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MULTIPLE POSITIVE SOLUTIONS FOR SINGULAR
MULTI-POINT BOUNDARY-VALUE PROBLEM WITH
GENERAL GROWTH ON THE POSITIVE HALF LINE

SMATL DJEBALI, KARIMA MEBARKI

ABSTRACT. This work is devoted to the existence of nontrivial positive solu-
tions for a class of second-order nonlinear multi-point boundary-value problems
on the positive half-line. The novelty of this work is that the nonlinearity may
exhibit a singularity at the origin simultaneously with respect to the solution
and its derivative; moreover it satisfies quite general growth conditions far
from the origin, including polynomial growth. New existence results of single,
twin and triple solutions are proved using the fixed point index theory on ap-
propriate cones in weighted Banach spaces together with two-functional and
three-functional fixed point theorems. The singularity is treated by means
of approximation and compactness arguments. The proofs of the existence
results rely heavily on several sharp estimates and useful properties of the
corresponding Green’s function.

1. INTRODUCTION

This article concerns the existence of positive solutions to the multi-point bound-
ary value problem posed on the positive half-line:
" ey +dy =) f(tyt),e Y (1), tel
n 1.1)
— A A : —ct, / — (
y(0) = z;kzy(&% Jlim e~/ (1) = 0,
1=

where, for ¢ € {1,...,n}, k; > 0 and the multi-points 0 < §; < & < -+ < &, < 0
satisfy

D ket <1, (1.2)
i=1
and where
c— Ve +4X c+ Ve 44X
T2:72 <O<T1:72

are the roots of the algebraic equation —r? + c¢r + A = 0. The parameters ¢ and
A are real positive constants while the function f = f(¢,y,2) : I? x R* — Rt
is continuous and is allowed to have space singularities at y = 0 and/or z = 0,
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and ® : I — I is a continuous function. Recall that f is said to be singular at
y = 01if lim,_., ¢ f(t,y,2) = +oo uniformly in (¢,z) € I x R*. Here and hereafter
I := (0, +00) denotes the set of positive real numbers, RT: = [0, +00), and R*: =
R\ {0}.

Throughout this paper, by positive solution we mean y € C*(]0,00)) such that
y" exists and y satisfies with »(t) > 0 on (0, 00).

Many problems in physics, chemistry and biology are governed by boundary
value problems on the half-line, e.g., the flow of a premixed mixture inducing the
propagation of a nonadiabatic flame in a long tube. For instance, the equation

=y () + ey (t) + Ay(t) = f (£, y(1))
subject to the boundary conditions
y(0) = y(+o0) =0

extends the classical Fisher-Kolmogorov model equation (see [20]) with no heat
exchange, i.e. A = 0. The positive nonlinear term is governed by classical physical
laws. In combustion theory, the source term in the energy equation obeys Arrhenius’
Law where f = f(y) behaves as y™e ¥ near positive infinity (see e.g., [3, Bl [7]).
This motivates the general growth of the nonlinearity considered in this work,
extending polynomials. In epidemiology, the propagation of epidemics through
given populations is governed by the generalized Fisher autonomous equation —y" +
¢y’ + Ay = yh(y) (see [I1}, [14] for a mathematical investigation). Here the positive
constant ¢ is the velocity of the travelling wave and the real parameter A is a
removal rate [30]. The function y represents a density of infectives. Thus, only
positive solutions corresponding to a density, a temperature,...are useful from a
physical point of view.

Moreover, various physiological processes in non-Newtonian fluid theory, bound-
ary layer theory and nonlinear phenomena (see e.g., [31]) are modelled by singular
equations such that the Emden-Fowler equation y” = —¢(t)y~7 (v > 0). Also, the
boundary value problem for the electrical potential in an isolated neutral atom was
derived in 1927 independently by Thomas [34] and Fermi [19]; it can be written as

v =yt
y(0) =1, y(400) =0.
Another example is provided by the boundary layer equation for steady flow over
a semi-infinite plate (see [§]):
o _L
292
y(0) = y(+00) = 0.

These behaviors of the nonlinearities have motivated our investigation of problem
with a nonlinearity allowed to have a singularity not only in 3 but also in /.

There have been recently so much work devoted to the investigation of existence
of positive solutions for boundary value problems on infinite intervals of the real line
and where the nonlinearity satisfies either superlinear or sublinear growth assump-
tions (see [1T}, 12} 13} 211 [35] B6] and the references therein). A few methods have
been employed to deal with such problems which lack compactness; we cite upper
and lower solution techniques [32], fixed point theorems in special Banach spaces
and index fixed point theory on cones of special Banach spaces [4], 26| 5] as well
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as diagonalization processes. FExistence of single or multiple solutions have been
proved for two-point boundary value problems, three-point and even multi-point
BVPs in [26], 29, [35, B6]. We point out that several existence results for general
problems posed on unbounded intervals may be found in the book by Agarwal and
O’Regan [2].

In [28], the authors have recently considered the generalized Fisher equation
—y" + py’ + qy = h(t)f(t,y) with h singular in time while the nonlinearity f may
change sign. When f further depends on the first derivative, existence of multiple
solutions is given in [I5] and the nonlinearity includes sublinear and superlinear
growth conditions; fixed point theory in cones of special Banach spaces is employed.
In [I7, 18], the authors combine the fixed point index theory with the upper and
lower solution method to prove existence of solutions when the nonlinearity satisfies
various growth assumptions.

The second-order differential equation (p(t)y'(t)) + A@(¢)f(t,y(t)) = 0 with
limy 400 p(t)y'(t) = 0 as a boundary condition is studied in [20, [39] while the
same equation where f also depends on y’ is considered in [36] with Dirichlet con-
dition at positive infinity; fixed point :crheorems in cones are used to prove existence

oo dt

of positive solutions; the condition fo oy < 0 is assumed. A discussion along

with the smallness of the parameter ) is also given in [37] for a nonlinearity of the
form \(f(t,y) — ky).

A three-point boundary value problem associated with the Sturm-Liouville dif-
ferential equation

1
(@(p(t)y’(t))/ +a() f(t,y(),pt)y (1) =0
is discussed in [23] and [33] with lim;— o p(t)y’(t) = b > 0; the technique of
upper and lower solutions and the theory of fixed point theory are employed to get
existence of multiple solutions. The same technique is employed in [27] when f does
not depend on the first derivative. Notice that this equation is also investigated in
[38] and existence of multiple solutions is proved when f may be singular at y = 0
and py’ = 0. We point out that in all of these works, the conditions fOJrOO % < o0

is assumed which is not the case in the present work since p(t) = e™¢.

Our aim in this work is further to extend some of these works to the case in
which a positive nonlinearity does also depend on the first derivative and is allowed
to be singular at the origin in both its second and third arguments; in addition it
satisfies general growth far from the singular origin, extending the classical poly-
nomial growth. We prove existence and multiplicity of nontrivial positive solutions
in a weighted Banach space. The singularity of the nonlinearity is treated by ap-
proximating a fixed point operator with the help of some compactness arguments.

The proofs of our existence theorems rely on recent fixed point theorems of two
or three functionals [4] 25] together with the fixed point index theory in cones of
Banach spaces [22]. Some preliminaries needed to transform problem into a
fixed point theorem are presented in Section 2 together with appropriate compact-
ness criteria. In particular, essential properties of the Green’s function are given
and the main assumptions are enunciated. Then, we construct a special cone in
a weighted Banach space. The properties of a fixed point operator denoted T' are
studies in detail in Section 3. Section 4 is devoted to proving three existence results
successively of a single, twin and triple solutions. The existence theorems obtained
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in this paper extend similar results available in the literature in case the nonlin-
earity f is either nonsingular or does not depend on the first derivative (see e.g.,
[1T), 12, [13] 16} 26} 29, [35] B6]). We end the paper with an example of application
in Section 5 and some concluding remarks in Section 6.

2. FUNCTIONAL FRAMEWORK

In this section, we present some definitions and lemmas which will be needed in
the proofs of the main results. Let

Ci([0,00),R) = {y € C([0,00),R) : tlggo y(t) exists}.

It is easy to see that Cj is a Banach space with the norm [|y[|; = sup,c( o) [¥(f)]-
[

For a real parameter 6 > 71, consider the Banach space of Bielecki type [6] defined
by

/
X =CL([0,00),R) = {y € C'([0,00),R) : lim % and tii+moo y(t) exist }

t—+oo € eft
with norm
[ylle = max{{|yll1, lyl=}
where
_ ly(®)] _ ly'(1)]
lyllr = tes[glzo) i lyllz= tes[g};) T

Lemma 2.1 ([I5, Lemma 2.1]). X = CL is a Banach space.

For some 0 < vy < 4, let

0 < Ag := min{e™ "7 — ™7}, A=Ay max o(t). (2.1)
te[y,0]

Since 5 < 0, we have 0 < Ag < 1. Here
. 1—elrz—r1)t 1
min (2”(172?:1 kie2€i)e(r1—01t ) [ra] )7
min 1‘2{:1 k1er2£i—8<T27T1)t(1—zz:1 kie18i) g
o(t) = 2r1(1=227 kiem28i)elri =00t 7 [ra] )0
O<§] Stggj-‘rla .7:17277”_17

(1= kier28i—e(m2 O A ST | kiet18)
mm( 2 (137, kser2i)elrn —0)F Tl ) EZ 6

Then define the positive cone

P = {y € X :yt)>0onRY, y(t) > Allylle, Yt € [y,6] and y(0) = Zkly(fl)}
T 29

Lemma 2.2. Let p = Then ||lyll1 < pllylle for ally € P.

