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POSITIVE PERIODIC SOLUTIONS FOR THIRD-ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

JINGLI REN, STEFAN SIEGMUND, YUELI CHEN

ABSTRACT. For several classes of third-order constant coefficient linear differ-
ential equations we obtain existence and uniqueness of periodic solutions uti-
lizing explicit Green’s functions. We discuss an iteration method for constant
coefficient nonlinear differential equations and provide new conditions for the
existence of periodic positive solutions for third-order time-varying nonlinear
and neutral differential equations.

1. INTRODUCTION

Let X = C[0,w] with norm ||z| = max;co. |=(t)]. We denote CF = {u(t) €
X, u(t) >0, u(t+w) =wu(t)}, and C; = {u(t) € X, u(t) <0, u(t +w)=u(t)}.
We study the existence of positive periodic solutions for certain classes of third-
order differential equations. Third-order differential equations arise in a variety of
areas in agriculture, biology, economics and physics [9, [0, (14} [I5] 21] and attract
a lot of attention of many researchers [5l, 16, [, [7, 8, 17, 27, 111 23] 25 22] 3, 03]
and the reference therein. In the study of higher-order (in particular third-order)
differential equations, the naive idea to translate the equation into a first order
system of differential equations by defining ©; = x, xo = 2/, x3 = z”,... (see
[20, [18], 241, [19]), works well for showing existence of periodic solutions, however, it
does not obviously lead to existence proofs for positive periodic solutions, since the
condition x = x1 > 0 of positivity for the higher order equation is different from the
natural positivity condition (z1, z2,...) > 0 for the corresponding system. Another
approach which is frequently used is to transform the third-order equation into a
corresponding integral equation and to establish the existence of positive periodic
solutions based on a fixed point theorem in cones. Following this path one needs an
explicit representation of the Green’s function for corresponding ordinary equation,
see [1, 2]. In [I], R. Agarwal gave the explicit Green’s function for the nth-order
and 2mth-order differential equations. In addition, Anderson studied the Green’s
function for the third-order boundary value problem in [2],

() =0, 1t <t<ts
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u(ty) =u'(t2) =0, ~yu(tz) + du”(t3) =0
The singular nonlinear third-order periodic boundary value problem

u” (t) + pPu(t) = f(t,u(t)), telo,2n],

) ) 1.1
u(0) =u(21), i=0,1,2, (1)
has been investigated in [16] 25, @], where p € (0,1/+/3) is a constant, f : (0,27) x
(0,4+00) — RT. By employing the Green’s function for the equation

u” — pu' + p*u =0,
w(0) = u(2r), ' (0) =/ (27),

the existence and multiplicity of positive solutions of were established. How-
ever, the direct Green’s function of was not constructed.

Motivated by these excellent works, we give the explicit forms of the Green’s
functions for several differential third-order equations with the w-periodic boundary
value conditions and then provide sufficient conditions for the existence of positive
periodic solutions.

This article is divided into six parts. In order to get the main result, we first
consider the above four types of third-order constant coefficient linear differential
equations and present their Green’s functions and properties for those equations
in Section 2. In Section 3, by applying the Banach fixed-point theorem and the
results of Section 2, we obtain existence and uniqueness of solutions and an iteration
method for the following constant coefficient nonlinear differential equations

u" — pPu = f(t,u), (1.2)

where f € C([0,w] x R,R). In Section 4, we study third-order time-varying nonlin-
ear differential equations,

u/// _ a(t)

ul// + a(t)

= f(t,u), (1.3)
= f(t,u), (1.4)
a >0, f € C(0,w] x [0,00),[0,00)). We provide sufficient conditions for the
existence of positive solutions for linear versions of equations (1.3) and (L.4)). In

Section 5, we go one step further and discuss a more general third-order nonlinear
differential equation

u
u

y" +pt)y" +a)y +c(t)y = g(t,y). (1.5)

Here p,q,c € C(R,R), g € (R x [0,00),[0,00)), and g(t,y) > 0 for y > 0; p,q,¢,g
are w-periodic functions in t for some period w > 0. In Section 6 we study a neutral
functional differential equation

