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CONTINUOUS SPECTRUM OF A FOURTH ORDER
NONHOMOGENEOUS ELLIPTIC EQUATION WITH VARIABLE

EXPONENT

ABDESSLEM AYOUJIL, ABDEL RACHID EL AMROUSS

Abstract. In this article, we consider the nonlinear eigenvalue problem

∆(|∆u|p(x)−2∆u) = λ|u|q(x)−2u in Ω,

u = ∆u = 0 on ∂Ω,

where Ω is a bounded domain in RN with smooth boundary and p, q : Ω →
(1, +∞) are continuous functions. Considering different situations concerning
the growth rates involved in the above quoted problem, we prove the existence
of a continuous family of eigenvalues. The proofs of the main results are based
on the mountain pass lemma and Ekelands variational principle.

1. Introduction

Nonlinear eigenvalue problems associated with differential operators with vari-
able exponents have received a lot of attention in recent years; see e.g. [1, 4, 5, 8, 9].
The reason of such interest starts from the study of the role played by their ap-
plications in mathematical modelling of non-Newtonian fluids, in particular, the
electrorheological fluids, see [10], and of other phenomena related to image process-
ing, elasticity and the flow in porous media.

The aim of this article is to analyze the existence of solutions of the nonhomo-
geneous eigenvalue problem

∆(|∆u|p(x)−2∆u) = λ|u|q(x)−2u in Ω,
u = ∆u = 0 on ∂Ω,

(1.1)

where Ω ⊂ RN is a bounded domain with smooth boundary, λ is a positive number,
and p, q are continuous functions on Ω.

In [1], authors have considered the case p(x) = q(x). Using the Ljusternik-
Schnirelmann critical point theory, they established the existence of a sequence of
eigenvalues. Denoting by Λ the set of all nonnegative eigenvalues, they showed
that supΛ = +∞ and they pointed out that only under additional assumptions we
have inf Λ = 0. We remark that for the p-biharmonic operator (corresponding to
p(x) = p) we always have inf Λ > 0.

2000 Mathematics Subject Classification. 35G30, 35K61, 46E35.
Key words and phrases. Fourth order elliptic equation; eigenvalue; Navier condition;
variable exponent; Sobolev space; mountain pass theorem; Ekelands variational principle.
c©2011 Texas State University - San Marcos.
Submitted October 6, 2010. Published February 9, 2011.

1



2 A. AYOUJIL, A. R. EL AMROUSS EJDE-2011/24

As far as we are aware, nonlinear eigenvalue problems like (1.1) involving the
iterated p(x)-Laplacian operator have not yet been studied. That is why, at our
best knowledge, the present paper is a first contribution in this direction.

Here, problem (1.1) is stated in the framework of the generalized Sobolev space
X := W 2,p(x)(Ω) ∩ W 1,p(x)

0 (Ω) for which some elementary properties are stated
below.

By a weak solution for (1.1) we understand a function u ∈ X such that∫
Ω

|∆u|p(x)−2∆u∆v dx− λ

∫
Ω

|u|q(x)−2uv dx = 0, ∀v ∈ X.

We point out that in the case when u is nontrivial, we say that λ ∈ R is an eigenvalue
of (1.1) and u is called an associated eigenfunction.

Inspired by the works of Mihăilescu and Rădulescu [8, 9], we study (1.1) in three
distinct situations.

This article consists of three sections. Section 2 contains some preliminary prop-
erties concerning the generalized Lebesgue-Sobolev spaces and an embedding result.
The main results and their proofs are given in Section 3.

2. Preliminaries

To guarantee completeness of this paper, we first recall some facts on variable
exponent spaces Lp(x)(Ω) and W k,p(x)(Ω). For details, see [2, 3]. Set

C+(Ω) = {h;h ∈ C(Ω̄) and h(x) > 1 for all x ∈ Ω̄}.
For any h ∈ C(Ω̄), we denote

h+ = max
Ω̄

h(x), h− = min
Ω̄
h(x).

For p ∈ C+(Ω), define the space

Lp(x)(Ω) = {u; measurable real-valued function and
∫
|u(x)|p(x)dx <∞}.