N U
B-Sr, ki)

Proof. Since y(0) = Y1 k;y(&), then for every ¢ € RY, we have
yt) _ _og [
s = o | v@as+u0)

— e—gt{ /Ot y'(s)ds + zj: kiy(fi)}
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t ’ n
_ 0t 0sY'(s) . agiy(ﬁi)
=e {/o € b ds+;kze ~0E }

o[ 1 - .
e S = Dlylle + Y kil }
i=1

IN

1 _ - _
<gl-e ylla +> kie® |yl
i=1
Passing to the supremum over ¢ > 0, we complete the proof. (I

Arguing as in [I5] Lemma 2.2], we deduce the following result.

Lemma 2.3. Let y € P. Then, for any t € [,6], we have y(t) > T'||lyllo, where
I = A/max(1,p).

2.1. Construction of the Green’s function. In the following lemma which gen-
eralizes [I5, Lemma 2.4], we determine the Green’s function for problem (1.1)).

Lemma 2.4. Let v be a continuous function such that fooo e "%y(s)ds < oo and
limg_, oo € *0v(s) = 0. Then y € C1(I) is a solution of

—y" +ey +dy=0(t), tel

Ny e YO (2.3)
y(o)_;kly(gl)7 tli}’go ect _Oa

if and only if it may be expressed in the form
y(t) = /Oo G(t,s)v(s)ds, tel. (2.4)
0
Hereafter the positive Green’s function G is defined on I x I by G(t,s) = xG(t,s)
with A = (ry —ra)(1 = Y0, kie™%) and
er2t(e72% —e7™%) if 0 < s <min(¢,&) < oo;
er1=9)(1 = S ferabi) — er;t(efrls -, kierz(gﬁs)),
fo<t<s<& <oo;
ot (e T k) - e = £ k).
f0<&G <s<&,s<t j=12,...,n—1;
e (i1 = T, ki€ — (1 = T, ke
G'(t,s) =< _ S k.ierg(.fi—s)—&-ﬁs))’
fO<&<s<&, t<s j=12,....n—1
erst (e (1= 0y ke — e (1= I heni€)),
if0<&, <s<t<oo;
e~ T8 (e“t(l _ Z?:l k‘ie”&)

e (1 - Y ki),
if 0 < max(&,,t) < s < oo.
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Proof. (a) It is easy to show that the general solution of the equation in the bound-
ary value problem ({2.3]) reads

1 : . Y mtes) (s
y(t) = — (Ae”t + Be™ + / (672“_3) - e”(t_‘s)) U(s)ds) (2.5)
1= T2 0
where A = y/(0) — roy(0) and B = r1y(0) — ¢'(0). Differentiating (2.5) yields
1 t
y'(t) = — (Arle“t + Brye™! +/ (roem2(t=3) — r1er1(t_s))v(s)ds). (2.6)
ry—T2 0

From (2.3) and (2.5, we obtain
0=y(0) - Z kiy (&)
i=1

1 ( " . .
= A+ B - 5 Ei(Ae% 4 Ber2ti
rH — T2 =1 ( )

+ /ji (e”(gﬁs) — e“(gﬁs)) v(s)ds);

that is,

n n &
(1= ke)A+ (1 - kie$)B = / (ew(ﬁi*s) - eﬁ@H)) u(s)ds. (2.7)
i=1 i=1 0

Moreover, (2.6 yields

ect T — T2
where

S(t) = Ar1eM =9 4 Broelrz—e)t

t t
—i—me(rz_c)t/ e "%v(s)ds — Tle(“_c)t/ e~ "u(s)ds.
0 0

We claim that
t

lim 6(”*‘:”/ e "%v(s)ds = 0. (2.8)
0

t—oo

Indeed, if [;° e "2%v(s)ds < oo, then (2.8) holds. Now assume [~ e~ "2%v(s)ds =
oo. Since lim,_, o, e %*v(s) = 0, L’Hospital’s rule yields

t t —T28 d
lim e(”_c)t/ e~ "%y(s)ds = lim fo ¢ v(s)ds
0

t—o0 t—o00 elc—r2)t
—rat t
= lim _¢ " nY v(®)
t—o0 (C — TQ)Q(C_T2)t
—ct
— im0

t—oo C— Ty

From (2.7, (2.8]) and the boundary conditions, we find the values

A:/ e~ %y(s)ds,
0
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n n &'1
B=(1- Z kiehEz)*l{ Z/ (erz(iz‘*s) _ eh(Ei*S))U(S)dS
i=1 i=1"0

_ _ - ks r1&; /Do —r18 ds .
(1 ; e )0 e " %y(s) s}

By substitution in (2.5]), we obtain

with

y1(t)

1 o0
_ ri(t—s)
_T1*7‘2(/0 ey (s)ds
+ (1 _ Z kiem&,)_l Z/ <6T2(t+fi—s) _ 67”1(51'—8)+T2t)v(8)ds)
i=1 i=1"0

_ ((1 _ i kierzﬁi)fl(l _ zn:kierl&) /OO erzt—rlsv(s)ds
i=1 i=1 0

b raies) (t—s) 1
—/ (e —e )v(s)ds) = Zyl(t)’

0

fot emt(e—rzs — e %) v(s)ds + ft 1 ((1 _ 2?21 kierzfi)eﬁ(t—S)

(e - Y ke €) ) o(s)ds

Sy i S (26 — en €y (s)ds

e (1= Sy R )enst — (1= S kgen € )enst u(s)ds,
if t <&

(1 - E:‘L:l kier2£i) fé.j+1 e (t_s)v(s)

—(1 = S0y keni€) [ emrisu(s)ds

+era! ( S ki fy (&) — 6“(&‘5))@(8)),
lffj StS§]+1aj: 1a27an717

fOE" er2t (e — e 1% )y(s)ds

+ e, e ((1 = iy ke )eTr — (1= 3T ke )e ™" Ju(s)ds

+ [ e‘”s((l S e )ertt — (1= O keni€)er2t ) u(s)ds,
ift>¢,

whence the form of the Green’s function G.
(b) Conversely, let y € C1(I) be as defined by ([2.4). A direct differentiation of

yields

y'(t) = /000 Gi(t, s)v(s)ds, tel, (2.9)
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where Gy(t,s) = xGi(t, s) is the partial derivative of G(t, s) with respect to ¢ and

roe’t(e7"2% — e ™5) ) if 0 < s < min(t, &) < oo;

Tlem(t*S)(l — Z?:l kier2§i) — roet2? (6*1”15 _ Z:'L:l kieTz(Ei*S))’
if0<t<s<& <ocy;

roe’?t (67”5(1 - Zgzl kie28i) — e 8 (1 — 25:1 kie”&)>,
if0<£j §8§§j+17 s <t .7: 1327"'377’71;

e s (rlerlt(l — > kiemS) — roemt (1 — 25:1 ke

— Y ki@w(&is)ﬂls))w
f0<&<s<&,t<s, 7=1,2,...,n—1;

rae’?! (e—r25(1 — i kie8) — e (1= 300 kierl&))’
lf0<§n§5§t<007

e s (rle”t(l — > kiem2) —rgemt(1 - 301 kie”&)>,
if 0 < max(&,,t) < s < o0.

Gi(t,s) =

Differentiating again (2.9) yields

y"(t) = —v(t —|—c/ Gi(t, s)v ds—i—)\/ G(t, s)v(s)ds
0
= —ov(t) +ey'(t) + Ay(t), tel.
Hence y € C'(I) and y satisfies (2.3). O

The following two lemmas are crucial; the proofs are lengthy; so we only prove
the second one.

Lemma 2.5. The function G(t,s) given by Lemma satisfies
(a) G(t,s) >0 forallt,s eI
(b) e MtG(t,s) < e "5G(s,s), for allt,s € I and all p > 1.
(c) G(t,s) > NoG(s,8)e™"* for allt € [v,0] and all s € I,
where Ao is as defined by .