(@(t) = cx(t —7(1))" + a(t)a(t) = f(t,x(t — 7(1))), (1.6)

and present an existence result for positive periodic solutions for this equation
with an w-periodic function 7 € C(R,R), constants w, ¢ with |c] < 1, a € CJ,
feCRx[0,00),[0,00)) and f(t,x) is w-periodic in t.
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2. GREEN’S FUNCTIONS

Theorem 2.1. For p >0 and h € X, the equation

"o p3u — h(t),
w(0) = u(w), ¢ (0)=u(w), u"(0)=1u"(w)

has a unique w-periodic solution which is of the form

t) = /0 " G (1, 5) (—h(s))ds, (2.2)

where
2exp(4p(s—1)[sin(E p(t—s)+%)— exp(—fpw)sm( 2p(t—s—w)+ )]
" 3{3 (1+exp(—pw)—2 exp(— )C%(L,M))
_|_<”‘P/’7—3, ifO <s<t<w
Gl(t,S) — 3p? (exp(pw)—1) (23)

2exp($p(s—t—w))[sin(*F p(t—s+w)+ ) — exp(—fpw)sm( 2p(t—s)+%F)]
3p (14exp(—pw) —2 exp(— 52) cos( 42 pw))

xp(p(t+w—s)) .
PR 0 <t <s<w

Proof. 1t is easy to check that the associated homogeneous equation of (2.1]) has the
solution v(t) = ¢1 exp(pt) + exp(—5")(ca cos Qt + c3sin \/gpt). The only periodic
solution of the associated homogeneous equatlon of { is the trivial solution;
i.e., ¢1,c2,c3 = 0. This follows by assuming that v(t) is periodic; we immediately
get that ¢; = 0 and by assuming that ¢3 + ¢ > 0 and choosing ¢ such that

. . o - s .
Sin = =, COS = = we Obtaln
¥ \/c%—&-cé’ L4 242’

2 3

v(t) pty, . V3p . V3p
— = -2 o o
2+a eXp( 2)(sm<pcos 5 + cos ¢ sin 5 )
pt V3p
:exp( 2)5111( —&——2 t)
which for ¢ — oo contradicts periodicity of v, proving that co = ¢3 = 0.

Applying the method of variation of parameters, we obtain

f fpt V3pt
exp(—pt) sin — 3 cos Y3t 0
()= Th(t% ch(t) = 2 eXP(;)h(t)a
1., V3pt f fpt
—4 sin Y22 cos p
Gt) = ——— exp(5 )h(t),
and then
t
ex s
) =)+ [ 2 ds
t 3 gip Y305 _ L cog V3ps s
co(t) :Q(O)—&-/ : 2 = . 2 exp(—=)h(s)ds,
0
t_Lgipn Y305 _ V3 og V3ps s
c3(t) = c3(0) +/ 4 - e 3 2 exp(—)h(s)ds
0
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(1) = e (8) exp(pt) + exp(~ D) esft)con Y24 1 () sin YoP)
— ¢1(0) exp(pt) + ¢ exp(—%t) cos(?pt) +¢3(0) exp(—%t) sin(?pt)
tex —5 tsin(Lp(s —t)—
+/0 f’(ff))(/)’;))h(s)ds+/0 (3 p(6p2 H 6)exp(§(s—t))h(s)ds

Noting that u(0) = u(w), v’'(0) = v/ (w), v”(0) = u”(w), we obtain

[ el =)
() _./0 321 — explpw)) ) 4
/“’ 2 exp( p(s )[exp(——) sln( fps) bln( 7\/5”(25_“)))]

2
0 3pze p(—pw) — 2exp(—*) co

\fpw_’_l)

(
“ 2exp(Z )[exp(——)cos(6 \/gp ) — cos(fF — fp(;_w))]h ) de
/0 3p2(e p(—pw) — 2exp(—57) cos f"‘” +1) (#)ds,
Therefore,
u(t) = c1(t) exp(pt) + exp(f%t)(CQ(t) cos Qt + ¢3(t) sin Qt)

/0 {2 exp(%p(s —t)) [sin(?p(t —-s)+ z) - exp(—%pw) sin(?p(t —s

6
pw V3

£2) cos( 2 )