Equipped with the so-called Luxemburg norm

|u|p(x) := inf{µ > 0 :
∫
|u(x)
µ

|p(x)dx ≤ 1},

Lp(x)(Ω) becomes a separable, reflexive and Banach space. An important role
in manipulating the generalized Lebesgue spaces is played by the mapping ρ :
Lp(x)(Ω) → R, called the modular of the Lp(x)(Ω) space, defined by

ρ(u) =
∫

Ω

|u|p(x)dx.

We recall the following

Proposition 2.1 ([2]). . For all un, u ∈ Lp(x)(Ω), we have
1. |u|p(x) = a⇔ ρ(u

a ) = 1, for u 6= 0 and a > 0.
2. |u|p(x) > 1 (= 1;< 1) ⇔ ρ(u) > 1 (= 1;< 1).
3. |u|p(x) → 0 (resp. → +∞) ⇔ ρ(u) → 0 (resp. → +∞).
4. The following statements are equivalent:

(i) limn→∞ |un − u|p(x) = 0,
(ii) limn→∞ ρ(un − u) = 0,
(iii) un → u in measure in Ω and limn→∞ ρ(un) = ρ(u).
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As in the constant exponent case, for any positive integer k, set

W k,p(x)(Ω) = {u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k}, .
We define a norm on W k,p(x)(Ω) by

‖u‖k,p(x) =
∑
|α|≤k

|Dαu|p(x),

then W k,p(x)(Ω) also becomes a separable, reflexive and Banach space. We denote
by W k,p(x)

0 (Ω) the closure of C∞0 (Ω) in W k,p(x)(Ω).

Definition 2.2. Assume that spaces E,F are Banach spaces, we define the norm
on the space E ∩ F as ‖u‖ = ‖u‖E + ‖u‖F .

From the above definition, we can know that for any u ∈ X, ‖u‖X = ‖u‖1,p(x) +
‖u‖2,p(x), thus ‖u‖X = |u|p(x) + |∇u|p(x) +

∑
|α|=2 |Dαu|p(x).

In Zanga and Fu [11], the equivalence of the norms was proved, and it was even
proved that the norm |∆u|p(x) is equivalent to the norm ‖u‖X (see [11, Theorem
4.4]).

Let us choose on X the norm defined by

‖u‖ = |∆u|p(x).

Note that, (X, ‖.‖) is also a separable and reflexive Banach space. Similar to
Proposition 2.1, we have the following.

Proposition 2.3. For all u ∈ X, denote I(u) =
∫
|∆u(x)|p(x)dx then,

1. For u ∈ X and ‖u‖ = a, we have
(i) a < 1 (= 1, > 1) ⇔ I(u) < 1 (= 1 > 1);
(ii) a ≥ 1 ⇒ ap− ≤ I(u) ≤ ap+

;
(iii) a ≤ 1 ⇒ ap+ ≤ I(u) ≤ ap− .

2. If u, un ∈ X,n = 1, 2, . . . , then the following statements are equivalent:
(i) limn→∞ ‖un − u‖ = 0;
(ii) limn→∞ I(un − u) = 0;
(iii) un → u in measure in Ω and limn→∞ I(un) = I(u).

For x ∈ Ω, let us define

p∗2(x) =

{
Np(x)

N−2p(x) if p(x) < N/2,

+∞ if p(x) ≥ N/2

The following result [1, Theorem 3.2], which will be used later, is an embedding
result between the spaces X and Lq(x)(Ω).

Theorem 2.4. Let p, q ∈ C+(Ω). Assume that p(x) < N
2 and q(x) < p∗2(x). Then

there is a continuous and compact embedding X into Lq(x)(Ω).

The Euler-Lagrange functional associated with (1.1) is defined as Φλ : X → R,

Φλ(u) =
∫

Ω

1
p(x)

|∆u|p(x) dx− λ

∫
Ω

1
q(x)

|u|q(x)dx.

Standard arguments imply that Φλ ∈ C1(X,R) and

〈Φ′λ(u), v〉 =
∫

Ω

|∆u|p(x)−2∆u∆v dx− λ

∫
Ω

|u|q(x)−2uvdx,
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for all u, v ∈ X. Thus the weak solutions of (1.1) coincide with the critical points
of Φλ. If such a weak solution exists and is nontrivial, then the corresponding λ is
an eigenvalue of problem (1.1).