Lemma 2.6. Assume that
1= kie"& >0,
i=1

1_ Zkierz(&*SHms >0, 0<s<&

=1

J n
1= hien® = N ke @t s 00 0< g <s <&y, 1< <n— 1.
= i=j+1
(2.10)
Then, we have the estimates

e MGt s)| < e ™*G(s), Yt,s€l, >, (2.11)
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where
max (|r2|G(s, s), 3 (2 — > ke = kie”(gi*s)”ls))y
if s < &1;
o) max (|r2|G(s, s), 3 (2 - QRien& =Tk er2(&i—s)trs
S =
_Z?:l kie""Zgi))’
if§<s<&, 1<j<n—1;
max (|7‘2|G(S, 3)7 % (2 - Z;L:l kierlgi - Z;L:l kier2€i)>a Zf s> gn
and

(b) e %o(t)|Ge(t,s)| < e °G(s,s), Yt,sel. (2.12)
Proof. (a) For any s € I, we have
1 —elra=r)s, 0<s<&
1= kerS —e(ra=rs(1 — S77_ fiemi&),
if§ <s<&p1,j=12,...,n—1
1= Y00 kiereSe —elr2=rs(1 — 370 kien&), s > &,

G'(s,s) =

We distinguish four cases.
(1) If either 0 < s < min(t,§1) < o0 or 0 < & < s < &y, s < t, j =
1,2,...,n—1or ¢, <s <t then for any p > ry,

e MG, 8)| = e M raGt, s)| < |role ™ G(s,8), VYu > 7.
(2) If0 <t <s<E& < oo, then for any p > 7,
e MGy (t, )]

‘Tl@fﬂterl(tfs)( Z k. 67‘251) roe (ro— /_l,)t( —ris Z ks oralEim S)) ’
rie” ¢ (e(h_”)t( Z k; e”f?) ‘7“2| (7"2 M)t( Z ke (€i—s)+r1s))
i=1
S S )
=1 i=1
=rie ¢ (2 — Z ke — Z k¢6r2(£i75)+7’15)_
1=1 i=1

B)I0<E <s<&q1,t<s,j=1,2,...,n—1, then for any p > rq,
e MGyt 5)|

el “)t< Z k; e”&)
_ Tze(rz—u)t(l _ Zkieﬁfi _ Z kieTz(fi—S)-‘rﬁS)
=1

i=j+1

IN

IN

:e_
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S,r,lefrls( r1 M)t( Zkerzﬁ) | 2| (ro—p) ( Zke”g‘
_ Z kierz(fz‘*S)ﬂ"w))

i=j+1

n 7 n
< e ((1 o Zkiemfi> + (1 _ Z kiem& _ Z kieT2(5i—s)+r1s>)
i=1 i=1

i=j+1
J
=rie ? (2 - Z kiemsi — Z ker2(&ims)trs _ Z k 87"2&).
=1 i=j+1
(4) If 0 < max(&,,t) < s < 0o, then for any p > rq,
e MGt 5))|

15|y e(ri—mt (1

= e_T

n
Tz&) 7‘26(T2—#)t (1 _ Z kiehﬁi))
i=1
)+ ‘ 2‘ elr2— M)t( _Zkierl&))
=1 =1
< 7“167”S<1 . Zkierzﬁi + (1 _ Zkienﬁi))
i=1 i=1
=rie "¢ (2 — Z ke — Z kie”&).
=1 =1

m: M

< 7rie s (e(”_“)t (1

Hence
e MGy(t,s)] < e PG(s), Vt,seIl; V>

(b) For any s € I, we have the discussion
(1) If either 0 < s < min(t,&) < coor 0 < & < s < &1, s < K, j =
1,2,....,n—1or &, <s<t,for any u > rq, then we have

e HG(t, )| = e M raG(t, s)| < |rale G (s, 5).

Hence
e "G, 8) 1
_ > V>
e HlraGlt,s) = ] T
(2) If0 <t <s<& < oo, then for any p > m
e "G (s, 3)
e MGy (t, s)|

677"15(1 _ 6(7“277«1)5)
= ‘7“1e—uter1(t—s) (1 - Z?:1 k‘ieT?ii) - T‘2€(7“2—,U)t(e—'f15 _ Z?:l kier’z(&—S))‘
6_r13(1 — 6(7“2—7"1)3)
rie—Tis (e(Tﬁu)t (1 -2 kierzﬁi) + %6(7‘2*#)15(1 -y kierz(ghs)ﬂls))
1 — e(ra—m1)t
T2 (1= Y00 kier2Si)e(mimmt

Y
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B)I0<E <s<y1,t<s,j=1,2,...,n—1, then for any p > ry,

(s, _ (1= S ke (1 S )

Gt )]

X ‘rle e “)t ij e“&l — poe(r2—m)t (1 — Z kemé
_ Z kier2(€i_5)+rls) B

i=j+1
(1 B 2521 kierzﬁi — elra—r1)s (1 _ Zgzl kiehéi))

1

j
< (e a Zkemg, |2| el (13 ket
i=1
_ Z kier2(£i*3)+715)>_

i=j+1
1— EZ:I kyer2&i — e(ra—r1)t (1 _ ZZ:l kieh&,)
2ry (1 — Z?:l kierzﬁi)e(rlfu)t '

(4) If 0 < max(&,,t) < s < oo, then for any u > rq,

e "5G (s, 8)

e MGy (t, )]
e (1 — iy kiem S = elramrs (1 — i1 kiengi))
rie(ri—mt (1 -3, kie“’fi) — roe(ra—n)t (1 -3, kie’”lgi) ’

>

677‘1 S

- (ctrmr (1= Sy hierser) 4 Bleamt (1= S Rierie ) )
1-— Z?:1 kyer2€i — elra=r)t (1 - Z:'L:1 kie’“lﬁi)
_ 2 (1 - kierr"f?‘)e(ﬁ—u)t .
Hence

e Mo (t)|Gi(t, s)| < e G(s,8), Yt,s €1, V> 1.
([

2.2. A compact fixed point operator. On the space X, define the mapping T’
by

/ Gt $)B(s) f (5, y(s), e~y (s))ds, te I, (2.13)

Remark 2.7. Let y € X be a fixed point of T in X. Then it is a solution of
problem (1.1]) provided the integral in (2.13)) converges.

Recall that an operator is called completely continuous if it is continuous and
maps bounded sets into relatively compact sets.
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Lemma 2.8 (|9, p. 62]). Let M C C;(RT,R). Then M is relatively compact in
Ci(RT,R) if the following conditions hold:
(a) M is uniformly bounded in Cy(RT,R);
(b) Functions belonging to M are almost equicontinuous on RT; i.e., equicon-
tinuous on every compact interval of RT.
(¢) The functions from M are equiconvergent; that is, given € > 0, there cor-
responds T(g) > 0 such that |x(t) — 1| < e for any t > T(e) and x € M,

From the above lemma we easily deduce the following result (see e.g., [15]).

Lemma 2.9. Let M C CL (R*,R). Then M is relatively compact in CL (R* R)
if the following conditions hold:
(a) M is uniformly bounded in C. (R R).
(b) The functions belonging to the sets {y : y(t) = z(t)/e’,x € M} and {z :
2(t) = 2'(t) /e, x € M} are locally equicontinuous on RY.
(c) The functions from the sets {y : y(t) = z(t)/e, o € M} and {z|z(t) =
x'(t) /e, 2 € MY} are equiconvergent at +oo.
2.3. General assumptions. Regarding the growth of the function F(t,u,v) =
f(t,uef vef), we first enunciate the main assumptions to be considered in this
paper:
(H1) F : I? x R* — R is a continuous function and there exist functions
g, we€ C(I,I)and h, k € C(R*,I) such that

0 < F(t,u,v) < (g(u) +w(u))(h(v) + k(v)), V(t,u,v) € I* x R*

where g, h are non-increasing functions, w/g, k/h are nondecreasing func-
tions and for all positive number R

—+oo
II(R) = / e " max{G(s, 5),6(5)}@(s)g(e*OSFR)h(fe*CSR)ds < 0.
0
(H2) There exits Ry > 0 such that

w(Ro) k(Ro)
(1 g(R;)) )1+ h(RZ))H(RO) < Ro. (2.14)

3. PROPERTIES OF THE OPERATOR T’

In the subsequent two lemmas, we study the properties of the operator 7" includ-
ing its compactness when the nonlinearity f is assumed to have no singularities.

Lemma 3.1. Under Assumptions (H1), (H2), the operator T maps P into itself,
where the cone P is as defined by (2.2)).

Proof. Claim 1. T(P) C X. Indeed, from Assumptions (H1) and (H2) and with
Lemma [2.5(a), (b) and Lemma [2.6(a) with 1 = 6, we obtain, for any y € P, and
t € RT the following estimates:

—+o0

|Ty(1f)|€_9t=/0 e Gt 5)®(s)f(s,y(s), ey (s5))ds
0s Os

—+oo
= [ et we (s G wle), e ) ds

+oo
< / e "5G(s, 8)D(s)F(s,e % y(s), e T3/ (5))ds
0
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Hoe 0 0
< / G (s, 5)(s) (9(e "y (s)) + w(e"y(s)))
0
~ (h( —(c+0)s /( ))+k (c+0)s / ds

T e w(e™’ (8))
/0 e "G(s, 8)D(s )<1+ )>

gle=%y(s)
e (c+0)s /8
< (1 o))t e Oy ()

< (1 . w(||y||0)) (1 + (||y||0)>1—[(||y”0) < 00

9(llvlle) h(llylle)
and
—+o0
[(Ty) (t)]e"" =/ e " Gy(t, 5)®(s)f(s,y(s), ey (5))ds
0

e —risy —0s —0s
< / e5G(5)B(s) (g(e%y(s)) + w(e P y(s)))
0

x (h(e™ Dy () + k(e <C+95’<s>>)ds

wllyllo) (. . k(lullo)
< (1 Zaigle) (1 Ryl vl <

Claim 2. T(P) C P. Let y € P. Clearly, Ty(t) > 0 for all ¢ € I. Moreover, by
Lemma ¢) and Lemma [2.6{(b), for ¢ € [v,4], we have

+oo
Ty(t) = / G(t, 5)B(s) f (5. y(s), e~ (s))ds,

> / T min G(t $)0(s) £ (5, 5(s), e~y (5))ds
0

te[y,d]
oo
> [ e G B (5. 5(5) ey (9)ds
0
> [ Mao(r)e T Gulr s) s (s)oe Y (5)ds.
0
Passing to the supremum over 7 € RT, we obtain

Ty(t) > Ay sup (U(T) (Ty)l(7)>

TERT ef7

= Ap sup o(7) sup
TERT TERT
(Ty)'(7)

efr

> Ag sup o(7) sup
TE€[Y,0] TERT

Hence
Ty(t) = A[Tyll2, Vi€ [y,
Finally, by the property of the Green’s function

= kiTy(&).
=1
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Lemma 3.2. Under Assumptions (H1), (H2), the mapping T : P — P is completely
continuous.

