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MIXED TWO-POINT BOUNDARY-VALUE PROBLEMS FOR
IMPULSIVE DIFFERENTIAL EQUATIONS

ZHIQING HAN, SUQIN WANG

ABSTRACT. In this article, we prove the existence of solutions to mixed two-
point boundary-value problem for impulsive differential equations by varia-
tional methods, in both resonant and the non resonant cases.

1. INTRODUCTION

In this article, we study the existence of solutions to the impulsive problem
—u" 4+ M= f(t,u), ae. te(0,T),

uw(0) =0, ' (T)=0, (1.1)
Au'(t;) = Li(u(t;), j=1.2,...p,
where I; : R — R, j =1,2,...,p, are continuous functions and f(t, u) satisfies the

condition

(A) f(t,u) is measurable in t for each u € R, continuous in u for a.e. ¢t € [0, 7],
and there exist functions g € C(RT,R*) and h € L'(0,T;R*) such that
If(tw)| < g(Jul)h(¢), for all w € R and a.e. t € [0,T].

The theory of impulsive differential equations describes processes which experi-
ence a sudden change of their states at certain time. It can be successfully used
for mathematical simulation in some problems from theoretical physics, chemistry,
medicine, population dynamics, optimal control and in some other processes and
phenomena in science and technology, see [9, [I5] for the general aspects of the
theory. Some classical tools such as upper and lower solutions, monotone iterative
technique, fixed point theory, degree theory and so on have been widely used to
such equations, we refer to [11, 2, B, 4, B} [7, @) 1T, 13] for some references. In recent
years, the variational methods [10, [I4] have been applied to such equations and are
proved to be very effective, we refer to [12], [16), [I7, 18] [19] for some results.

Let us recall some results related to the impulsive problem obtained by
the variational methods. Nieto and O’Regan ([I2]) first noticed that the equation
in coupled with the Dirichlet boundary value condition and the impulsive
conditions has a variational structure and obtained some existence results for the
problem. The results are extended to more general nonlinearities in [19]. Recently,
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Tian and Ge [I6, [I7] investigated the equation with the more general (Sturm-
Liouville) boundary value conditions. That is they considered the equation with the
Sturm-Liouville boundary value conditions au’(0) — Bu(0) = 0, yu/'(T) +ou(T) = 0
but with a restriction «,y > 0, 5,0 > 0. The restriction excludes the boundary
value conditions of the problem investigated in this paper.

In this paper, we investigate the problem still by the variational methods.
The framework involved is different from those for the other kinds of boundary value
conditions. We obtain some existence results both by the Ambrosetti-Rabinowitz
type condition in the non-resonant case and the generalized Ahmad-Lazer-Paul
type condition in the resonant case.

2. PRELIMINARIES
Denote H = {u(t)|u(t) is absolutely continuous on [0,T], w(0) = 0, u/(¥) €
L?(0,T;R)}. It is easy to see that H}(0,T) C H Cc H(0,T) and H is a closed
subset of H1(0,T). So H is a Hilbert space with the usual inner product in H*(0,T).
Proposition 2.1. Ifu € H, then ||ju|. < VT||u| 12, where

.= 1.
[l ax, lu(t)]

Proof. For u € H, we have

) = | [ ot < VE( [ o) < vl

For the linear problem
(2.1)

there is a sequence of eigenvalues \y = (2k + 1)?72/(47?) and the correspond-
ing L?(0,T)-normalized eigenfunctions ¢y (t) = /(2/7T)sin((2k + 1)nt/(2T), k =
0,1,2....

If the equation in the problem is coupled with the boundary value condition
u'(0) = 0, uw(T) = 0, the eigenvalues are as before and the corresponding L?(0,T)-
normalized eigenfunctions are ¢y (t) = /(2/T) cos((2k+1)nt/(2T)), k =0,1,2....

According to the Sturm-Liouville theory, {¢x} and {1} are complete bases in
the Hilbert space L2(0,T).

Claim If u € H, then ||u/||2, > Xo||u||2, (Poincaré inequality).

In fact, for any u € H, set u =Y, cx¢p, where

T
ck = (u, pr) = %/ ugpdt.
0

By the Parseval identity, fOT uwldt = Y oo ci. Let v = Y37, axtbe, where a =
(W, r) = % fOT u'1ppdt. By an easy calculation,

2 (T, 2 (T 2k+1)m 2 [T (2k + )7
“% =7 /0 U T /0 Ul o7 T /0 udk or  F
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Then we have

T (2k + 1)*x
2
/0 |u/|?dt = g a; = g 74112

k=0

I \/

T
ch = /\0/ lu|?dt.