Next, we write Φ′λ as
Φ′λ = A− λB,

where A,B : X → X ′ are defined by

〈A(u), v〉 =
∫

Ω

|∆u|p(x)−2∆u∆v dx,

〈B(u), v〉 =
∫

Ω

|u|q(x)−2uv dx.

Proposition 2.5. (i) B is completely continuous, namely, un ⇀ u in X im-
plies B′(un) → B′(u) in X ′.

(ii) A satisfies condition (S+), namely, un ⇀ u, in X and lim sup〈A(un), un−
u〉 ≤ 0, imply un → u in X.

Proof. First, recall the following elementary inequalities

(|ξ|p−2ξ − |ζ|p−2ζ)(ξ − ζ) ≥ 1
2p
|ξ − ζ|p if p ≥ 2, (2.1)

(|ξ|p−2ξ − |ζ|p−2ζ)(ξ − ζ)(|ξ|+ |ζ|)2−p ≥ (p− 1)|ξ − ζ|2 if 1 < p < 2, (2.2)

for any ξ, η ∈ RN .
(i) Let un ⇀ u in X. For any v ∈ X, by Hölder’s inequality in X and continuous

embedding of X into Lq(x)(Ω), it follows that

|〈B(un)−B(u), v〉| =
∣∣ ∫

Ω

(|un|q(x)−2un − |u|q(x)−2u)v dx
∣∣

≤ d3‖|un|q(x)−2un − |u|q(x)−2u‖r(x)‖v‖q(x), d3 > 0,

≤ d4‖|un|q(x)−2un − |u|q(x)−2u‖r(x)‖v‖, d4 > 0,

where r(x) = q(x)
q(x)−1 .

On the other hand, using the compact embedding of X into Lq(x)(Ω), we have
un → u in Lq(x)(Ω). Thus,

|un|q(x)−2un → |u|q(x)−2u in Lq(x)(Ω).

Therefore, from the above inequality, the first assertion is proved.
(ii) Let (un) be a sequence of X such that un ⇀ u in X and

lim sup
n→+∞

〈A(un), un − u〉 ≤ 0.

Using again (2.1) and (2.2), we deduce

〈A(un)−A(u), un − u〉 ≥ 0.

Since un ⇀ u in X, we have

lim sup
n→+∞

〈A(un)−A(u), un − u〉 = 0. (2.3)

Put
Up = {x ∈ Ω : p(x) ≥ 2}, Vp = {x ∈ Ω : 1 < p(x) < 2}.
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Thus, from (2.1) and (2.2), we have∫
Up

|∆un −∆u|p(x)dx ≤ c1

∫
Ω

D(un, u)dx, (2.4)∫
Vp

|∆un −∆u|p(x)dx ≤ c2

∫
Ω

(D(un, u))p(x)/2(C(un, u))(2−p(x))
p(x)

2 dx, (2.5)

where

D(un, u) = (|∆un|p(x)−2∆un − |∆u|p(x)−2∆u)(∆un −∆u),

C(un, u) = (|∆un|+ |∆un|)2−p(x), ci > 0, i = 1, 2.

On the other hand, by (2.3) and since
∫
Ω
D(un, u)dx = 〈A(un)−A(u), un − u〉, we

can consider
0 ≤

∫
Ω

D(un, u)dx < 1.

If
∫
Ω
D(un, u)dx = 0, then since D(un, u) ≥ 0 in Ω, D(un, u) = 0.

If 0 <
∫
Ω
D(un, u)dx < 1, then thanks to Young’s inequality, we have∫

Vp

(D(un, u))p(x)/2
( ∫

Vp

D(un, u)dx
)−p(x)/2

C(un, u))(2−p(x))
p(x)

2 dx

≤
∫
Vp

(D(un, u)(
∫
Vp

D(un, u)dx)−p(x)/2 + (C(un, u))p(x))dx

≤ 1 +
∫

Ω

(C(un, u))p(x)dx.