Proof. Claim 1. T : P — P is continuous. Let a sequence {y,}n,>1 € P and
Yo € P with lim, 400 yn — Yo in P. Then, there exists an M > 0 such that
max{||ynllo, lvolle} < M for all n € {1,2,...}. Thus, arguing as in Lemma
Claim 1 and using Assumptions (H1) and (H2), we arrive at the estimates

+oo
/o ¢ "Gt 5)D()f (5. yn(s), €y (s))ds

< (14208 (14 s llo) < o0

and

“+o00
/0 e (Gt )B(5)|f (5, yn(5), € (5))ds

<(1+ %) (1+ %)H(Hyum < oo,

By continuity of f, we obtain
L ya(®), e (1) = St yo(6), e Cyo(t)), LT,
Then the Lebesgue Dominated Convergence Theorem implies

sup {|Tyn(t) — Tyo(t)le "'}
teRT

= s | [T TG B6) (75,0097 05) — S5 mm(s). e () d|
teR+t 1 Jo

< sup/ G(s,5)@(s)e™"™" | f(s,yn(s), €™ yn(s)) — f(5,90(s), e~ “yp(s))| ds
teR+ JO

—0, as n— 400

and

tseig{l(Tyn)’(t) — (Tyo)' (t)|e™""}

= s | [T MG 905) (Fos0 61, (9) — Fsms) () |
teR+ ' JO

< fsel]gi/o G(s)®(s)e™™ | f(s,yn(5), €™ “yp(s)) = f(s,50(5), ™ “yp(5))| ds

— 0, as n— +oo.
As a result
1Ty, — Tyolle — 0, n — +oo.
Claim 2. Let Q@ C X be a bounded subset, say Q = {y € X : ||y|lg < r}. We

prove that T (22 N P) is relatively compact.
(a) For some y € QN P, we have

w(r) k(r)
T < (1 14+ —= |11
Iyl < (14 55 (14 350 )l
yielding that T'(2 N P) is uniformly bounded.
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(b) T(22 N P) is locally equicontinuous on I. The functions in {Ty(t)/e,y €
QN 7P} and the functions belonging to {(Ty)(t)/e,y € QNP} are locally equicon-
tinuous on I. Indeed, G(t, s) is continuously differentiable in ¢ on [0, 00) except for
t = s; so the Lebesgue dominated convergence theorem yields

ITy(tl)Ty(tz)leetS/Ooo e~ "|G(t1,5) — Gltz, 5)|®(s) f(s,y(5), e~y (s))ds

— 0, asty — tg,
as well as

(Ty)'(tx) — (Ty)'(t2)]e™*"
S/ e |Gi(tr, 8) = Gultz, )|@(s) f(s,y(s), e~y (s))ds

0
— 0, ast; — tz,

(¢) T(2NP) is locally equiconvergent at +00. Let y € QNP. From the expression
of the Green’s function G in Lemmas we infer that
G(t, s) Gi(t,s)

ot ot

lim

t——+oo e

=0, lim

t——+oo e

=0, se€l0,+x). (3.1)

With the estimates in Lemmal3.1} Claim 1 and the Lebesgue dominated convergence
theorem, we finally obtain

lim ’e_etTy(t)— lim e %*Ty(s )|

t——+oo s——+00
:thgl ‘/ e G(t,5)®(s)f(s, (s),e_csy’(s))ds‘
< [ B G )P(5) (5,06, 7 ()] = 0
0o T
and
Jim e (Ty)'(6) = lim e (Ty)'(5)
:tlig1 ‘/ e G (t, 5)D(s) f(s,y(s),e %y (s))ds| = 0.
By Lemma T(Q N P) is relatively compact. (]

4. MAIN EXISTENCE RESULTS

4.1. Single solution. The following Lemmas are needed in this section. The
proofs and more details on the index fixed point theory in cones can be found
n [T, 10} 221 241 40].

Lemma 4.1. Let  be a bounded open set in a real Banach space E,P be a cone
of E,0 € Q and A: QNP — P be a completely continuous operator. Assume that

Az # Xz, VzedQNP, A>1.
Then i(A,QNP,P)=1.

Lemma 4.2. Let 2 be a bounded open set in a real Banach space E,P be a cone
of E;0 € Q and A: QNP — P be a completely continuous operator. Assume that

Ax Lz, Yz edQnP.
Then i(A,QNP,P)=0.
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We are now in position to prove our first existence result. Let
5
0= / e~ G(s, 8)P(s)ds.
¥

Theorem 4.3. Assume (H1), (H2) hold together with

(H3) f(t,y,2) = p(t,y) for all t € [y,0] and all (y,z) € (0,+00) x R*, where
v € C([,0] x (0,400)) satisfies

liminf min Pt y) > i
y—0 te[vy,0] Y Aol

Then problem (1.1)) has at least one positive solution y such that
lylle < Ro, y(t) = Tllylle, Vte[y,d].
Proof. For each n € {1,2,...}, define a sequence of functions by

fult,y,2)=f (t,max{eot/n,y(t)},max{eet/n,z(t)}) . (4.1)

Then, for y € P, define a sequence of operators by

+oo
Toy(t) :/0 G(t, 8)P(s) fu(s,y(s),e %y (s))ds, t € I. (4.2)

Lemma guarantees that 7,, : P — P is a completely continuous operator. By
the inequality of (H3), there exist an 7 > 0 and & > 0 such that

ot y) > (H + 5) for each y € [0,7] and ¢ € [y, d]. (4.3)

Let Ry be as defined by Assumption (H2) and R = min(Ry/2,7/e?) and consider
the open sets

O ={y € X :lylle < Ro}, Q:={yeX:|yllo <R}

Claim 1. T,y # Ay for any y € 02y NP, A > 1 and n > ng > R%). Let
y € 0 N'P. By Assumptions (H1) and (H2), we obtain successively the following
estimates

e T,y (t)]

+oo
- / Gt $)B(5) fu(5,5(s), €%y (s))ds

/0 e "'G(t, s)®(s)f (s, max{e’ /n,y(s)}, max{e? /n,e Y/ (s)}) ds

+oo
/0 e "G (t,s)B(s)F (s, max{1/n, e %y(s)}, max{1/n, e~ T3y (s)})ds

+oo

IN

| €7G(s9)%(s) (glmax{1/m. e y()}) + wlmax{l/n,e™"y(s)}))
x (n(max{1/n,e <c+9>sy'(s)}) + k(max{1/n, =%/ (5)}) ) ds

_ oo w(max{1l/n,e "y(s)}) (max{l/n,e_(c“'e)sy’(s)})
_/0 (1 * g(max{1/n,e=0 (8)})> (1 " (maX{l/n>6_(c+9)5y’(8)})>
x e~ " max{G(s, s),G(s)}®(s) g(e_eqy(s))h(e_(c+9)sy’(s))ds
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wimax{1/n, |yllo})\ [, . k(max{1/n, yllo})
<1+ g(max{1/n, [yllo}) )(1+ h(max{1/n, Hy||9}))

+oo o
X/O ™" max{G(s, 5), G(s)}@(s)g(e” " Tlyllo)(—e~|lylle)ds

w(Ro) k(Ro)
(Ro) )(1+ h(Ro)

< (1 + )H(RO) < Ry

and
e "(Tay)' ()]

+oo
= /0 e "Gy (t, s)B(s)F (s, max{1/n, e %y(s)}, max{1/n,e” Ty (s)})ds

+oo
< /O e G(5)®(5) (g(max{1/n, e~ "y(s)}) + w(max{1/n, e""*y(s)}))
x (B(max{1/n, =05/ (5)}) + k(max{1/n, e~y (5)}) ) ds

_ [ w(max{l/n,e~%y(s)}) k(max{1/n, e (“+9%y/(s)})
B /0 (1 + g(max{1/n,e%y(s)}) ) (1 + h(max{1/n, e*(c+9)5y’(s)}))

