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ASYMPTOTIC BEHAVIOR OF SECOND-ORDER IMPULSIVE
DIFFERENTIAL EQUATIONS

HAIFENG LIU, QIAOLUAN LI

Abstract. In this article, we study the asymptotic behavior of all solutions
of 2-th order nonlinear delay differential equation with impulses. Our main
tools are impulsive differential inequalities and the Riccati transformation. We
illustrate the results by an example.

1. Introduction

Consider the impulsive differential equation(
r(t)(x′(t))α

)′ + p(t)(x′(t))α + f(t, x(t− δ)) = 0, t ≥ t0, t 6= tk, (1.1)

x(t+k ) = Jk(x(tk)), x′(t+k ) = Ik(x′(tk)), k = 1, 2, 3 . . . , (1.2)

where α is the quotient of positive odd integers.
The theory of impulsive differential/difference equations is emerging as an im-

portant area of investigation, since it is much richer than the corresponding theory
of differential/difference equations without impulsive effects. Moreover, such equa-
tions may model several real world phenomena [4]. There are many papers devoted
to the oscillation criteria of differential equations with impulses [2, 5, 6] and to the
asymptotic behavior of all solutions of differential equations without impulses [8].

Recently, Tang [7] studied the equation

(r(t)x′(t))′ + p(t)x′(t) + f(t, x(t− δ)) = 0, t 6= tk,

x(t+k ) = Jk(x(tk)), k = 1, 2, 3 . . . ,

x′(t+k ) = Ik(x′(tk)), k = 1, 2, 3 . . . .

He obtained sufficient conditions of asymptotic behavior of all solutions of the
equation.

Motivated by [7], using impulsive differential inequality and the Riccati trans-
formation, we study the asymptotic behavior of solutions of (1.1), (1.2).

Definition 1.1. For φ ∈ C([t0− δ, t0], R), a function x : [t0− δ,+∞) → R is called
a solution of (1.1), (1.2) satisfying the initial value condition

x(t) = φ(t), t ∈ [t0 − δ, t0]
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if the following conditions are satisfied:
(i) x(t) = φ(t) for t ∈ [t0 − δ, t0],
(ii) x, x′ are continuously differentiable for t > t0, t 6= tk (k = 1, 2, . . . ) and

satisfy (1.1),
(iii) x(t−k ) = x(tk), x′(t−k ) = x′(tk), k = 1, 2, . . . and satisfy (1.2).

As is customary, a solution of (1.1), (1.2) is said to be non-oscillatory if it is
eventually positive or eventually negative. Otherwise, it will be called oscillatory.

2. Main results

In this paper, we assume that the following conditions hold:
(H1) f is continuous on [t0,+∞)×R, xf(t, x) > 0 for x 6= 0, and f(t, x)

g(x) ≥ h(t) for
x 6= 0, where g(γx) ≥ γg(x) for γ > 0, x′g′(x) > 0, and h, r′ are continuous
on [t0,+∞), h(t) ≥ 0, r(t) > 0.

(H2) p, Jk, Ik are continuous on R and there exist positive numbers a∗k, ak, b∗k, bk

such that a∗k ≤
Ik(x)

x ≤ ak, b∗k ≤
Jk(x)

x ≤ bk.
(H3) limt→∞

∫ t

tj

∏
tj<tk<s

a∗k
bk

exp(−
∫ s

tj

r′(σ)+p(σ)
αr(σ) dσ)ds = +∞.

(H4)
n−1∑
m=1

n−1∏
k=m

m−1∏
l=0

bj+ka∗j+l

∫ tj+m

tj+m−1

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du

+
n−1∏
k=0

a∗j+k

∫ tj+n

tj+n−1

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du → +∞, as n →∞.

(H5)

lim
t→∞

∫ t

t0

∏
t0<tk<s

1
ck

exp(
∫ s

t0

p(σ)
r(σ)

dσ)h(s)ds = +∞,

where

ck =

{
aα

k , tk − δ 6= tj ,
aα

k

b∗j
, tk − δ = tj .

In the following, we also assume that solutions to (1.1), (1.2) exist on [t0,+∞).