Similarly, we can prove that |[u/[|2, > Aq||ul|3., for all u € H & span{¢o}, which
will be used later.
According to the Poincaré inequality, we can define an inner product in H,

fo t)dt. The induced norm |ju| = \/fOT w2dt is equivalent to the

old one. Throughout the paper, we will use this norm.
Proposition 2.2. Assume that p(t) € L'(0,T) satisfies
0 < pu(t) < Ao, (2.2)

for a.e. t € [0, T] and pu(t) < Ao holds on a subset of [0,T] with positive measure.
Then there exists § > 0 such that for all w € H, one has

/ ") — plewP(0)de > 8 / '

Proof. We use some known arguments [§] to prove it. By (2.2) and the Poincaré
inequality, we see that for all u € H,

T T
/ W2(8) — p(ty? (D)t > / () — Agu?(8))dt > 0. (2.3)
0 0

Now we assume that the proposition were false. Then we can find a sequence {u,}
in H, u, # 0 such that

T T
| e - nowlae < [
0 0

Let v, = up/||un||. We obtain

/0 [0/ (t) — p(t)v2 (t))dt < %

We can assume that v, = v in H and v, — v in C[0,T]. We obtain

T
1< / p(t)v?(t)dt. (2.4)
0
From (2.4)), we have
v # 0. (2.5)
Since v,, — v in H, we have

I

[v]|? < liminf ||jv,||* =
n—oo

Hence, we have

Therefore,
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From ([2.3)), we have
T
/ W2(t) — Agv(£)]dt = 0,
0

which shows that v(t) is an eigenfunction corresponding to Ag. So we set v(t) =
Coo(t), where C' is a constant. Substituting it to and noticing that p(t) < Ao
holds on a subset of [0, T'] with positive measure, we obtain C' = 0, which contradicts
to (2.5). This completes the proof. O

3. NON-RESONANT CASE

In this section, we study the existence of solutions for the non-resonant impulsive
problem
—u” + M= f(t,u), ae. te(0,7T),

u(0) =0, «(T)=0, (3.1)

AU (t) = I;(ulty), 7=1,2,...p
with A > =X, where 0 =t) <t; < - <tp, <tpp1 =T, Au/(t;) = u'(t?) —u'(t;),
f(t,u) satisfies the condition (A) and I; : R — R, j = 1,2,...,p, are continuous

functions. Here ' (t;’) (respectively u( 7)) denotes the right limit (respectively
left limit) of u'(t) at t = t;.

Definition 3.1. A function w is said to be a classical solution of if u satisfies:
(1) uwe Cl0,TY;
(2) Forall j =0,1,2,...,p, uj = ul, ;1) € H>'(t5,541);
(3) w satisfies the equation in a.e. on (0,7), the boundary value condition
and the impulsive conditions.

Set F'(t,u) fo f(t,€)d€ and define the functional J on H by

_ 1 W2 / 2 /u(tJ _/T
J(u)_Q/O dt + 35 i dt+z s)ds i F(t,u)dt.

It is easily verified that J is continuously dlfferentlable on H and
T T P T
(' (u), v) = / W dt + /\/ wdt+ 3 Lut)olt) — [ ftudt
0 0 = 0
for all u,v € H.

Definition 3.2. A weak solution for problem (3.1)) is a function u € H satisfying
(J'(u),v) =0 for all v € H.

Lemma 3.3. If u € H is a weak solution of (3.1)), then it is a classical solution.
Proof. Let u € H be a weak solution of (3.1]). Then

T T P T
O:(J’(u),v):/o u’v’dt—i—/\/o uvdt+ZIj(u(tj))v(tj)—/0 Ftuwvdt (3.2)

for allv e H. For j € {0,1,...,p} and every v € Hj(t;,t41), set

e, t<t<ti,
vl = {0, te [0, T\ [t t;41)-
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Then v € H}(0,T) C H. Then replacing v in (3.2) by v, we have

tit1 tit1 tiy1
/ w'v'dt + )\/ uv dt — / flt,w)vdt =0
t; t; t;

J J J

for every v € Hj(t;,t;41). Hence by standard results, u € H*!(t;,t;11) and
—u" + Xu= f(t,u), ae. on (t;,tj11).