—w)+ )]/ [30°(1 + exp(—pw) — 2exp(~ 5

exp(p(t — s))
3p?(1 — exp(pw)) } (5)ds

+ /fw{Qexp(;p(s —t— w))[sin(?p(t —s4w)+ %

) — exp(—%pw)

csin( Lot - ) + gm 21+ exp(—m) — 2exp(~22) cos( L))

exp(p(t +w —s)) }
3p2(1 — exp(pw))

_ /w G (t, s)h(s) ds
0

where G1(t, s) is defined as in (2.3).
By direct calculation, we obtain the solution u satisfies the periodic boundary
value condition of the problem (2.1)). O

Similarly, we have the following result.
Theorem 2.2. For p >0 and h € X the equation
W+ pu = h(t),
u(0) = u(w), v'(0)=u'(w), u"(0)=u"(w)

has a unique w-periodic solution

t) = /Ow Ga(t, s)h(s)ds, (2.5)
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where
2exp (4 p(t—s))[sin(25 p(t—s5)— &) —exp(4 pw) sin (L p(t—s—w)— L)]
" i@j(lJreXP(Pw)*QEXP(%PW)COS(?PW))
+M’ z'f()gsgtgw
Gg(t, S) — 3p? (1—exp(—pw)) (26)

2 exp(%p(t+w—s))[sin (4 p(t+w—s)— &) —exp(L pw) sin(L p(t—s)— Z)]
ot 3§§(1+exp<pw>f2exp<%pw> cos( %2 pw))
+3P2?150XP(—PW))’ fostsssuw
Theorem 2.3. For p >0 and h € X the equation

u" = 3pu” + 3p*u — pPu = h(t),

! !/ 12 " (2'7)
u(0) = u(w), w(0) =u'(w), u(0)=u"(w)
has a unique w-periodic solution
u(t) = /0 Gs(t,s)(—h(s))ds, (2.8)

where
[(s—t) exp(pw)+w—s+t]>+w? exp(pw)
ex t+w—3s)), 0<t<s<w
Galt.5) = { p(p( )

, 2(exp(pw)—tlf ,
et el e ) exp(p(t - ), 0<s<t<w

(2.9)

Proof. In this case, the associated homogeneous equation of (2.7)) has solutions
u(t) = ¢ exp(pt) + cat exp(pt) + c3t® exp(pt).

Analogously, by applying the method of variation of parameters we obtain

! _ h(t)t2 ! _ _h(t)t / _ h(t)
A= enmn 29 st YT Tt
c1(t) = c1(0) —|—A % ds, ca(t) = c2(0) —|—/O @(}IL)((ZS) ds,

s [
0 =60+ [ st

Noting that ©(0) = u(w), v'(0) = v/ (w), v”’(0) = v (w), we obtain
/“’ h(s) exp(p(w — 3))[(sexp(pw) + w — 8)? + w? exp(pw)] ds
0

c1(0) = 2(1 — exp(pw))?
_ (¢ hs)explp(w — ) (w = s+ sexp(pw)) |
0= | (1~ exp(pw)? .
_ [* ) exp(p(w —5))
c3(0) = /0 2(1 — exp(pw)) d
Therefore,

u(t) = c1 exp(pt) + cat exp(pt) + cst? exp(pt)
- /0 (s —t +w) e);[z(ef:;)(p;;—kf]):a—k w? exp(pw) exp(p(t — $))(—h(s)) ds
“ (s —t) exp(pw) + w — s + t]* + w? exp(pw)
’ /t 2(exp(pw) — 1)3
x exp(p(t +w — s))(—h(s))ds
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- / Ga(t, 5)(—h(s)) ds
0
Where G3(t, s) is as defined in (2.9). O

A dual version of Theorem which can be proved similarly.

