ (8- l)bMTnf2(5)H(t,s)v2 s
b T 283p(s) (s)ds.

From the above inequality, we obtain

LG e @ - (14 25 el s

T

< H(,T) (w(T) + %v(T))

< H{(t to) (w(T) + pOT o(T)),

which yields

1 b1 Lia- po®\  Bp(s)h*(t,s)
H{(t, to) /to [(5) HEs)p(5)QUs) - (1+ OT)QbMH(t,s)T”*Q(S)}dS <00

This contradicts condition (2.15)). The proof is complete. O

As a consequence of Theorem [2.11] we obtain the following corollary.

Corollary 2.12. Let condition (2.15) in Theorem be replaced by
¢

lim sup H(t, $)p(s)Q(s)ds = oo,

I / h2 h9) Sds <
imsu s < 00.
Then (1.1) is almost osczllatory.

It may happen that assumption (2.15) in Theorem fails to hold. The fol-
lowing result provide an essentially new oscillation criterion for (1.1).
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Theorem 2.13. Assume that (2.4) holds and o(t) > 7(t)/2. Let H,h,p be as in
Theorem [211] and

. .. . H(t,s)
< oo. .
0< Sgltf0 [llggf H(tﬂfo)} < o0 (2.25)

Moreover, suppose that there exists a function m € C([tg,o0),R) such that for all
T >ty and for some B > 1, one has

1 t
limsup —— Ki(t,s)ds > m(T 2.26
msup 7o | Kt a)ds = m() (2:20)
for all constants M > 0 and L > 0, where Ky is defined as in Theorem[2.11] If
t , _n—2 2
limsup/ Mds = 00, (2.27)
t—oo  Jtg p(s)

where my (t) := max{m(t),0}, then (1.1) is almost oscillatory.

Proof. Assume that z is a positive solution of (|1.1]), which does not tend to zero
asymptotically. Proceeding as in the proof of Theorem we obtain (2.24)), which
implies

1 tr Lia-1 s)h3(t, s
H(t,T)/T {(5) At )p(s)Q(s) = (Hm)zw\%(g,s)(:n—)?(s)]ds

1 /t (B —1)bM71"2(s)H(t, s)
H(t,T) 26p(s)

p po® 1 "(B-1bMT2(s)H(1,s) ,
+ B - By | 200() v

Therefore, for ¢t > T > t;, sufficiently large,

) 1 b Lia-1 Po” Bo(s)h?(t, s)
tmsup 77 7 /T [(5) H(t, 5)p(s)Q(s) = (1 + T)szH(t,s)Tn—2(s)]ds

< w(1) + Bo(7)

L 1 F(B—1)bMT2(s)H(t,8) [ o MUQ o) ds
—hggggf H(t,T)/T 2055) (w (s)+ ( ))d :

It follows from (2.26]) that

<w(T) - w?(s)ds

w(T) + %v(T)

¢ — Tn2(s s
> m(T) + lim inf —— /T(ﬁ 1)oM ”H(t’)( ()+pL2(s)>ds,

1 HE,T) 289(5) b
for all T' > t; and for any 3 > 1. Consequently, for all T' > ¢;, we obtain
w(T) + %U(T) > m(T), (2.28)
and

Hts n=2(s) D% o
hnﬂlgng tl/ ( ()—FTU (s))ds

< (ﬁ—f)lﬂ%( ( )+ T’U(tl) (tl)) < 0Q.
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Now we claim that

0o n—2 2 po® 2
/ W) B (2.30)
t1 p(s)
Suppose to the contrary that
co T2(5) (wQ(s) + %vQ(s))
/ ds = 0. (2.31)
t p(s)

By (2.31)), for any positive number &, there exists a 77 > ¢ such that, for all t > T,

Jpa=tIitE B

p(s) N
Assumption implies the existence of a p > 0 such that
) . . . H(ts
Slgtfo[hgggclf H(<t,to))] > p. (2.32)
From , we have
lim inf H(t,s) >p>0
t—oo H(t, to) ’

and there exists a Ty > Ty such that H(t,T1)/H(t,t9) > p, for all t > Ty. Using
integration by parts, we conclude that, for all t > T5,

Hi(t, t1 / H e )<w2(s) + pOTaﬁ(s))ds
_ H(t’tl) /tt[ aH(t s)][/t1 7”72(u)(w2(u)+”°Tv2(u))du]ds (239

s p(u)
ko1 Y O9H(t,s), .  kH(t,Ty)
Z;H(t tl)/ s 1= pH(t 1))