« e~ T8 maX{G(s, 8)7é(s)}(I)(S)g(e—QSy(s))h(e_(c+9)sy/(5))d8

w(max{1l/n, k(max{1/n,
< (1 Sttt/ tole) (1 R o)) 019
w(R k(R
< (1 + g((R;)))) (1 + hERZ;)H(RO) < Ry.
Passing to the supremum over t, we infer that
ITwylle < Ro = |lylle, Yy €0 NP. (4.4)
As a consequence, we may conclude that
Toy# Xy, YyedhNnP, VA>1, n>ng. (4.5)

Otherwise, for some n; > ng, there would exist y; € 0021 NP and A\; > 1 such that
Tn1y1 = )\1y1. Thus

[Tn,y1lle = Allyalle = llyalle = Ro,
contradicting (4.4]). This implies that (4.5 holds. Therefore, Lemmaand (4.5)
imply
i(Tn,QlﬂP,P):l, V?’LE{no,no-i-l,...}. (4.6)

Claim 2. T,y £ y for any y € 9 N P. Otherwise, let yo € Qs N P and
no > ng with

Tn2y2 S y2. (47)

From (4.3) and the fact that wj# <lyalle =R < o5, we infer that yo(t) < r, for
each t € [y,0]. Then
1
ol (1) > (g +e)w(t), VieDo) (48)

By (4.7), (4.8) and Lemma the following estimates are straightforward:

+oo
ya(t) > /o e "'G(t, s)®(s) f (s, max{e’ /na, ya(s)}, max{e’ /na, e ys(s)}) ds



18 S. DJEBALI, K. MEBARKI EJDE-2011/32
o
> AO/ e " G(s, 5)P(s)p (s,max{ees/ng, ya(s)}) ds
8!

> A [{6 e " G(s, S)(I)(S)(Aioé + 5) max{e’® /na, yo(s)}ds

o
> A 1 +¢ | min yz(t)/ e " G(s, s)D(s)ds
Aot .

tely,0]
= Ao/ (1 + 5) min_ys(t)
Aog tely,d]
> min ya(t), Vi€ y,d],
t€[v,9]

contradicting the continuity of the function y, on the compact interval [y, d]; this
implies that Claim 2 holds. Then, Lemma [£.2] yields

(T, NP, P)=0, Vne{l,2,.. } (4.9)
Consequently, from ([4.6)), (4.9) and the fact that Q; C Qs, we find
i(Th, (U \Q)NP,P)=—1, Vne{ny,no+1,...}. (4.10)

This equality and the solution property of the fixed point index imply that, for each
n > ng, there exists some y,, € (21 \ Q2) NP such that T,,y, = y, with 0 < R <
lynlle < Ro. Consider the sequence of functions {yn}n>n,. Clearly, the functions

belonging to yTg(f), n > np} and the functions belonging to yé‘e(f ), n > ny} are

uniformly bounded on R*. Since R < ||yn|lg < Ro, (H1) and (H2) imply that, for
each n > ng,

+oo
/o e "' G(t,5)®(s)f (s, max{e’ /n,yn(s)}, max{e® /n, e~y (5)}) ds

“+o0

< /0 e "G(s,5)P(s) (g(max{l/n,e_gsyn(s)}) + w(max{1/n, e_gsyn(s)}))

s (h(max{1/m, e 0%y, (5)}) + kmax{1/n, e~ D7y () ds
_ [ w(max{1/n, e "y, (s)}) k(max{1/n,e=(“t0sy (5)})
N /0 (1 + g(max{1/n,e=%y,(s)}) ) (1 * h(max{1/n, e—(0+9)3y;(s)})>

x " max{G(s, s), G(s)}0(s)g(e™"yn(s))hle™ T (s))ds

w(max{1/n, ||ya[lo}) k(max{1/n, |lynllo})

< (4 St/ TeTen)) (- Rl T o)) 01

< (145 (14 )

+o0 o ~
o / e max{G(s, s), G(s)}®(s)g(e " *TR)h(—e ™ Ry)ds
0

and
+oo
e OG(t, 5)D(s)f (s, max{e?® /n, y,(s)}, max{e’* /n, ey, (s)}) ds

w(max{1/n, ||y.lle}) k(max{1/n, ||lyslle})
<1  gmax{1/m, lynllo}) ) <1  (max{1/m, ||yn||9}))H(Hyn||e)

(=)

IN
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< (1+ 5 (0 )

+oo o ~
X / e max{G(s, ), G(s)}(s)g(e”"*TR)h(—e~* Ro)ds.
0

Then, for some a > 0 and t1,t2 € [0, al], we have for n € {ng,no +1,...},

[y (t1) = g (t2)]e*" < /Ooo e "|G(t1, 5) = G(ta, 5)|(s)

x f (s, max{e” /n, yn(s)}, max{e® /n, ey, (5)}) ds

and
lyi(t1) — i (t2) e < /0 e "|Gi(t1, s) — Gi(ta, 5)|D(s)
x f <S,max{eas/n, yn(s)},max{e(efc)s/n,efcsy;(s)}> ds.

Consequently, the functions belonging to yT(f), n > no} and the functions belong-

ing to {yijg(f ) n> no} are locally equicontinuous on R*. Similarly, we have
: —6t IR —0s
Jim s |7 yn(t) = lim _e™"yn(s)]
o0
= Jim_sup | [ e MG S)0(5) s uns) e (5))ds|
t——+oo n>no 0

< /OO lim |e " G(t, $)®(s) (s, yn(s), e “yh(s))| ds =0
0

t——+oo
and
. —0t, 1 T —0s, 1
tllgloo:;a\e y(t) = im _e™"y (s)]
o0
< lim e |Gi(t, 8)() f(s,yn(s), eyl (s))| ds = 0.
t——+o0 0

Thus, the functions functions belonging to {yeg(f ), n > np} and the functions
belonging to yife(f ), n > ng} are locally equiconvergent on +o0o0. Consequently,
Lemmaguarantees that there is a convergent subsequence {yn, }j>1 of {Yn }n>n,

such that lim;_, o yn; = y strongly X. Moreover the continuity of f yields

jETM fnj (t; Yn,s y’;Lj) = Jggloo f (ta max{eet/nj y Yn,; }, maX{eet/n]‘ y 6icty1/1j })
= ft,y(t), ey (1))
Then the dominated convergence theorem guarantees that
t)= 1li (¢
y(t) = lim yn, (t)
+oo

lim G(t, s)‘P(S)f(t max{e? /..., yn, }, max{e’/,. e "yl })
j—=+o Jo J

+oo
/o G(t,8)P(s)f(s,y(s),e Yy (s))ds, tel.
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Finally, R < |yn,|lo < Ro, for all j > 1 implies R < |[y|lo < Ro. Hence
0<R<|ylo <Ro, y(t)>Tlylo, Vtely.d],
as claimed. 0
The following result can be proved in an analogous manner. The proof is omitted.

Theorem 4.4. Assume (H1)—(H2) hold and
(H3") f(t,y,2) > ¢ (t,y) for allt € [v,6] and all (y,z) € (0,+00) x R*, where
@ € C([ry,0] x (0,400)) satisfies

't 1
lim inf min #'(t:y) > —.
y—+00 te[y,d] Yy Aof

Then problem (1.1)) has at least one nontrivial positive solution.

4.2. Twin solutions. Let P be a cone of a real Banach space E. Let 0 < ¢ <
d be constants and 3, a two continuous functionals on P convex and concave,
respectively. Define the convex sets:

Pa={yeP:llyll <dj,
P(B,d) ={z e P: fx) < d},
P(B,a,c,d) ={x € P:a(z) > ¢, fz) <d}.

We will apply the following fixed point theorem to prove the existence of two positive
fixed points for the operator 7.

Lemma 4.5 ([25]). Let A: P — P be a completely continuous operator. Let 3 and
a be continuous convex and concave functionals on P, respectively. Let d and ¢ be
real numbers. Assume that
(i) 0 e {x € P: B(x) < d} and the set {x € P : B(x) < d} is bounded;

(ii) {z € P(B,a,c,d) : B(z) < d} #0 and B(Az) < d for all x € P(B3,,c,d);
(i) B(Az) < d for all z € P(f,d) with a(Azx) < ¢;

(iv) i(A, P.,P) = 0 for sufficiently small positive number r, i(A, Pr,P) =0 for

sufficiently large positive number L.

Then A has at least two fized points x1, xo in P such that ||x1|| > r with B(z1) < d,
and ||z2|| < L with B(x2) > d.

Our main result in this section is as follows.

Theorem 4.6. Assume (H1)—(H2) and
(H4) f(t,y,2) > o(t,y) for allt € [y,d] and all (y, z) € (0,400) x R*, where the
function o € C([y,8] x (0,+00)) satisfies
liminf min olt,y) > i, liminf min olt, ) > L
y—0 tefv,0] Y Aol’  y—+oote[y,d] ¥y Aol
Then, problem has at least two positive solutions yi1, y2 such that

0 <lwlle < Ro < [lyzllo-

Proof. Define a sequence of operators T;, by (4.2)) and then consider the nonnega-
tive, continuous concave and convex functionals «, 3 defined respectively by

_ y(t) _
a(y) = i "o B(y) = llylle-
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Lemmas [3.1] and [3.2] guarantee that T,, : P — P is completely continuous. So, we
only have to verify the conditions of Lemma 4.5

Claim 1. S(y) = ||ylle- For Ry given by the inequality in Assumption
(H2), it is clear that 0 € { y € P : B(y) < Ro} and the set {y € P : B(y) < Ro} is
bounded.