Hence u satisfies

—u” + M= f(t,u), a.e on(0,7T). (3.3)
Fix a positive number § such that ¢, + § < T. Now, for every v; € H}(0,t, +6) C
H}(0,T) ¢ H. Multiplying (3.3) by v; and integrating it between 0 and T, we
obtain

T T T
— / u v dt + )\/ uvdt = f(t,u)vidt.
0 0 0
That is,

P T T
ZAU’(tj)Ul(tj) +/ u'vidt + )\/ uvrdt = f (t,u)vydt.
j=1 0

According to (3.2]), we have

P
ZAu Do (t :ZIJ (t5)-
j=1

Hence we obtain Au'(t ( i) =1I;(u(t;)) forall j =1,2,...,p
Finally, we prove that u satisfies the condition «'(T") = 0. For all v € H'(t,,,T)
with va(t,) = 0, we define

o) {Ug(t), t € [ty,T),

© lwa(ty), telo,t,).

It is easy to see that v* € H. Hence,

T T T
/ w'vhdt + /\/ uvedt — / F(t,u)vadt = 0.
t t t

p

Set u* ft + f(s,u(s)))ds. By the Fubini theorem, we obtain

/tT u* (t)vh /tT [/ s) + f(s,u(s )))vé(t)ds}dt
/t [ / $)+ (s, u(s))vh(t)dt | ds

- / (=Xu(s) + F(s, u(s)))va(s)dt
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In particular, we can choose vs(t) = ¢;(t) = /2/(T — tp)sin((;(l;tig (t —tp)),
k=0,1,2..., then

/T(u*(t) —u () Yp(t)dt =0, Vk=0,1,2...

where
. (2k+ )7 (2k + 1)m
P (t) = cos t—1t,)).
MO Ty am =) ar g )
By noticing that {¢;(¢)} is the sequence of the eigenfunctions of the eigenvalue
problem

—u"(t) = Au(t), t€ (tp,T)
with the boundary value condition w(t,) = 0, «/(T’) = 0, hence it is complete in
L%(t,,T). Thus, u*(t) = u/(t) a.e. on (t,,T); that is,

T
(1) :/t (=huls) + f(s, u(s)))ds.

Hence, we obtain «/(T") = 0 and u € H?!(¢,,T) by condition (A). So, u is a classical
solution of (3.1). This completes the proof. a

Theorem 3.4. Suppose that f(t,u) satisfies condition (A). Moreover, the following
conditions hold.
(F1) F(t,u) < a(t)[ul* + b(t)|ul + c(t), where a(t),b(t ) c(t) € L'(0,T);
(I1) |Zj(u)| < aj + bjlul,Yu € R, where a;,b; > 0, j = 1,2,...,p, and 1 —
%( _Z;Zl b ) > 07
(12) a(t) < Xo[3 — L( L1 0j)] + 3 = a* with a(t) < a* holds on a subset of
[0, T] with positive measure.

Then problem (3.1) has at least one solution.
Proof. For all u € H,

P pulty ) \u(fa)l P plu(ty)]
Z/ S<Z/ \dsﬁZ/ (a; +bj|s|)ds
T Jo 0

Jj=

< (Z%)IIUH# bj)|ull?
j=1

j=1
p p
< (VTS ap)lull + (O b)lul?
j=1

Jj=1

M\’ﬂ

and
T

T T
/ F(t,u)dtg/ (a(t)\u|2+b(t)|u|+c(t))dtg/ a(t)[ul?dt + Clu + C
0 0 0

where and in the following C denotes a universal constant. Then

1 (T \ (T P u(tJ
J(u):i/O u’2dt+§/0 uzdt—kZ/o ds—/ F(t,u)d

j=1

1/T ra e 2 a3 [ ) at)lup
> — udt—i—f/ u“dt — / ds—/ ul“dt
2 0 2 0 . 0 J 0
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— Clufl -
1 T ) T )\ ) p T p )

z—/ o dt+/ (2 — a()ul?dt — (VTS ag)ull = (3" by)lull
2 Jo o 2 = 2 =
—cuun—

p T A
s Bl [ e [ - i ol -
j=1 0

By Proposition and the condition (I2), there exists § > 0 such that

1 T P T ) T Y ) T )
—— b; /u’dtf/ at——udtzé/ u?dt, Vu € H.
5 2(2»} 0 RGOS 0

Thus
J(u) > d||ul|?> = Cllu|| — C, VYuec H.
So
J(u) = +o0.

