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NONEXISTENCE OF RADIAL POSITIVE SOLUTIONS FOR A
NONPOSITONE PROBLEM

SAID HAKIMI, ABDERRAHIM ZERTITI

ABSTRACT. In this article we study the nonexistence of radial positive solu-
tions for a nonpositone problem when the nonliearity is superlinear and has
more than one zero.

1. INTRODUCTION

We study the nonexistence of radial positive solutions for the boundary-value

problem
—Au(x) = Af(u(z)) z€Q,
u(z) =0 z €,

where A > 0, f : [0, +00) — R is a continuous nonlinear function that has more than
one zero, and  C RY; is the annulus: Q = C(0, R, E) ={z eRY: R < |z| < R}
(N>2 0<R<R).

When f is a nondecreasing satisfying f(0) < 0 (the nonpositone case) and has
only one zero, problem has been studied by Brown, Castro and Shivaji [2] in
the ball, and by Arcoya and Zertiti [I] in the annulus.

We observe that the nonexistence of radial positive solutions of (1.1]) is equivalent
to the nonexistence of positive solutions of the problem

" N-1 / = R
~u') = ) = M) R<r<R (1.2

u(R) =u(R) =0,

(1.1)

where A > 0.

Our main objective in this article is to prove that the result of nonexistence of
radial positive solutions of remains valid when f has more than one zero and is
not increasing entirely on [0, +00); see [I, Theorem 3.1]. More precisely we assume
that the map f : [0,4+00) — R satisfies the following hypotheses

(H1) f € CY(]0,4+00),R) such that f has three zeros 81 < B2 < B3 with f/(3;) #
0 for all ¢ € {1,2,3}. Moreover, f' > 0 on [f3, +0).

(H2) f(0) <O.

(H3) limy— 400 f(u)/u = 400,
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2. THE MAIN RESULT

In this section, we give the main result in this work. More precisely we shall
prove the following theorem.

Theorem 2.1. Assume that the hypotheses (H1)—(H3) are satisfied. Then there
exists a positive real number \g such that if A > Ao, problem (1.1) has no radial
positive solution.

Remark. We do not know for what radius r € (R, ﬁ) the solution u attains its
maximum. In addition, f changes sign in (£1,+00). These two facts make our
study more difficult, and change the proof of nonexistence in [IJ.

To prove Theorem 2.1} we need the next three technical lemmas. We note that
the proofs of the first and the last lemma are analogous to those of [I, Lemma 3.2,
Lemma 3.4]. On the other hand, the proof of the second lemma is different from
that of [T, Lemma 3.3]. This is so because our f has no constant sign in (87, +00).

Denote by ux(r) a positive solution of (L.I) (if it exists) and let Ry = (R +

) /2. Following the work [I], we introduce the following notation: § = (1, § =
min{f3,, min 6;} where ; are the zeros of F (F(xz) = [ f(t)dt)

Remark. In [3, Theorem B iii], F' has at most one zero. On the opposite, in our
case ' may have more than one zero because f has a finite number of zeros. In
this paper we assume, with out loss of generality, that f has three zeros. In fact,
the number of zeros of F' depends on f, but F' has at most three zeros.

Lemma 2.2. Let f € C1([0,+00)) satisfying (H3) and consider X > 2. If uy is a

positive solution of ., then for every r € (R, ] there exists a positive number
M = M(r) > 0 (independent of X) such that uy(r) < M.

Proof. Let 1 be a positive eigenfunction associated to the first eigenvalue 1 > 0
of the eigenvalue problem

—(rN_lv’)' = /M“N_lv, R<r<R
R),

=o(R
Multiplying the equation in (1.2) by 7 =1y (r) and integrating from R to R we
obtain

A B
/ PN () (r)dr = _/ (rY "l () pa (r)dr,

R R
hence ~ ~
R R
/ PN (r)h (r)dr = A / PN (ua () (r)dr. (2.1)
R R

On the other hand, multiplying the equation —(r N=1oh () = prN Lo (1), (R <
r< R) by uy and integrating from R to R, we obtain

R R
/ PN () () = / (PN 10} () n (),

R R
hence
R R
/ N ()@ (r)dr :,ul/ N1 (r)uy (r)dr. (2.2)
R R
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Combining (2.1)), (2.2) and choosing > p1/2, ¢ > 0 such that
fQ) =z pC—ec, V(=0