Claim 2. The set {y € P(0,a, %e“”,RO) : B(y) < Ry} is nonempty since it
contains the constant function yy = %. Indeed, B(yo) = %supteﬂvr e % < Ry
and a(yo) = e, Let y € P(8,a, e % Ry); then B(y) = |lyllo < Ro. As
in the proof of Theorem Claim (a), for n > ng > B%’ we can check that
B(Thy) = || Tuylle < Ro. So the condition (ii) of Lemma [4.5|is satisfied.

Claim 3. Arguing as in Claim 2, we obtain

ﬁ(Tny) = ||Tny||9 < ROa Vy € P(ﬂ7R0)7 Vn € {Tl(),’fl() + 17 cee }

So the condition (iii) of Lemma is satisfied.
Claim 4. Since lim inf, .o min,c, g % > A%Je, there exist €y and rg > 0 such

that )
o(t,y) = (17 +eo)y, Yy €[0,ro] and Vi € [y, ]
We choose a sufficiently small r = min(Ro/2,70/e”?). Proceeding as in the proof

of Theorem Claim (b), we can prove that
T,y £y, forany ye€ dP,.
According to Lemma, we infer that

i(Ty, P, P) = 0.
Claim 5. Since liminf,_, . mincp, g Q(Z’y) > 1, there exist e and o > 0
such that
1
o(t,y) > (= +¢e1)y, foreach y>o and t € [y,0]. (4.11)

Aot
Choose sufficiently large L = max(2Ro, &). So y € 9PL implies
y(t) > Tlyllo > LT > 20 =0, € [r,4].

Then, using the inequality
1
olt,y(t)) = (ATE +e)y(t), forany te [v,d]

and arguing as in the proof of Theorem Claim (b), we can prove that
T,y £y, forany y € 0Py.
By Lemma [£.2] we deduce that
i(T,, P, P) = 0.

Thus, the condition (vi) of Lemma is satisfied. According to this lemma with
c= %e“% and d = Ry, we infer that, for each n € {ng,no+1,...}, T, has at least
two positive fixed points y, 1, yn,2 € P such that r < ||yn1]le < Ro < ||yn,2]le < L.
Now consider the sequence of functions {y, i} n>n,, ¢ = 1,2. Essentially the same
argument used for {y, }n>n, in Theorem guarantees that {yn itn>n,, @ = 1,2
has a convergent subsequence {yn, };>1 such that lim; . o ¥n, i = i, @ = 1,2
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for the norm topology of X. Consequently, y; and y» are two positive solutions of

problem (1.1]) with

7 < |ly1lle < Ro < [ly2llo < L.
|
4.3. Triple nonnegative solutions. Let » > a > 0, L > 0 be constants, ¥ a

nonnegative continuous concave functional and «, § nonnegative continuous convex
functionals on a cone P of a Banach space (E, || - ||). Define the convex sets:

Pla,m B, L)={zxeP:alz)<r, fz) <L}
Pla,r; B, L) ={z € P:a(x) <r, Bx) <L},
Pla,r; 8, Ly, a) ={z € P: afx) <7, B(x) < L, ¢¥(x) > aj,
Plavri B, Li,a) = {e € P alz) <7, fla) < L, $(z) > a}.
The following assumptions about the nonnegative continuous convex functionals
a, 3 will be considered:
(A1) there exists M > 0 such that ||z|| < M max{a(x),B(x)}, for all z € P;
(A2) P(a,r;B3,L)#0 for all r >0, L > 0.

Lemma 4.7 ([4]). Let E be a Banach space P C E a cone and vy > d > ¢ >
ry > 0, Ly > L1 > 0 be constants. Assume that «, 3 are nonnegative continuous
convex functionals satisfying (A1) and (A2). Let ¢ be a nonnegative continuous
concave functional on P such that ¥(x) < a(z) for all x € P(a,r2; 3, La) and let
A P(a,ro; 8, L) — P(a,m2; 3, La) be a completely continuous operator. Assume

(B1) {z € P(a,d;[3,La;9,c) : (x) > ¢} # 0 and Y(Az) > ¢, for all x in
F(O[7 d7 57 L27 d}ﬂ C),’
(B2) a(Az) <11, B(Az) < Ly, for all x € P(a,r1; 8, L1);
(B3) (Ax) > ¢ for all z € P(a,r2; 3, La; 9, ¢) with a(Az) > d.
Then A has at least three fized points x1, xo and x3 in P(a,ry; 3, Ly) with
T € P(Q,Tl;ﬁ,Ll),
Tg € {l‘ € ﬁ(a,'fb;ﬁ, LQ;,(/}7C) : w(x) > C},
3 € ?(OZ, 723 ﬂ? LQ) \P(OQ T2; ﬁv LQ; 1/1; C) U ?(OZ, 715 ﬂ? Ll)
Now we arrive at our final existence result in this paper.

Theorem 4.8. Assume the following assumptions hold:

(H1') F:I?xR* — R* is a continuous function and there exist functions g,w €
C((1,00),I) and h,k € C(R*,I) such that

0< F(t,u,v) < (g(u+1) +wu+1)(h(v) + kW), V(tuv)el* xR

where g, h are non-increasing functions, w/g and k/h are nondecreasing
functions.
(H2’) For all® > 0,

“+o0
II(R) = /0 e~ "% max{G(s, s),G(5)}®(s)g(e " h(—e"**R)ds < 0o

and there exists constants Ry, Ry with Ry < &Rl such that fori=1,2

w(R; +1+ %) (R;) -
(1 g(RiLi;))( +:(§i)

)ﬁ(RZ—) < R;. (4.12)
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(H5) f(t,y,z) > ((t,y) for all t € [v,d] and all (y,z) € (0,400) x R*, where
¢ € C([v,9d] x (0,400)) satisfies

t
liminf min <(ty) = +00.

y—=0 te[y,0] Y

Then (L.1) has at least three nonnegative solutions (two of which are positive) yi1,y2
and y3 in P(a, Ry; 08, R1) such that for t € [0,00),
e My ()] < Roy e "[yi(1)] < Ro,
e y2(t) < Ry, e ys(t)] < Ru,
Ry < e "lys(t)] < R, Re < e "Jys(t)| < R,

and for t € [, ],

Ao
|y2(t)‘ > lea ‘y?)( )| = 92 95

Proof. Define an operator sequence by (4.2) and consider the functionals

1 ly(®)| _ ly' ()] 1 ly(®)]
a(y)—r-i-tsel]gi o ﬁ(y)—tsetﬁg T w(”—rﬂ?ﬂm Tt

Then «, § are nonnegative continuous convex functionals satisfying (A1) and (A2);
1 is a nonnegative continuous concave functional with ¥(y) < a(y) for all y € P.
Here P is the cone defined in . For this, we will apply Theorem /4.4 - to verify
the existence of fixed points for the operator T;,. Lemmas [3.1] and [3.2] guarantee
that T,, : P — P, is completely continuous.

Claim 1. T}, : P(a, Ry + %;ﬂ,Rl) — P(a, Ry + %;ﬂ,Rl) for n > ng > T +F

Indeed, if y € P(a, Ry + %;ﬁ,Rl), then a(y) < Ry + % and B(y) < Ry. Arguing
as in the proof of Theorem Claim 1, we obtain, using Assumptions (H1’) and
(H2), the following estimates valid for ¢t € R™:

1
f + 670t|Tny(t)|

“+oo
+ / Gt 5)B(s) fu (5, y(s), ey ())ds

0

v T e s T T T

+oo
—|—/0 e*‘%G(t,s)@(s)f (5,max{ees/n,y(s)},max{ees/me*“y’(s)}) ds

IN

“+o0o
+ /0 e " G(s,5)D(s) (g(max{l/n, e y(s)} +1)

w(max{1/n,e %y(s)} + 1) (h(max{l/n, e (s (5)})
k(max{l/n,e*(cw)sy’(s)}))ds
Heo w(max{1/n,e %y(s)} + 1)
(e )
k(max{1/n, e~ (¢t0sy/(s)})
(14 St e
x e~ max{G(s, 5), G(5)}(s)g(e”*y(

IN

) + 1)h(e” D39/ (5))ds.
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Hence

(1 w(max{1/n, a(y) 4—1)> (1_+ khnax{l/n,ﬂ(y)})>

) }
gmax{L/m,ay)} + 1) h(max{1/m, A(y)})

+
+o0 —
x/ e”"* max{G(s, 5), G(5)}(s)g(e~"Ta(y))h(—e~**B(y))ds

VU el )y KR -
< = 1 1 11
—r+(+gmﬁq+g) + i) )

1
<R1<R1+f.