Theorem 2.4. For p > 0 and h € X the equation

"

u" + 3pu” + 3p*u + pPu = h(t),

2.10
u(0) = u(w), v'(0)=v'(w), u"(0)=u"(w) (210
has a unique w-periodic solution
u(t) = / G4(t, s)h(s)ds, (2.11)
0
where
S— ex — pw w—s 2 u)2 ex —pw
[(s—t) exp( 2P(1)7-‘;xp(j;3ti)-)‘g p(=p )exp(—p(t—i—w—s)),
ifo<t<s<w
Ga(t,s) = (2.12)

S— w)exp(—pw)—s 2 U.)2 exp(—pw
(emte) op(Cpal sl xpl =) exp(—p( — 5)),

fo0<s<t<w

Now we present the properties of the Green’s functions for (2.1), (2.4), (2.7),
(2.10). For convenience we use the abbreviations

B 1 3+ 2exp(—5)

" 3p%(explpw) — 1) T 3p2(1— exp(—52))2

_ w1+ exp(pw)) w? exp(2pw) (1 + exp(pw))
2(exp(pw) — 1)%° 2(exp(pw) —1)%

Theorem 2.5. fow Gi(t,s)ds = 1/p® and if \/3pw < 4m/3 holds, then 0 < A; <
G1(t,s) < By for allt € [0,w] and s € [0,w].

Ay

By =

Proof. Let

 ewlplt=9) .. . ep(plt+w—s)
b9 = g e -1 1) = 32ep(po) — 1]

Hy(t,s) = (2 exp(%p(s —t)) [sin(?p(t —8)+ %) — exp(—%pw) sin(?p(t —s

—w)+ %)])/(3;)2(1 + exp(—pw) — QGXP(*%) COS(?“"»)

Hy(t,s)

= (2 exp(%p(s —t—w)) [sin(?p(t —s+w)+ %) — exp(—%pw)

. V3 3
csin( 2 (0 — )+ 1)/ (35°(1 + exp(—po) — 2exp(=22) cos( L ).
A direct computation shows that [”Gi(t,s)ds = 1/p%. Tt is easy to sce that

Hi(t,s) > 0 for s € [0,t] and H{(t,s) > 0 for s € [t,w] and exp(—pw) + 1 —
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Qexp( = )cos \f”” > [1 — exp(—542)]* > 0. For convenience, we denote 6 =
. 3 T pwy . V3 T
g1(t, s) = sin (7;)(75— s)+ 6) —exp (- 7) sin (Tp(t —s—w)+ 6)
3
=sin(f) — exp(—%) sin(f — gpw),

g) — exp(—%)sin (?p(t —s)+ ﬂ-)

3
git5) =sin (L p(t — s+ ) + 2

3
= sin(0 + gpw) - exp(—%) sin 6.
If g1(t,s) > 0 and gi(¢,s) > 0, then obviously Ha(t,s) > 0, Hj(t,s) > 0 and
Gl(t, S) > 0.
For 0 < s <t < w, since \/gpw < 4w /3, we have

—<0<
6 ="=

- ?pw) < 0, we obtain

ii) For 0 < 6 — ¥3pw < T, we have sinf > 0, sin(§ — i > 0, and
2 6

V3

<7T w <
we T4 Y3,
PO=%T g

T
2’

&

g1(t,s) = sin(f) — exp(— 5 ) sin(6 — ?pw)

> sinf — sin(f — ?pw)

= sin(f — %p + £p(,u) —sin(6 — ?pw - ?pw)

= 2cos(f — ?pw) sm(fpw) >0
For 0 <t<s<w,

3
w\%

<4

V3

IN
S|

2
V3
T gy Y2
¢ ="t rsgt e
(i) For =% < 6 <0, we have sin < 0, sin(f + %5 pw) > 0, then gy (t,s) > 0.
(ii)For 0 < 6 < ¢, we have sinf > 0, sin(9+‘f )>O7 and

+I
6
_|_

A
| Tt

.

\3&

\/g 7
0 - -
0< +4pw<2

g7 (t,s) =sin(6 + ?pw) - exp(f%‘)) sin 0
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> sin(0 + ?pw) —sinf

= sin(6 + ?,@w + ?pw) — sin(6 + ?pw - ?pw)

= 2cos(6 + ?pw) sin(?pw) >0

If V/3pw < 41/, we obtain g1 (t,s) > 0 and g%(t,s) > 0, proving that G(t,s) > 0
for all t € [0,w] and s € [0,w].