Hence,∫
Vp

|∆un −∆u|p(x)dx ≤
( ∫

Vp

D(un, u)dx
)1/2

(1 +
∫

Ω

(C(un, u))p(x)dx).

The proof of the second assertion is complete. �

Remark 2.6. Noting that Φ′λ is still of type (S+). Hence, any bounded (PS)
sequence of Φλ in the reflexive Banach space X has a convergent subsequence,

3. Main results and proofs

In what follows, we assume that the functions p, q ∈ C+(Ω).

Theorem 3.1. If
q+ < p−, (3.1)

then any λ > 0 is an eigenvalue for problem (1.1). Moreover, for any λ > 0
there exists a sequence (un) of nontrivial weak solutions for problem (1.1) such that
un → 0 in X.

We want to apply the symmetric mountain pass lemma in [6].

Theorem 3.2. (Symmetric mountain pass lemma) Let E be an infinite dimensional
Banach space and I ∈ C1(E,R) satisfy the following two assumptions:

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-
Smale condition (PS), namely, any sequence un in E such that I(un) is
bounded and I ′(un) → 0 in E as n→∞ has a convergent subsequence.

(A2) For each k ∈ N, there exists an Ak ∈ Γk such that supu∈Ak
I(u) < 0.
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Then, I(u) admits a sequence of critical points uk such that

I(uk) < 0, uk 6= 0 and lim
k
uk = 0,

where Γk denote the family of closed symmetric subsets A of E such that 0 /∈ A and
γ(A) ≥ k with γ(A) is the genus of A, i.e.,

γ(K) = inf{k ∈ N : ∃h : K → Rk\{0} such that h is continuous and odd }.

We start with two auxiliary results.

Lemma 3.3. The functional Φλ is even, bounded from below and satisfies the (PS)
condition; Φλ(0) = 0.

Proof. It is clear that Φλ is even and Φλ(0) = 0. Since q+ < p− and X is continu-
ously embedded both in Lq±(Ω), there exist two positive constants d1, d2 > 0 such
that ∫

Ω

|u|q
+
dx ≤ d1‖u‖q+

,

∫
Ω

|u|q
−
dx ≤ d2‖u‖q− , ∀u ∈ X.

According to the fact that

|u(x)|q(x) ≤ |u(x)|q
+

+ |u(x)|q
−
, ∀x ∈ Ω, (3.2)

for all u ∈ X, we have

Φλ(u) ≥ 1
p+

∫
Ω

|∆u|p(x) − λd1

q−
‖u‖q+

− λd2

q−
‖u‖q−

≥ 1
p+
α(‖u‖)− λd1

q−
‖u‖q+

− λd2

q−
‖u‖q− ,

where α : [0,+∞[→ R is defined by

α(t) =

{
tp

+
, if t ≤ 1,

tp
−
, if t > 1.

(3.3)

As q+ < p−, Φλ is bounded from below and coercive because, that is, Φλ(u) →∞
as ‖u‖ → ∞.

It remains to show that the functional Φλ,k satisfies the (PS) condition to com-
plete the proof. Let (un) ⊂ X be a (PS) sequence of Φλ in X; that is,

Φλ(un) is bounded and Φ′λ(un) → 0 in X ′. (3.4)

Then, by the coercivity of Φλ, the sequence (un) is bounded in X. By the reflexivity
of X, for a subsequence still denoted (un), we have

un ⇀ u in X.

Since q+ < p−, it follows from theorem 3.2 that un ⇀ u in Lq(x)(Ω). Using the
properties of Nemytskii operator Nq(x) defined by

Nq(x)(v)(x) =

{
|v(x)|q(x)−2v(x) if v(x) 6= 0,
0 otherwise,

we deduce that

〈B(un), un − u〉 =
∫

Ω

|un(x)|q(x)−2un(x)(un(x)− u) dx→ 0. (3.5)

In view of (3.4) and (3.5), we obtain

Φ′λ(un) + λ〈B(un), un − u〉 = 〈A(un), un − u〉 → 0 as n→∞.
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According to the fact that A satisfies condition (S+), we have un → u in X. The
proof is complete. �

Lemma 3.4. For each n ∈ N∗, there exists an Hn ∈ Γn such that

sup
u∈Hn

Φλ(u) < 0.