Therefore, a(T,y) < Ry + %, and
e "(Toy)' (1)

+oo
= /0 e %Gy (t, 5)B(s)F (s, max{1/n, e %y(s)}, max{1/n,e” Ty (s)})ds

+oo
< /0 e "G (s)®(s) (g(max{e? /n,y(s)} + 1) + w(max{1l/n,e y(s)} + 1)
s (nmax{1/n, =% (9))) + K(max{1/n, =0y (4)))) ds

Foo w(max{1/n,e %y(s)} + 1) k(max{1/n,e=(ct0sy/(s)})
< (1 " gmax{L/m, e Poy(s)} + 1)) (1 " h(max{l/me—<c+9>8yf<s>}>>
x e max{G(s,s),G(s)}®(s)g(e~%y(s) + 1)h(e~ T3/ (s))ds

w (R +1+ f) k(R1)\ =~
< (1+ M) (1+ h(R1)>H(R1) < Ry.

Consequently, 8(T,y) < Rj.

Claim 2. Condition (£.12) implies that T, : P(a, Ry + +; 8, R2) — P, Ry +
£:6,Ry) for n > ny > R;ki' The proof is identical to that in Claim 1. So the
condition (2B2) of Lemma is satisﬁed.

Claim 3. The set {y € P(a, & + L; 8, Ri; ¢, 269531) t1h(y) > 2% Ro)} s
nonempty. Notice that the constant function yg = =t lies in the set P( Rl +
llmﬂaRl,?/J; 29-R1) and 1(yo) > 595 R1. Indeed, a(yo) = 7Sllpt€[0’oo) e 9t+ <
Rl + 1"7 ﬁ(yo) =0 and ,(/)(y0> =e 06R1 > QEGSRI fOLAO <1

Claim 4. We prove that ¢¥(T,y) > 2695 Ri,Vy € Pla, % + %;ﬂ, Ry, ;;%Rl).
If y € P(a, % + %; B, Ry;, ;;%Rl), then a(y) < % + % Moreover, the condition

(H5) tells us that, if My = 2‘3(/;# then there exists some p > %ee‘s such that

C(t,y) = Myy, Vye(0,p),Vte[y,d]. (4.13)
We can see that, for any y € P(a, %;ﬁ, Ry; 9, 26%Rl) and t € [y, 4], we have

Ry 1 R
aly) < 5 + 5 = yt) < e <p Vel
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With Lemma [2.5 (c) and (4.13)), we obtain the estimates:

+o0
V(Thy) > min]/ e %Gt s)
0

tely,d
x ®(s)f (s, max{e? /n,y(s)}, max{e’ /n, ey (s)}) ds

1)

ZAOe_%/ e "5 (s, 5)®(s)C (s, max{e’ /n, y(s)})ds
75

ZAoefe“/ e "G (s, 5)®(s) My max{e’ /n,y(s)}ds

1)
ZAOe_%/ e G(s, 8)P(s) Myy(s)ds
2!

§
ZA0M46766/ e "7G(s, 8)P(s)|y|lods
¥
1 6
> §M4A0Fe_(9+7'1)6\|y||9/ e”"*G(s, s)D(s)ds
¥

Ao
Hy”G > ZZJ( ) = 9¢ 95R

Claim 5. w( y) > 2895R1 for all y € P(a, R1 + L:8, Ri; b, 2695R1) with
a(Thy) > Rl + F Let y € P(a, Ry + F,,B,Rl,l/i, 5095 %1) be such that a(T,y) >
&4 L For any o € R*, we know by Lemma b),(c) that

+oo
YT = 1+ e min [ Gt 9)(6) fuls, ys) e (5))ds
telv,0] Jo
1 oo
) / Aoe™"G (s, 5)B(5) fu (5, y(5), =/ (5))ds
r 0
1 Feo
> f+Aoe% / 707G (0, 5)(s) fu (s, y(s), ey (s))ds
:% / (0, 5)D(3) fu (5, y(5), e~y (5))ds
_ Aoe%(;io +e Ty (o))

> Aoe_%(% +e " T,y(0)).

Passing to the supremum over o, we obtain that y € P(a, Ry + %; 8, Ry;, %Rl),
_ _ 1 Ao
D(Toy) = Moe™ P a(Tny) > Aoe™ " (Ry + f) > QGWRL
To sum up, all of the hypotheses of Lemma [£.7] are met if we take Lo = Ry, 1o =
R+ %, Li = Ry, 1 = Ry + % d = % —l—% and ¢ = %Rl. Hence,ﬁfor each
n € {ni,n1+1,...}, T,, has at least three nonnegative fixed points y,, ; € P(a, R1+
%1 ﬂ7 Rl)) 1= 17 2737 with

ynlep(a R2+ 7ﬂ7R2)
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Ao
2696

— 1 — 1 A -
Yn,3 S P(Oé,Rl + faﬁle) \P(OZ7R1 + f757 Rl;¢7 ?&;Rl) UP(O[,R276,R2)

_ 1 A
Yn,2 E{yEP(a,Rl+f;5,Rl;1/}7?&;Rl) 2(y) > Ry},

Consider the sequence of functions {yn i }tn>n,, ¢ = 1,2,3. Arguing as in the proof
as in Theorem we can show that {yni}n>n,, ¢ = 1,2,3 has a convergent
subsequence {yn]»,i}jzl, such that lim; . oo yn; i = ¥, @ = 1,2,3 for the strong
topology of X. Consequently, y1,ys and y3 are three different nonnegative solutions
of problem (1.1]) and satisfy

670t|y1(t)| S R27 eiet‘yi(t” S R27 te [0,00),

670t|y2(t)| < Rh eiet‘yé(t” S Rlv te [0,00),

Ry < e "lys(t)] < Ri, Ry <e "ys(t)] < Ry, te(0,00),

Ao Ao
6

()l = 55 By lys()] < 555 Ry, ¢ € [,4].

5. EXAMPLES
Let ®(t) = e #* and consider the nonlinearity
flty,2) = (g(yefet) + w(yefet)) (h(zefat) + k(zefet)) . (ty,2) € I* xR*
where g(u) = 1/u, w(u) = u? and the functions h and k are defined by

-0, v< -1 -, v < _1,
h(v) = \/1_7), —-1<v<0; k()= \/1_7, -1 <v<0;
%, v > 0. 14+v, v>0.

To check the inequality (2.14]) in (H2), take vy = 1/3, 6 = 1/2, ¢ = 1/2, A = 1/3,
n=2,a=1/8 and u = 100; so we can choose § = 1 and Ry = 5. In addition, we

have
G(s,s) = {

G(s) = (2 — ae™ — aem(1E) L if 5 <y
R(2— e — e, if s >n.

Using Matlab 7, we have found I1(5) = 6.9589.10~%, whence

(1 + l;((gs))) (1 + ZEZE;)H(RO) = 1.2641.

Therefore Assumptions (H1) and (H2) are met. Also, Assumption (H3) in Theorem
is clearly satisfied. As a consequence, if

F(ty,y'e™) = (glye™) + wlye™)) (hly'e™72) + k(y'e /%))
then the singular boundary value problem
" +1/2y +1/3y = e O f(t,y, e ?), t>0
y(0) = ay(n), lim e™*/2y/(t) =0,

(1 — e(rrrl)s) , if s <
(1 —aemm —e(m2=m)s(1 — qenm)), if s>

D= =

and

(5.1)
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has at least one nontrivial positive solution. Moreover, we can check that Assump-
tion (H4) in Theoremis fulfilled. Therefore, this problem has also two nontrivial
positive solutions.

Let g, w the functions defined by

H(u) = {1/(u— 1), u>1;

1/4, 0<u<l. (u) = (u = 1)"

S

The inequality (4.12)) in Theorem [4.8/holds true for By = 3 and Ry = 4/10. Indeed
I1(3) = 0.0020, I1(4/10) = 0.0055 and

(1 W(Ry + 1+ %)) (1 N k(Ry)
J(Ri+1+§) h(Ry)
( w(Rg+1+%))< N k(Ry)
G(Ro+1+4) h(Rz)
Therefore, the singular boundary value problem
-y +1/2y +1/3y = e‘lOQtf(t,y, ye ), t>0
y(0) = ay(n), lim e™*/2y/(t) =0,

)ﬁ(Rl) = 0.6000 < 3,

)ﬁ(Rz) — 0.1875 < 0.4.

(5.2)

where
F(ty,y'e™) = (glye™ + 1) + (e +1)) (hy'e™/?) + k(y'e™/?))

has in fact three nonnegative solutions, at least two of which are positive.

6. CONCLUDING REMARKS

In this work, we have considered problem when the nonlinearity may not
only possess space-singularities in y and 3’ at the origin, but also takes quite general
asymptotic behaviors near positive infinity, including polynomial growth as a special
case. Indeed, we can consider the special cases in which F behaves in the first
argument as g(u) + w(u) with g(u) = =7, w(u) = u™ (¢ > 0, m € N*) and in the
second argument as h(v) + k(v) with h(v) = v, k(v) = o™ (u > 0, n € N*). In
this respect, the main assumptions are (H1) and (H2).