(because f is superlinear), we deduce

B R
Ml/ N oy (ryua(r)dr = A/ PN (ua(r)) e (r)dr
R R
B R
> )\M/ N "oy (r)u (r)dr — )‘C/ e (r)r,
R R
from which

/R N "oy (r)ua (r)dr < AR < k A, VA>2
A ~ ~ 7 = 5 B}
R ' A=y T o= B

with k = cf]f rN=1o) (#)dr > 0 and A > 0 is independent of X. Now, let € (Ro, R)
and choosing > 0 such that Ry < r—§ and using the fact that u) is non-increasing

~

in (Ro, R) (see []) implies
[T st s (t)pr (t)dt
[l st "l (t)dt

B JEAN"Yup () pr (1) dt
T stV (t)dt
< A

T stN Lo (t)dt

The proof is complete. O

up(r) <

=M, YA>2.

~

Lemma 2.3. Assume (H1)-(H3) and let R1 € (Ro,R), ¢ € (8,0). Then there
exists Ay > 0 such that for all positive solutions uy of (1.2) with A > A1, there
exists t1 = t1(X) € (Ro, R1) satisfying ux(t1) < c.

Proof. We argue by contradiction. Suppose that there exists a sequence {\,} C
(0, +00) converging to +oo such that

U)\H(T) >c, Vre (Ro,Rl], Vn € N.

Consider #, = max{r € (R,R) : u}_(r) = 0}. Then u} (r) < Ofor all r € (#,,R),
and we deduce R

uy, (1) <uy, (tn), Vr € (tn, R).
It follows that v (,) =0 and u} (f,) <0. So f(ux,(tn)) >0 by (1.2). Hence

uy, (tn) < B2 or uy, (t,) > Bs.
Now, we study the following two cases:
Case 1: uy, (t,) < fBa.
(i) If sup,, ux, (t,) < B2, then

—erlu'An (r) = )\n/ sV f(uy, (s))ds, Vr € (Ro, Ry)
7

n

>\, inf £ / sN1ds.

{E(c,sup" u>\n (fﬂ)) Ro
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Since sup,, uy, (fn) < B2, it follows that inf( y) £(€) > 0. Therefore,

¢, sup,, ux,, (tn

hr_irrl u (r) = —oo, uniformly on compact subsets of (Ro, Ry) . (2.3)

Now, let 71,72 € (Rp, R1) such that Ry < 1 < r2 < Ry. By the mean value
theorem, there exists r, € (r1,72) such that

ux, (r2) = un, (r1) + (r2 — rl)ug\n (rn).

Also, for all r € (Ry, R1) we have ¢ < uy, (1) < (2 for all n, and by (2.3]) the second
summand of the precedent equality tends to —oo. Hence

lim wy, (r2) = —o0.
n—-+oo

This contradicts uy, > 0 for all n € N.
(ii) If sup,, ux, (t,) = B2. Consider the following two sets:

n*{TG[Rh } ﬂ<u>\() 362‘6},
an:{re{Rl,E]z@Sukn(’r)g6_236}.

Since (0, 352'6), (2('64+C), 6'230) C uy, ((Ry, R)), by the intermediate value theorem,
®,, and ¥,, are not empty. Consider a(n), @(n), b(n) and b(n) such that

a(n) = inf, ¥, @(n) = sup, ¥, b(n) = inf, ®, and b(n) = sup, P,,.

Let ro € [a(n),b(n)]. Then

il @M::Nﬂéoquf@Mn@»ds

n

> BV [ flun, (3))ds

Ry
Uxp, (T0) f(t)
N A et
ux,, (Ro) u)\ ( ())
u)\n(RO)
= )\nRNfl/ Ldi}
Uxnp, (T0) \ (s H1)
hence
N_1 N1 Ux, (Ro)
T, o) (-, (o)) 2 BN [ oy
U, (T0)
C
ZAnRN—l/ f(t)dt,
oge
where s satisfies u\ (so) = Rlnf ]uA (s). Since the function r — —rN =1} (r)is
0,70 v
increasing on (a(n),b(n)),
- 1
—rg u, (ro)(—uh, (s0)) < (=g 'u, (TO))QSN—1
0

Then
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Therefore,
lim ) (ro) = —oo. (2.4)

n—-+4oo
Now, Let r1 € [a(n),a(n)] and ry € [b(n),b(n)], then by the mean value theorem,
there exists r+ € (r1,r2) such that

U, (r2) = un, (1) + (r2 = ra) uy, (r%)
< ux, (R1) + (b(n) —a(n)) uj, (rx)
< ux, (Ra) +inf (b(n) —a(n)) uy, (r).