Proof. Let v1, v2, . . . , vn ∈ C∞0 (Ω) such that supp(vi) ∩ supp(vj) = ∅ if i 6= j and
meas(supp(vj)) > 0 for i, j ∈ {1, 2, . . . , n}. Take Fn = span{v1, v2, . . . , vn}, it is
clear that dimFn = n and∫

Ω

|v(x)|q(x)dx > 0 for all v ∈ Fn \ {0}.

Denote S = {v ∈ X : ‖v‖ = 1} and Hn(t) = t(S ∩ Fn) for 0 < t ≤ 1. Obviously,
γ(Hn(t)) = n, for all t ∈]0, 1].

Now, we show that, for any n ∈ N∗, there exist tn ∈]0, 1] such that

sup
u∈Hn(tn)

Φλ(u) < 0.

Indeed, for 0 < t ≤ 1, we have

sup
u∈Hn(t)

Φλ(u) ≤ sup
v∈S∩Fn

Φλ(tv)

= sup
v∈S∩Fn

{ ∫
Ω

tp(x)

p(x)
|∆v(x)|p(x)dx− λ

∫
Ω

tq(x)

q(x)
|v(x)|q(x) dx

}
≤ sup

v∈S∩Fn

{ tp−
p−

∫
Ω

∣∣∆v(x)|p(x)dx− λtq
+

q+

∫
Ω

|v(x)|q(x) dx
}

= sup
v∈S∩Fn

{
tp
−( 1
p−

− λ

q+
1

tp−−q+

∫
Ω

|v(x)|q(x) dx
)}
.

Since m := minv∈S∩Fn

∫
Ω
|v(x)|q(x) dx > 0, we may choose tn ∈]0, 1] which is small

enough such that
1
p−

− λ

q+
1

tp
−−q+

n

m < 0.

This completes the proof. �

Proof of Theorem 3.1. By lemmas 3.3, 3.4 and theorem 3.2, Φλ admits a sequence
of nontrivial weak solutions (un)n such that for any n, we have

un 6= 0, Φ′λ(un) = 0, Φλ(un) ≤ 0, lim
n
un = 0. (3.6)

�

Theorem 3.5. If

q− < p− and q+ < p∗2(x) for all x ∈ Ω, (3.7)

then there exists λ∗ > 0 such that any λ ∈ (0, λ∗) is an eigenvalue for problem
(1.1).

For applying Ekeland’s variational principle. We start with two auxiliary results.

Lemma 3.6. There exists λ∗ > 0 such that for any λ ∈ (0, λ∗) there exist ρ, a > 0
such that Φλ(u) ≥ a > 0 for any u ∈ X with ‖u‖ = ρ.
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Proof. Since q(x) < p∗2(x) for all x ∈ Ω, it follows that X is continuously embedded
in Lq(x)(Ω). So, there exists a positive constant c1 such that

|u|q(x) ≤ c1‖u‖, for all u ∈ X. (3.8)

Let us fix ρ ∈]0, 1[ such that ρ < 1
c1

. Then relation (3.8) implies |u|q(x) < 1, for all
u ∈ X with ‖u‖ = ρ. Thus,∫

Ω

|u|q(x)dx ≤ |u|q
−

q(x), for all u ∈ X with ‖u‖ = ρ. (3.9)

Combining (3.8) and (3.9), we obtain∫
Ω

|u|q(x)dx ≤ cq
−

1 ‖u‖q− , for all u ∈ X with ‖u‖ = ρ. (3.10)

Hence, from (3.10) we deduce that for any u ∈ X with ‖u‖k = ρ, we have

Φλ(u) ≥ 1
p+

∫
Ω

|∆u|p(x)dx− λ

q−

∫
Ω

|u|q(x)dx

≥ 1
p+
‖u‖p+

− λ

q−
cq
−

1 ‖u‖q−

=
1
p+
ρp+

− λ

q−
cq
−

1 ρq−

= ρq−(
1
p+
ρp+−q− − λ

q−
cq
−

1 ).