The existence results obtained in this paper have the advantages to allow working
in a special cone of a Banach space such that most of solutions are positive hence
nontrivial. With (H3) (or (H3’), we have proved in Theorem and existence
of at least one positive solution with y(t) > T'|ly|le for t € [v,d]; that is y € P.
At this step, notice that [y,d] is an arbitrary chosen interval which helps to get
nontrivial solutions; this does not always hold true when one applies the Schauder
fixed point theorem which rather provides solutions in a ball. In addition (H3)
covers nonlinearities which are bounded below by sublinear functions near the origin
while in (H3’), f may be superlinear at positive infinity.

Using a recent fixed point theorem of two functionals, we have obtained existence
of a second solution in Theorem satisfying 0 < |ly1lle < R < ||y2|ls. However,
we may notice that (H4) combines Assumptions (H3) and (H3’) and in counterpart
yields precise information about solutions.

Finally, Assumption (H5) is of the form of (H2). However with a stronger as-
sumption than (H3), we have even proved existence of three solutions by means of
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a three-functional fixed point theorem; notice however that one of them lies in a
ball and thus could be a trivial solution.

The multi-point condition at 0 has given rise to a new and elaborated Green’s
function; its properties have enabled us to choose an appropriate cone to contain
the desired solutions. The space singularities have been treated by approximation
through the nonlinearity and the operator for which existence of fixed
points has been proved under sharp estimates of the Green’s function. Then, the
solutions have been obtained as limits as n — 400 via compactness sequential
arguments.

The example of application shows that all of these hypotheses can be satisfied
for quite simple and general nonlinearities. One of the novelty of this work is that
we have considered a class of space-singular nonlinearities at the origin with general
growth at positive infinity. We hope this work can provide improvements of the
rich literature developed for multi-point boundary value problems on the positive
half line.

Acknowledgments. The authors are thankful to the anonymous referees for their
careful reading of the manuscript, which led to a substantial improvement of the
original manuscript.

REFERENCES

[1] R.P. Agarwal, M. Meehan and D. O’Regan, Fized Point Theory and Applications, Cambridge
Tracts in Mathematics, 141 Cambridge University Press, 2001.

[2] R. P. Agarwal, D. O’Regan, Infinite Interval Problems for Difference and Integral Equations,
Kluwer Academic Publisher Dordrecht, 2001.

[3] O. R. Aris, The Mathematical Theory of Diffusion and Reaction in Permeable Catalysts,
Clarendon Press, Oxford, 1975.

[4] Z. Bai, W. Ge, Ezistence of three positive solutions for second-order boundary value problems,
Comput. Math. Appl. 48 (2004) 699-707.

[5] N. T. J. Baily, The Mathematical Theory of Infectious Diseases, Griffin, London, 1975.

[6] A. Bielecki, Une remarque sur la méthode de Banach-Cacciopoli- Tikhonov dans la théorie
des équations différentielles ordinaires, Bull. Acad.Polon. Sci. 4 (1956) 261-264.

[7] N. F. Britton, Reaction-Diffusion Equations and their Applications to Biology, Academic
Press, New York, 1986.

[8] A. Callegari, A. Nachman, A nonlinear singular boundary value problem in the theory of
pseudoplastic fluids, STAM J. Appl. Math., 38 (1980) 275-282.

[9] C. Corduneanu, Integral Equations and Stability of Feedback Systems, Academic Press, New
York, 1973.

[10] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, Heidelberg, 1985.

[11] S. Djebali, O. Kavian and T. Moussaoui, Qualitative properties and ezistence of solutions for
a generalized Fisher-like equation, Iranian J. Math. Sciences and Informatics, 4(2) (2009)
65-81.

[12] S. Djebali, K. Mebarki, Fzistence results for a class of BVPs on the positive half-line, Comm.
Appl. Nonlin. Anal. 14(2) (2007) 13-31.

[13] S. Djebali, K. Mebarki, Multiple positive solutions for singular BV Ps on the positive half-line,
Comput. Math. Appl. 55(12) (2008) 2940-2952.

[14] S. Djebali, K. Mebarki, On the singular generalized Fisher-like equation with derivative
depending nonlinearity, Appl. Math. Comput., 205 (2008) 336-351.

[15] S. Djebali, K. Mebarki, Multiple unbounded positive solutions for three-point bups with
stgn-changing nonlinearities on the positive half-line, Acta Applicandae Mathematicae, 109
(2010) 361-388

[16] S. Djebali, T. Moussaoui, A class of second order bups on infinite intervals, Elec. Jour. Qual.
Theo. Diff. Eq. 4 (2006) 1-19.



EJDE-2011/32 MULTI-POINT BVPS WITH GENERAL GROWTH 29

[17] S. Djebali, O. Saifi, Positive solutions for singular BVPs on the positive half-line with
sign changing and derivative depending nonlinearity, Acta Applicandae Mathematicae, 110
(2010) 639-665.

[18] S. Djebali, O. Saifi and B. Yan, Positive solutions for singular BVPs on the positive half-line
arising from epidemiology and combustion theory, Acta Mathematica Scientia, to appear.

[19] E. Fermi, Un methodo statistico par la determinazione di alcune proprietd dell’atome, Rend.
Accad. Naz. del Lincei. CL. sci. fis., mat. e nat., 6(1927) 602-607.

[20] R. Fisher, The wave of advance of advantageous genes, Ann. of Eugenics 7 (1937), 335-369.

[21] Y. Guo, W. Ge, Positive solutions for three-point boundary value problems with dependence
on the first order derivative, J. Math. Anal. Appl. 290 (2004) 291-301.

[22] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, San
Diego, 1988.

[23] P. Kang, Z. Wei Multiple solutions of second-order three-point boundary value problems on
the half-line, Appl. Math. Comput. 203 (2008) 523-535.

[24] M. A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff, Groningen, The
Netherlands, 1964.

[25] F. Li, G. Han, Generalization for Amann’s and Leggett- Williams three-solution theorems and
applications, J. Math. Anal. Appl. 298 (2004) 638-654.

[26] H. Lian, W. Ge, Ezistence of positive solutions for Sturm—Liouville boundary value problems
on the half-line, J. Math. Anal. Appl. 321 (2006) 781-792.

[27] H. Lian, P. Wang, and W. Ge, Unbounded upper and lower solutions method for Sturm-
Liouville boundary value problem on infinite intervals, Nonlin. Anal. 70 (2009) 2627-2633.

(28] B. Liu, L. Liu, and Y. Wu, Multiple solutions of singular three-point boundary value problems
on [0,400), Nonlin. Anal. 70(9) (2009) 3348-3357 .

[29] R. Ma, Positive solutions for second order three-point boundary value problems, Appl. Math.
Anal. Lett. 14 (2001) 1-5.

[30] J. D. Murray, Mathematical Biology, Biomathematics Texts, 19, Springer Verlag, Berlin
Heidelberg, 1989.

[31] D. O’'Regan, Theory of Singular Boundary Value Problems, World Scientific, Singapore, 1994.

[32] D. O’Regan, B. Yan, and R.P. Agarwal, Solutions in weighted spaces of singular boundary
value problems on the half-line, J. Comput. Appl. Math. 205 (2007) 751-763.

[33] Yan Sun, Yongping Sun, and L. Debnath, On the ezxistence of positive solutions for singular
boundary value problems on the half line, Appl. Math. Letters, 22(5) (2009) 806-812.

[34] L. H. Thomas, The calculation of atomic fields, Proc. Camb. Phil. Soc. 23 (1927) 542-548.

[35] Y. Tian, W. Ge, Positive solutions for multi-point boundary value problem on the half-line,
J. Math. Anal. Appl. 325 (2007) 1339-1349.

[36] Y. Tian, W. Ge, and W. Shan, Positive solutions for three-point boundary value problem on
the half-line, Comput. Math. Appl. 53 (2007) 1029-1039.

[37] Y. Wang, L. Liu, and Y. Wu, Positive solutions of singular boundary value problems on the
half-line, Appl. Math. Comput. 197 (2008) 789-796.

[38] B. Yan, D. O’Regan, and R.P. Agarwal, Positive solutions for second order singular boundary
value problems with derivative dependance on infinite intervals, Acta Appl. math., 103(1)
(2008) 19-57.

[39] X. Zhang, L. Liu, and Y. Wu, Ezistence of positive solutions for second-order semipositone
differential equations on the half-line, Appl. Math. Lett. 185 (2007) 628-635.

[40] E. Zeidler, Nonlinear Functional Analysis and its Applications. Vol. I: Fized Point Theorems,
Springer-Verlag, New York, 1986.

SMAIL DJEBALI
DEPARTMENT OF MATHEMATICS, E.K.S., PO Box 92, 16050 KOUBA. ALGIERS, ALGERIA
E-mail address: djebali@ens-kouba.dz, djebali@hotmail.com

KARIMA MEBARKI
DEPARTMENT OF MATHEMATICS, A.E. MIRA UNIVERSITY, 06000. BEJAIA, ALGERIA
E-mail address: mebarqi@hotmail.fr



	1. Introduction
	2. Functional framework
	2.1. Construction of the Green's function
	2.2. A compact fixed point operator
	2.3. General assumptions

	3. Properties of the operator T
	4. Main existence results
	4.1. Single solution
	4.2. Twin solutions
	4.3. Triple nonnegative solutions

	5. Examples
	6. Concluding remarks
	Acknowledgments

	References