[|[u|| >o0,ue H
Hence every minimizing sequence is bounded. It is easily verified by the condition
(A) and a compact imbedding result that J(u) is weakly lower semi-continuous.
Hence by a standard result, J(u) has a minimizing point u, which is a classical
solution of the problem . O

Since A > — )¢, we can choose the equivalent norm |u||? = fOT(u'2 +Au?)dt in H.
Hence there exist positive constants m; and mgy such that mq||ul| < |Jullz < malull.

Theorem 3.5. Suppose that f(t,u) satisfies the condition (A). Moreover, we as-
sume that (I1) and the following conditions hold:

(F2) lim,—o @ < k1 )Xo uniformly for a.e. t € [0,T], where k1 < m3;

(F3) There exist p > 2 and R > 0 such that for a.e. t € [0,T] and |u| > R,
0 < pF(t,u) <uf(t,u) (Ambrosetti-Rabinowitz type condition);

(I3) limy,—o ’(") — 0 foralll <j<p;

(%) (3~ 2) = & (3 + DTS b)) > 0.

H mi " j=1
Then problem (3.1) has at least one nontrivial solution.

Proof. Obviously, J(0) = 0. By (F3) and condition (A), there exist nonnegative
functions d;(t), da(t) € L*(0,T) such that dq(t) > 0 a.e. on [0,T] and F(t,u) >
dy (t)|u|* — da(t) for a.e. t € [0,T] and all u € R.

Choosing u € H\{O} then for ¢ > 0, we have

[qu(t; )I T
J(qu) < —Hu||1 +Z / 5)lds - / Ft, qu)dt
0

T
¢
S llull} + Callull + C®|lull? —/O (dr(t)|qul" — da(t))dt

IA

IN

2 T
q
Sl + Callully + Cg?|lullt - Iql“/ dy(t)[ultdt +C
0
— —00

as ¢ — 00. Setting e = qu, then for ¢ large, we obtain |le||; > R and J(e) < 0.
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By (F2) and (I3), for some proper ¢ > 0, there exists 0 < r < R such that for
|u| < r, there holds

k1o
[Pt w)| < —=lul® 1)) < eful.
For uw € H with |lu]| < 7> we have |lulle < r. Then |lull; < ma|ull < m”

J(u) *f||uH1+Z/ ds/OTF(t,u)dt

Tp€ klAQ 1 1
> 2l - Sz I IF -

So
u(t; )

|| [
1 Tpa
~(5- W)IIuII% ozl

There exists 0 < p < min{R, piat
J(u) > o.
Let {ux} be a PS sequence in H; that is,

[T(u)] < C, VE €N, |(J'(ux), 1) < o(1)|A]lx

-} and o > 0 such that for [[ul[y = p, we have

for all k e Nand h € H.
We only need to prove that {uy} is bounded. For k large,

1

1 T,

. M)/ ARy
P uk(t]) 1& T
+Z/ ;Z g )—/0 F(t,uy)dt

/ f t Uk ukdt
where

T T T
— [ P [ uudt = [ PG e femwd
1

C+ *HukHl > J(uy) — *J (ur)ur, = (

1
_ p /MKR(MF(L wg)dt — f(t,ug)ug)dt.

The above first term is nonnegative by (F3), the second is bounded by the condition
(A). Moreover,

j=1 j=1
ug (t;) 1 P
< @/ e+ LY ) )
< (3 as)lluale + 5 b lluel2 + (O ag) el + (3 by
j=1 j=1 1
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P
<( Z el + ( )T by) [l
j=1

1 1 P 1 P
7(1+;)\fT(Zaj)HUkH1+m Zbg g ||
j=1

IN

my

Hence

1 1 1 1 1
C+ - > (= — ugl? = — 1+ T :
ol 2 G = )l = 2=+ VI aplud

ms =
TR DN VD SV o T
- 2 /14 m% 2 j:1 J U’k 1
€ 1+ Z )
ml a; )| Uk|1-

Therefore, by the condition (I*), {uy} is bounded in H.
By the Mountain Pass Lemma [10, [14], J(u) possesses a critical point u € H
such that J(u) > o > 0; hence u is a nontrivial weak solution of (3.1). O