Lemma 2.1 ([1]). Let the function m ∈ PC1(R+, R) satisfy the inequalities

m′(t) ≤ p(t)m(t) + q(t), t 6= tk,

m(t+k ) ≤ dkm(tk) + bk, k = 1, 2, . . . ,

where p, q ∈ PC(R+, R) and dk ≥ 0, bk are constants, then

m(t) ≤ m(t0)
∏

t0<tk<t

dk exp
( ∫ t

t0

p(s)ds
)

+
∑

t0<tk<t

( ∏
tk<tj<t

dj exp
( ∫ t

tk

p(s)ds
))

bk

+
∫ t

t0

∏
s<tk<t

dk exp
( ∫ t

s

p(σ)dσ
)
q(s)ds, t ≥ t0.

(2.1)

Lemma 2.2. Let x be a solution of (1.1), (1.2). Suppose that there exist some
T ≥ t0 such that x(t) > 0, t ≥ T . If (H1)–(H3) are satisfied, then x′(tk) > 0 and
x′(t) > 0 for t ∈ (tk, tk+1], where tk ≥ T , k = 1, 2, . . . .
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Proof. We first prove that x′(tk) > 0 for any tk ≥ T . If not, there must exist some
j such that x′(tj) < 0, tj ≥ T and x′(t+j ) = Ij(x′(tj)) ≤ a∗jx

′(tj) < 0. Let

x′(tj) exp
( ∫ tj

t0

r′(s) + p(s)
αr(s)

ds
)

=: β < 0.

From (1.1), it is clear that(
x′(t) exp

( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
))′

= − f(t, x(t− δ))
αr(t)(x′(t))α−1

exp
( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
)
.

Since α is the quotient of positive odd integers, (x′(t))α−1 > 0, we obtain(
x′(t) exp

( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
))′

< 0. (2.2)

Hence, the function x′(t) exp(
∫ t

t0

r′(s)+p(s)
αr(s) ds) is decreasing on (tj , tj+1],

x′(tj+1) exp
( ∫ tj+1

t0

r′(s) + p(s)
αr(s)

ds
)
≤ x′(t+j ) exp

( ∫ tj

t0

r′(s) + p(s)
αr(s)

ds
)
;

i.e.,

x′(tj+1) exp
( ∫ tj+1

t0

r′(s) + p(s)
αr(s)

ds
)
≤ a∗jβ

and

x′(tj+2) exp
( ∫ tj+2

t0

r′(s) + p(s)
αr(s)

ds
)
≤ x′(t+j+1) exp

( ∫ tj+1

t0

r′(s) + p(s)
αr(s)

ds
)

≤ a∗j+1a
∗
jβ.

By induction, we obtain

x′(tj+n) exp
( ∫ tj+n

t0

r′(s) + p(s)
αr(s)

ds
)
≤

n−1∏
k=0

a∗j+kβ,

while for t ∈ (tj+n, tj+n+1], we have

x′(t) ≤
∏

tj≤tk<t

a∗kβ exp
(
−

∫ t

t0

r′(s) + p(s)
αr(s)

ds
)
. (2.3)

From the condition x(t+n ) ≤ bnx(tn), we have the impulsive differential inequality

x′(t) ≤
∏

tj≤tk<t

a∗kβ exp
(
−

∫ t

t0

r′(s) + p(s)
αr(s)

ds
)
, t 6= tk, k = j + 1, j + 2, . . . ,

x(t+k ) ≤ bkx(tk), t = tk, t ≥ tj .

Applying Lemma 2.1, we have

x(t) ≤ x(t+j )
∏

tj<tk<t

bk + a∗jβ

∫ t

tj

∏
s<tk<t

bk

∏
tj<ti<s

a∗i exp
(
−

∫ s

t0

r′(σ) + p(σ)
αr(σ)

dσ
)
ds

≤
∏

tj<tk<t

bk

{
x(t+j ) + a∗jβ

∫ t

tj

∏
tj<ti<s

a∗i
bi

exp
(
−

∫ s

t0

r′(σ) + p(σ)
αr(σ)

dσ
)
ds

}
.