Putting

λ∗ =
ρp+−q−

2p+

q−

cq
−

1

, (3.11)

for any u ∈ X with ‖u‖ = ρ, there exist a = ρp+
/(2p+) such that

Φλ(u) ≥ a > 0.

This completes the proof. �

Lemma 3.7. There exists ψ ∈ X such that ψ ≥ 0, ψ 6= 0 and Φλ(tψ) < 0, for
t > 0 small enough.

Proof. Since q− < p−, there exist ε0 > 0 such that

q− + ε0 < p−.

Since q ∈ C(Ω), there exist an open set Ω0 ⊂ Ω such that

|q(x)− q−| < ε0, for all x ∈ Ω0.

Thus, we deduce
q(x) ≤ q− + ε0 < p−, for all x ∈ Ω0. (3.12)

Take ψ ∈ C∞0 (Ω) such that Ω0 ⊂ suppψ, ψ(x) = 1 for x ∈ Ω0 and 0 ≤ ψ ≤ 1 in Ω.
Without loss of generality, we may assume ‖ψ‖ = 1, that is∫

Ω

|∆ψ|p(x) dx = 1. (3.13)

By using (3.12), (3.13) and the fact∫
Ω0

|ψ|q(x)dx = meas(Ω0)
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for all t ∈]0, 1[, we obtain

Φλ(tψ) =
∫

Ω

tp(x)

p(x)
|∆ψ|p(x) dx− λ

∫
Ω

tq(x)

q(x)
|ψ|q(x)dx

≤ tp
−

p−

∫
Ω

|∆ψ|p(x) dx− λ

q+

∫
Ω

tq(x)|ψ|q(x)dx

≤ tp
−

p−
− λ

q+

∫
Ω0

tq(x)|ψ|q(x)dx

≤ tp
−

p−
− λtq

−+ε0

q+
meas(Ω0).

Then, for any t < δ
1

p−−q−−ε0 , with 0 < δ < min{1, λp− meas(Ω0)/q+}, we conclude
that

Φλ(tψ) < 0.
The proof is complete. �

Proof of theorem 3.5. By lemma 3.6, we have

inf
∂Bρ(0)

Φλ > 0. (3.14)

On the other hand, from lemma 3.7, there exist ψ ∈ X such that Φλ(tψ) < 0 for
t > 0 small enough. Using (3.10), it follows that

Φλ(u) ≥ 1
p+
‖u‖p+

− λ

q−
cq
−

1 ‖u‖q− for u ∈ Bρ(0).

Thus,
−∞ < cλ := inf

Bρ(o)
Φλ < 0,

Let
0 < ε < inf

∂Bρ(0)
Φλ − inf

Bρ(0)
Φλ.

Then, by applying Ekelands variational principle to the functional

Φλ : Bρ(0) → R,

there exist uε ∈ Bρ(0) such that

Φλ(uε) ≤ inf
Bρ(0)

Φλ + ε,

Φλ(uε) < Φλ(u) + ε‖u− uε‖ for u 6= uε.

Since Φλ(uε) < inf
Bρ(0)

Φλ + ε < inf∂Bρ(0) Φλ, we deduce uε ∈ Bρ(0).

Now, define Iλ : Bρ(0) → R by

Iλ(u) = Φλ(u) + ε‖u− uε‖.
It is clear that uε is an minimum of Iλ. Therefore, for t > 0 and v ∈ B1(0), we
have

Iλ(uε + tv)− Iλ(uε)
t

≥ 0

for t > 0 small enough and v ∈ B1(0); that is,

Φλ(uε + tv)− Φλ(uε)
t

+ ε‖v‖ ≥ 0
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for t positive and small enough, and v ∈ B1(0). As t→ 0, we obtain

〈Φ′λ(uε), v〉+ ε‖v‖ ≥ 0 for all v ∈ B1(0).