, for all n and some M = M(R;) > 0 (see Lemma n and
0 and lim, 1 u) (r%) = —oo (by (2.4] [2-4)), it follows that
—oo, which contradicts uy, > 0 for all n € N.

n) > B3. Let rg € [a(n),b(n)], then
70
—ro Tty (1) = )\n/ sV f(uy, (5))ds
tn
Consider tg, such that tg, = max{r, € (R, R] : uy, (rn) = B2}. Then

—N () = A / "N f(uy, (5))ds

Since uy, (R1)

inf,, (b(n) — a(n)

limy, — 4 o0 un, ( 2
Case 2: uy, (

IN
Iy =

n

[ [ s, s+ [ s, ()

258

o
> A, / SN f(uy, ())ds
t52

because fft:2 sN=1f(uy, (s))ds > 0. Then as in Case 1, we obtain a contradiction
with the positivity of uy,, . O
Lemma 2.4. Assume (H2). Let Ry € (Ro,R) and @ > 1. Then there exists
A2 > 0 such that every positive solution uy of satisfies 2 € uy([Ra, ]) for
all A\ > Ay. Where by = max{r € (R, R) : u\(r) = %}

Proof. This lemma will be proved if we show that

li =R 2.
)\—1>I-&I-100 b)\ R ( 5)

oll®

To do this, we multlply the equation in (1.2) by V1, integrate it from by to R
and use that uy(r) < j, for all r € (b, R} to deduce that

R R
/ Nl ) dr > [ Ny

b b
where K = —max{f({): (€ [0 ,g]} > (0. Hence

~ ~ by ~
RNTWA(R) — bY 1l (by) > NK(RN —-bY) > 0. (2.6)

On the othei hand, multiplying the same equation by 2V _1)u’)\ (r) and integrating
from by to R, we have

R R
- /b P ) e =3 [P ) Var
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Computing the two integrals by parts, we obtain

1 _ ~ ~
STV (0r)? = RV (R)?)
2(N—-1 ﬂ R
o U )F(g) — 2N =1DA [ F(ux(r)r*N3dr
ba

Since uy(r) < %, for all 7 € (by, R] and F is decreasing in (0, 3) by (H2), we deduce
that

1 _ ~ A
STV (b))% — RPNV DU (R)?]

2
< —Abrj(N*”F(@) —2(N - 1)F(§)A/ r2N=3qp
C C by
= —ARQW—UF(@)
c

By (2.6), the left hand of the precedent inequality is positive (because u) (bx) < 0

~

by definition of by and ) (R) < 0 by [4]). Consequently we can take square roots
and using that A — B < /A% — B2 for all A > B > 0, we obtain (by (2.6 again)

1 1
AN

and as a consequence ([2.5)) is satisfied. So the proof is complete. O

VARN — b)) < RN-!

Proof of Theorem[2.1. Let ¢ € (3,0),¢> 1 and Ry, Ry € (Ro,ﬁ) such that Ry <
Ry. Consider Aj, A2 given respectively by lemmas and and choose \* >

max{A1, A2} such that

2
A*L+%<0,

L = max{F(() : g < (¢ <c}.
Hence (1.2) has no positive solutions for A > A\*. Otherwise, there exists A > \*
such th has at least one positive solution wuy.
Since A > \;, i = 1,2 we deduce from lemmas [2.3] [2:4] the existence of ¢; €
(Ro, R1] and t, € [Ry, R) satisfying ux(t;) < ¢ and uy(ty) = g Then by the mean
value theorem there exists t3 € [t1,?2] such that

_lnalts) —we)]
to — 11 -

where

|u (t3)]

where = (£ +¢)/(Rs — Ry).
’ 2
Consider the energy function E(r) = AF (ux(r)) + % Then for all A > A*,

B(ts) <AL+ 5 <ap+ 5 <o
(because L < 0 and wuy(t3) € [%c]) This is a contradiction, since F is a non-
increasing function (recall that E'(r) = —&=1¢/(r)? < 0) and E(R) = % > 0.

Hence the result follows.
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