Since x(tk) > 0 for tk ≥ T , one can find that the above inequality contradicts (H3)
as t →∞, therefore, x′(tk) ≥ 0(t ≥ T ).
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By condition (H2), we have x′(t+k ) ≥ a∗kx′(tk) for any tk ≥ T . Because the
function x′(t) exp(

∫ t

t0

r′(s)+p(s)
αr(s) ds) is decreasing on (tj+i−1, tj+i], we obtain

x′(t) exp(
∫ t

t0

r′(s) + p(s)
αr(s)

ds) > 0

for any t ∈ (tj+i−1, tj+i], which implies x′(t) ≥ 0 for t ≥ T . The proof is complete.
�

Theorem 2.3. If (H1)-(H3), (H5) are satisfied, then every solution x of (1.1),
(1.2) satisfies lim inft→∞ |x(t)| = 0.

Proof. Let x be a solution of (1.1)-(1.2), and by contradiction assume that

lim inf
t→∞

|x(t)| > 0.

Without loss of generality, we may assume that x(t) > 0 on (t0,+∞). By Lemma
2.2, x′(t) > 0 for all t ≥ t0. We use a Riccati transformation of the form

V (t) =
r(t)(x′(t))α

g(x(t− δ))
. (2.4)

Differentiating V (t), we obtain

V ′(t) =
(r(t)(x′(t))α)′g(x(t− δ))− r(t)(x′(t))αg′(x(t− δ))x′(t− δ)

g2(x(t− δ))

=
−p(t)(x′(t))α − f(t, x(t− δ))

g(x(t− δ))
− x′(t− δ)g′(x(t− δ))

r(t)(x′(t))α
V 2(t)

≤ −p(t)
V (t)
r(t)

− h(t).

From (2.4) and (H1), it is clear that

V (t+k ) =
r(t+k )(x′(t+k ))α

g(x(t+k − δ))

≤


r(tk)(x′(tk))αaα

k

g(x(tk−δ)) = aα
k V (tk) = ckV (tk), tk − δ 6= tj ,

r(tk)(x′(tk))αaα
k

g(x(t+j ))
≤ aα

k

b∗j
V (tk) = ckV (tk), tk − δ = tj ,

where ck’s are defined in (H5). Applying Lemma 2.1, we have

V (t) ≤
∏

t0<tk<t

ck exp
(
−

∫ t

t0

p(s)
r(s)

ds
)

×
[
V (t0)−

∫ t

t0

∏
t0<tk<s

1
ck

exp
( ∫ s

t0

p(σ)
r(σ)

dσ
)
h(s)ds

]
.

By (H5), the above inequality is impossible. The proof is complete. �

Lemma 2.4. Let x be a solution of (1.1), (1.2). Suppose that there exist some
T ≥ t0 such that x(t) > 0, t ≥ T . If (H1), (H2), (H4) are satisfied, then x′(tk) > 0
and x′(t) > 0 for t ∈ (tk, tk+1], where tk ≥ T, k = 1, 2, . . . .
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Proof. Firstly, for x(t) > 0, t ≥ T , we will prove that x′(tk) > 0, for any tk ≥ T ,
T ≥ t0. If not, there exist some j such that x′(tj) < 0, tj ≥ T and x′(t+j ) =
Ij(x′(tj)) ≤ a∗jx

′(tj) < 0. From (1.1), it is clear that(
x′(t) exp

( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
))′

= − f(t, x(t− δ))
αr(t)(x′(t))α−1

exp
( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
)
.

Since α is the quotient of positive odd integers, (x′(t))α−1 > 0, we obtain(
x′(t) exp

( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
))′

< 0.

Hence, the function x′(t) exp
( ∫ t

t0

r′(s)+p(s)
αr(s) ds

)
is decreasing on (tj , tj+1],

x′(tj+1) exp
( ∫ tj+1

t0

r′(s) + p(s)
αr(s)

ds
)
≤ x′(t+j ) exp

( ∫ tj

t0

r′(s) + p(s)
αr(s)

ds
)
),

i.e.,

x′(tj+1) ≤ a∗jx
′(tj) exp

(
−

∫ tj+1

tj

r′(s) + p(s)
αr(s)

ds
)

and

x′(tj+2) ≤ a∗j+1a
∗
jx
′(tj) exp

(
−

∫ tj+2

tj

r′(s) + p(s)
αr(s)

ds
)
.