Hence, ‖Φ′λ(uε)‖X′ ≤ ε. We deduce that there exists a sequence (un)n ⊂ Bρ(0)
such that

Φλ(un) → cλ and Φ′λ(un) → 0. (3.15)
It is clear that (un) is bounded in X. By a standard arguments and the fact A is
type of (S+), for a subsequence we obtain un → u in X as n → +∞. Thus, by
(3.15) we have

Φλ(u) = cλ < 0 and Φ′λ(u) = 0 as n→∞. (3.16)

The proof is complete. �

Theorem 3.8. If

p+ < q− ≤ q+ < p∗2(x) for all x ∈ Ω, (3.17)

then for any λ > 0, problem (1.1) possesses a nontrivial weak solution.

We want to construct a mountain geometry, and first need two lemmas.

Lemma 3.9. There exist η, b > 0 such that Φλ(u) ≥ b, for u ∈ X with ‖u‖ = η.

Proof. Since q+ < p∗2, in view the Theorem 3.2, there exist d1, d2 > 0 such that

|u|q+ ≤ d1‖u‖ and |u|q+ ≤ d2‖u‖.
Thus, from (3.2) we obtain

Φλ(u) ≥ 1
p+

∫
Ω

|∆u(x)|p(x)dx− λ

q−
[
(d1‖u‖)q+

+ (d2‖u‖)q−
]

≥ 1
p+
α(‖u‖)− λdq+

1

q−
‖u‖q+

− λdq−

2

q−
‖u‖q−

=

( 1
p+ − dq+

1
q− ‖u‖

q+−p+ − λdq−
2

q− ‖u‖q−−p+
)‖u‖p+

if ‖u‖ ≤ 1,

( 1
p+ − dq+

1
q− ‖u‖

q+−p− − λdq−
2

q− ‖u‖q−−p−)‖u‖p− if ‖u‖ > 1.

Since p+ < q− ≤ q+, the functional g : [0, 1] → R defined by

g(s) =
1
p+

− dq+

1

q−
sq+−p+

− λdq−

2

q−
sq−−p+

is positive on neighborhood of the origin. So, the result of lemma 3.9 follows. �

Lemma 3.10. There exists e ∈ X with ‖e‖ ≥ η such that Φλ(e) < 0, where η is
given in lemma 3.9.

Proof. Choose ϕ ∈ C∞0 (Ω), ϕ ≥ 0 and ϕ 6= 0. For t > 1, we have

Φλ(tϕ) ≤ tp
+

p−

∫
Ω

∣∣∆ϕ(x)|p(x)dx− λtq
−

q+

∫
Ω

|ϕ(x)|q(x)dx.

Then, since p+ < q−, we deduce that

lim
t→∞

Φλ(tϕ) = −∞.

Therefore, for t > 1 large enough, there is e = tϕ such that ‖e‖ ≥ η and Φλ(e) < 0.
This completes the proof. �
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Lemma 3.11. The functional Φλ satisfies the condition (PS).

Proof. Let (un) ⊂ X be a sequence such that d := supn Φλ(un) <∞ and Φ′λ(un) →
0 in X ′. By contradiction suppose that

‖un‖ → +∞ as n→∞ and ‖un‖ > 1 for any n.

Thus,

d+ 1 + ‖un‖

≥ Φλ(un)− 1
q−
〈Φ′λ(un), un〉

=
∫

Ω

1
p(x)

∣∣∆un|p(x)dx− λ

q−

∫
Ω

|∆un|p(x)dx+ λ

∫
Ω

(
1
q−

− 1
q(x)

)|un|q(x) dx

≥ (
1
p+

− 1
q−

)
∫

Ω

|∆un|p(x)dx

≥ (
1
p+

− 1
q−

)‖un‖p− .

This contradicts the fact that p− > 1. So, the sequence (un) is bounded in X and
similar arguments as those used in the proof of lemma 3.4 completes the proof. �

Proof of theorem 3.8. From Lemmas 3.9 and 3.10, we deduce

max(Φλ(0),Φλ(e)) = Φλ(0) < inf
‖u‖=η

Φλ(u) =: β.

By lemma 3.11 and the mountain pass theorem, we deduce the existence of critical
points u of Φλ associated of the critical value given by

c := inf
γ∈Γ

sup
t∈[0,1]

Φλ(γ(t)) ≥ β, (3.18)

where Γ = {γ ∈ C([0, 1], X) : γ(0) = 0 and γ(1) = e}. This completes the proof.
�
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