It follows from ([2.33)) that, for all ¢t > Tb,
H t = 2 a
Ht / *) )( 2(8)4—%’02(8))(182%.
1)

Since k is an arbitrary positive Constant, we obtain

it H“s);”“)( 0+ B =,

which contradicts (2.29). Consequently, (2.30) holds. Thus, we obtain

/°° T"‘Q(s)wQ(s)ds 0 * rn=2(s)v?(s)

p(S) t1 p(S)
and, by 7
> 772 (s)m3 (s) .
L=
/oo 72 (s)w?(s) + (292) 277 2(s)v2(s) + 22272 (s)w(s)v(s)
ty p(s)
/°° 2 (s)w?(s) + (B5) T2 ()03 (s) + BT 2(s)[wP(s) + 0%(s)]
t p(s)

ds < o0,

<

ds

<

ds < o0,
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which contradicts (2.27). This completes the proof. O
Now, we establish some oscillation criteria for equation (1.1) when o(t) < 7(t).

Theorem 2.14. Let o(t) € C([tg,00)) and o’(t) > 0. Assume that (2.4) holds and
o(t) < 7(t). Furthermore, assume that the function H € C(D,R) has the property
P and there exist functions h € C(Dg,R) and p € C([tg,0),(0,00)) such that

holds. If

t

lim sup ————
il H(t,t0) /.

for all constants M > 0 and L > 0 and for some B > 1, where

Ks(t,s) := (g)a_lH(t, 5)p(s)Q(s) — (1+ p%a) 20'(3)5.7\[;(28,?)’53”2(8)’

Ks(t,s)ds = o0 (2.34)

then (1.1)) is almost oscillatory.
Proof. Define w and v by

(= D(t) G O))
z z T
w(t) = p(t) ,o(t) = p(t) ;
z(a(t)/Q) z(a(t)/Z)
respectively. The rest of the proof is similar to that of Theorem [2.11] and so is
omitted. (]

From Theorem [2.14] wiht a proof similar to the one of Theorem we obtain
the following result.

Theorem 2.15. Let o(t) € C([tg,0)) and o'(t) > 0. Assume that [2.4) holds
and o(t) < 7(t). Let H, h,p be as in Theorem such that (2.25) holds. Further,
suppose that there exists a function m € C([tg,0),R) such that for all T >ty and
for some > 1,
1 t
limsup ———— | Ka(t,s)ds > m(T 2.35
msup s [ Kot o)ds > m() (235)
for all constants M > 0 and L > 0, where K, is defined as in Theorem[2.14) If
. /t o'(s)o™2(s)m2(s)
lim sup
t—oo to p(S)
where my (t) := max{m(t),0}, then (1.1) is almost oscillatory.

Remark 2.16. From Theorems [2.1IH2.15] we can derive different conditions for
the oscillation of equation (|1.1)) with different choices of p, H and m.

ds = oo, (2.36)

For an application of our results, we give the following example.
Example 2.17. Consider the odd-order delay differential equation
(1) + pox (t/7)]™ + %Sx(t/a) —0, t>1, (2.37)

where pg € [0,00), go € (0,00) and o > 7 > 1.
Let ¢(t) = go/t™ and v(t) = 0. Then Q(t) = qo/t". Moreover, we have

oo o 1
/ s"tQ(s)ds = qo/ —ds = oc.
to 1 S
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Hence by Corollary [2.10] equation (2.37)) is almost oscillatory if
~- D1 ni
w“> (n— 11+ 1po)o .
eln(o/1)

If po € [0,1), then by [I3, Example 1], equation (2.37) is almost oscillatory provided
that

(n—1)lon !

> —
@ e(l—po)Ino

We find that our results improve that of in [I3] for some cases. For example, we
let 0 = e? and 7 = e. If we set pg = 7/8 or 15/16, we see that

1
2(1 = po)
Further our results hold for py > 1.

One can construct examples easily to illustrate other results, and the details are
left to the reader.

> 1+€p0.

Summary. We have established criteria for the oscillation of solutions to .
Our technique permits us to relax restrictions usually imposed on the coefficients
of equation . So our results are of high generality, and are easily applicable as
illustrated with a suitable example.

Acknowledgements. The authors thank the anonymous referres for their sugges-
tions which improve the content of this article.
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