By induction, we obtain

x′(tj+n) ≤
n−1∏
k=0

a∗j+kx′(tj) exp
(
−

∫ tj+n

tj

r′(s) + p(s)
αr(s)

ds
)
.

Because the function x′(t) exp(
∫ t

t0

r′(s)+p(s)
αr(s) ds) is decreasing on (tj , tj+1], we have

x′(t) ≤ a∗jx
′(tj) exp

(
−

∫ t

tj

r′(s) + p(s)
αr(s)

ds
)
, t ∈ (tj , tj+1]. (2.5)

Integrating (2.5) from m to t, we have

x(t) ≤ x(m) + a∗jx
′(tj)

∫ t

m

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du, tj < m < tj+1.

Let t → tj+1, m → t+j . We have

x(tj+1) ≤ x(t+j ) + a∗jx
′(tj)

∫ tj+1

tj

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du

≤ bjx(tj) + a∗jx
′(tj)

∫ tj+1

tj

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du,

and

x(tj+2) ≤ x(t+j+1) + a∗j+1x
′(tj+1)

∫ tj+2

tj+1

exp
(
−

∫ u

tj+1

r′(s) + p(s)
αr(s)

ds
)
)du

≤ bj+1bjx(tj) + a∗jbj+1x
′(tj)

∫ tj+1

tj

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du

+ a∗j+1a
∗
jx
′(tj)

∫ tj+2

tj+1

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du.
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By induction, we have

x(tj+n) ≤ x′(tj)
[ n−1∑

m=1

n−1∏
k=m

m−1∏
l=0

bj+ka∗j+l

∫ tj+m

tj+m−1

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du

+
n−1∏
k=0

a∗j+k

∫ tj+n

tj+n−1

exp
(
−

∫ u

tj

r′(s) + p(s)
αr(s)

ds
)
du

]
+

n−1∏
k=0

bj+kx(tj).

Since x(tk) > 0 (tk ≥ T ), we find that the above inequality contradicts condition
(H4), therefore x′(tk) ≥ 0 for t ≥ T . Further, for t ∈ (tj , tj+1], we obtain

x′(t) exp
( ∫ t

t0

r′(s) + p(s)
αr(s)

ds
)
≥ x′(tj+1) exp

( ∫ tj+1

t0

r′(s) + p(s)
αr(s)

ds
)

> 0,

which implies x′(t) > 0 for t ≥ T . This completes the proof. �

Using Lemma 2.4, we have the following Theorem.

Theorem 2.5. If (H1), (H2), (H4), (H5) are satisfied, then every solution x of
(1.1), (1.2) satisfies lim inft→∞ |x(t)| = 0.

Example. Consider(
t(x′(t))3

)′
−

(
x′(t)

)3 +
1
t2

x(t− 1
3
) = 0, t 6= k, t ≥ 1

2
,

x′(k+) =
k

k + 1
x′(k), x(k+) = x(k), k = 1, 2, . . . .

Comparing with (1.1), (1.2), we see that r(t) = t, p(t) = −1, α = 3, δ = 1/3,
tk+1 − tk > 1/3 and ak = a∗k = k/(k + 1), bk = b∗k = 1. Obviously (H1), (H2) are
satisfied,

lim
t→∞

∫ t

tj

∏
tj<tk<s

a∗k
bk

exp
(
−

∫ s

tj

r′(σ) + p(σ)
3r(σ)

dσ
)
ds

> (j + 1) lim
t→∞

∫ t

tj

ds

s + 1
= +∞,

and

lim
t→∞

∫ t

t0

∏
t0<tk<s

1
ck

exp
( ∫ s

t0

p(σ)
r(σ)

dσ
)
h(s)ds

= lim
t→∞

∫ t

t0

∏
t0<tk<s

(
1
ak

)α exp(− ln s + ln t0)
1
s2

ds

>
1
2

lim
t→∞

∫ t

t0

ds = +∞.

So (H3) and (H5) are satisfied. By Theorem 2.3, it is clear that every solution of
this equation satisfies lim inft→∞ |x(t)| = 0.
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