4. RESONANCE CASE

In this section, we study the existence of solutions for the resonant impulsive
problem
u’ + Nu = f(t,u), ae te(0,7),
u(0) =0, «(T)=0, (4.1)
AU/ (t;) = I;(u(ty), j=1,2,....p
where f(¢,u) satisfies condition (A), I; : R — R, j = 1,2,...,p, are continuous
functions.
The corresponding functional J : H — R is defined by

J(u) 1/T 2t A0/ 2dt+2/ ds+/TF(t )dt
= = u - — , U .
2 0 2 0 0

We will consider the case where the nonlinearity satisfies some kind of sublinear
and generalized Ahmad, Lazer, Paul type coercive conditions; e.g. see [6] and [I§]
and the references therein for some applications to the periodic boundary value
problems. B

Decompose H as H = H ® H, where H = span{¢o} and H= span{¢1, ¢, ... }.

For all u € H, we writeasu =u®u, u € H, u € H. We recall the inequality,

T T
/ E’thz)\l/ w2dt
0 0

Theorem 4.1. Suppose that f(t,u) satisfies condition (A). Moreover, the following
conditions hold.

for all w € H.
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(F4) There exists o with 1 < o < 1 such that |f(t,u)| < g(t)|u|* + h(t), where
g(t), h(t) € L1(07 T);
(F5) limja) oo [y F(t,@)dt/|a* = +oo, u € H;
(I4) |I;(w)| < p;j +gjlu|” where pj,q; >0, j=1,2,...,p, and 0 < ; <2a—1.
Then problem has at least one solution.

Proof. Forallu € H,u=u®u, o € H, i € H, we have

u(tJ ‘u(t])l
|Z/ (s)ds| < Z/

|u(t1)‘
§)lds < Z/ (0; + a;]s7)ds
0

j=1
(4.2)
ZPJ [[ulle + ZCIJ || ||%+1
< C\u| + Clul| + C’|u\7+1 +Clla|" ™t + o,
where v = max{v;,j =1,2,...,p}. By (F4) we have
T
/ (F(t,u) — F(t,a))dt < / (bt syadslde
0
T 1
g/ [/ (g(t)]@+ sa|® + h(t))ads)dt
o Jo (4.3)

< Clal*[lalle + Cllafz* + Cllall.
< Clal*|fal + Cla]*** + Cfall
<elal® + C(e)lal* + Cllal|*** + Cllal.

1 (T Ao [T P ru(ty)
J(u) = 5/0 U/th_7/0 qut—&—Z/O I;(s)ds

Jj=1
T

T
+/ (F(t,u) — F(t,u))dt + F(t,a)dt

0 0

1
> ~ ~12 y+1 y+1
>3 [ a2 L e o - ol - o - el

—elfall® - ce)lal* - Clfa|** - Cal +/ F(t,u)dt = C
0
1 A _ e _ _ .
>[50 - 7(1)) —e] |l - Clla|**t = Cllal** - Cllal| - Ce)lal* - ¢
T
+/ F(t,u)dt
0

1, A _ e ~ e
> [5(1 - /\*?) —e]llal® - Clla|**tt = Cllaf "+t - Ol + |al**[-C(e)

1 T
+ 5 / F(t,u)dt] — C,
|ul2 Jo

where we have used 0 < 7 < 2a — 1. Fixing some 0 < e < (1 — :\\7[1))’ by (F5), we
have J(u) — 400 as |lu|| — oo. Noticing also the weak lower semi-continuity of
J(u), we complete the proof. a
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Theorem 4.2. Suppose that (F4), (I4) and the following condition are satisfied:
(F6) limja) oo [y F(t,@)dt/|u]* = —c0, u € H.
Then problem (4.1)) has at least one solution.

Proof. We apply the saddle point theorem [10} (4] to prove the theorem.
Step 1. Foru=1u € H,

J(1) = ;/ @' |2dt — / |u|2dt — Z/ ds+/OTF(t,ﬁ)dt

T
< Cla| + Cla[*! +/ F(t,a)dt + C
0
T
< Clal** + / F(t,a)dt + C

— > (C |2a/ F(t,a)dt) + C.

Hence, we have J () — —oo as |u| — oo.
Step 2. For u =u € H, we have

T T 1
/0 (F(t,7) — F(t,0))dt = /O [ /0 F(t, sii)ids]dt

< / [ / (g(t)|sa|" + h(t))uds)dt
< Cla|* + Clfal.

By some arguments in the proof of Theorem we obtain

(@) > 3(1_7)/ i 2 dt+Z/ ds+/OTF(t,ﬁ)dt

T
(1- %)/ w'|2dt — Ol — C|ja| +/ (F(t,u) — F(t,0))dt
1 Jo 0

T
+/ F(t,0)dt
0

L Aou, - _ _ e _
> 50— yl)IIUH2 - Ol - ClalP*t = Cllaf|** - Cllal -

[\)

A%
DN =

Since % <a<land0<~y<2a—1, we obtain that J(u) is bounded below on H.
So there exists R > 0 such that

sup J(u) < inf J(u)
uESR ueH

where Sk = {u| ||u|| = R, u € H}.
Step 3. We show that J satisfies the PS condition. Let {u;} be a PS sequence
in H, then there exists constant C' such that

|J(u)] < C, VE €N, |(J'(ug), k)| < o(1)||h]| for all k € N, h € H.
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Since
p
1> T (uk(ty)) i (t5)]
j=1
p
Z 5k (5 |+Z%Iuk ) [k (¢ \+qu|uk )it
< 0||uk|| + 0|ukm|uk|| + Ol
and

T T
| / F (b, ) pdt] < / (9(t)fur]® + h(t))| x| dt

< Clag|*[[a]| + Cllaw||** + Clla |,
we have, for k large,

T T
[l 2 1w T)| = | [ it = o [ wniids - S Iy unlt)ny)
0 0

=1
T
+/ f(t, uk)ﬂkdﬂ

\ » - _ ~ ~
> (1= SOl = Ol - Clanl [l - Cllwl ™

— Cla|*[[x | — Clla|** = Clla .

Therefore, we obtain

ux| < Clug|” + C|ak|" +C < Clug|* + C. (4.4)
Hence, noticing the arguments in ( and @ we have

T(ug) = / ' dt——/ det+Z/uk(tJ

T
+/0 (F(t,uk)—F(t,ak))dt—i—/ F(t,a,)dt

—_

< gl + Clag| + C|lur|| + Clag " + C|lug |+

[\]

+el|up|® + C () |ar|** + C|lan]| > + C||uw| +/ F(t,a)dt
0
1 _ _ e N _ _
< (5 Ol + Clfak]"* + Cllal|*** + Cll ]| + Clax| + Clag["*

T
+ C(e)|ag|*> + / F(t,a)dt + C.
0
From (4.4)), we obtain

[ * < (Clax|* + C)? < Clan** + C,
[ ]+ < (Clax]™ + ) < Clag* + C,
x|+t < (Clag® + €)' < Clag)** + C.
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So
T
J(ug) < C(e)|ag|*™ +/ F(t,a)dt + C
0

1

< lak**[C(e) + TS

T
/ F(t,u)dt] + C.
0

Hence, if {|ag|} has a unbounded subsequence, we will get a contradiction by (Fg).
Therefore, {|@g|} is bounded and moreover {uy} is bounded in H. By a standard
argument, {u} has a convergent subsequence. We obtain that J(u) satisfies the
PS condition.

Then existence of a critical point for J then follows from the saddle point theo-
rem. The proof is complete. (Il

Examining carefully the proofs of the Theorems [4.1] and we can also get the
following two theorems.

Theorem 4.3. If the conditions of Theorem[].1] are replaced by the following con-
ditions:
(F4’) There exists o with 0 < a < 1 such that |f(t,u)] < g(t)|u|® + h(t), where
g(t), h(t) € Ll(oa T);
(I4) I (w)| < pj +qjlul??, where pj,q; >0, j=1,2,...,p, 0<~; <1;
(F5') Timg o aen(fy F(t,a)dt)/([l") = +o0, where = max{y + 1,20}, v =
max{v;, 7 =1,2,...,p}.
Then problem has at least one solution.

Theorem 4.4. Suppose that the conditions (F4’), (I4’) and the following condition
are satisfied:

(F57) limjz oo (fy F(t,a)dt)/(|a|®) = —c0, @ € H where § = max{y + 1,2a}.
Then problem (4.1)) has at least one solution.
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