Next we compute a lower and an upper bound for Gi(t,s) for s € [0,w]. We
have

1 exp(p(t+w—s)

A= < < Gyt
1 3p2(€Xp(pw) _ 1) - 3,02(6Xp(pw) _ 1) 1( 78)
< exp(p(t +w — s)) N eXP(W)[Q—i—%BXp(—%)]
~ 3p%[exp(pw) — 1] 3p2[exp(—pw) + 1 — 26Xp(—%") cos @}
exp(pw) i 24 2exp(—57)
>~ 3p2[€XP(PUJ) - 1] 3p2 [exp(fpw) +1—- QGXP(—%) cos \/§>2pw]
L 2 + 2exp(—£&2)

~ 3p7[1 —exp(—pw)] - 3p2[1 — exp(—52)]?
3+ 2exp(—57)
~ 3p?[1 — exp(=52)]?
and the proof is complete. ([

=B

Similarly, the following dual theorem can be proved.

Theorem 2.6. [° Ga(t,s)ds = 1/p® and if V3pw < 4m/3 holds, then 0 < A; <
Gs(t,s) < By for allt € [0,w] and s € [0,w].

The next theorem provides bounds for Gs.

Theorem 2.7. [" G3(t,s)ds = 1/p® and 0 < Ay < G3(t,s) < By for all t € [0,w]
and s € [0,w].

Proof. A direct computation shows that f(;d G3(t,s)ds = 1/p3. Next we compute
bounds for G3(t, s). For convenience rewrite

2(exp(pw)—1)3

xp(p(t—s *
S Hy(t,s), 0<s<t<w

eplplw—st) pr 0<t<s<
with
Hs(t,s) = [(s — t)(exp(pw) — 1) + w]? + w?exp(pw), 0<t<s<w
Hj(t,s) =[(s — t +w)exp(pw) — s +t]* + w?exp(pw), 0<s<t<w
Since
OHs(t, 5)
0s
0Hj (t, s)
Os

= 2[(s — t)(exp(pw) — 1) + w](exp(pw) — 1) >0, 0<t<s<w,

=2[(s —t+w)exp(pw) — s+ t](exp(pw) = 1) >0, 0<s<t<w,



EJDE-2011/66 POSITIVE PERIODIC SOLUTIONS 9

the functions s — Hj3(t,s) and s — Hj(t,s) are increasing. Recalling that
Hy(t,1) = o + w? exp(pw) = w?(1 + exp(pw)),
Hy(t,w) = [(w — t) exp(pw) +]° + w? exp(pw) < w? exp(2pw) + w” exp(pw),
w? +w? exp(pw) < Hj (t,0) = [(w — ) exp(pw) + 1] + w” exp(pw),
H*(t,t) = w? exp(2pw) + w? exp(pw).
and
0 < Hs(t,t) < Hs(t,s) < Hs(t,w) < w? exp(2pw) + w? exp(pw),
0 < w? +w?exp(pw) < Hj(t,0) < Hi(t,s) < H*(t,1),

Using these inequalities we obtain 0 < As < G3(t,s) < By and the proof is com-
plete. (I

Similarly, we obtain the following analog theorem.
Theorem 2.8. [" G4(t,s)ds = 1/p® and 0 < Ay < G4(t,s) < By for all t € [0,w]
and s € [0,w].
3. PERIODIC SOLUTION OF ([1.2))

For reference we briefly recall Banach’s fixed point theorem and related error
estimates.

Lemma 3.1 ([28]). Let M be a closed nonempty set in the Banach space X and
A: M — M a k-contractive operator; i.e., there exists k, 0 < k < 1, with

|[Au — Av|| < k||lu—v| for all u,v € M. (3.1)
Consider the operator equation
u=Au, ue€M, (3.2)
and for any ug € M the iteration
Upt1 = Au,, n=0,1,... (3.3)

Then the following statements hold:

(i) Existence and uniqueness: there exists a unique u* which solves (3.2); i.e.,

Au* = u*.
(ii) Convergence of the iteration method: For all ug € M one has lim, oo 4, =
ur.
(iii) Error estimates: For alln = 0,1,..., one has the so-called a priori error
estimate
lun —ull < &"(1 = k)~ lur — uoll, (3.4)
and the so-called a posteriori error estimate
i1 = ull < EQ k)" Hungr — unll. (3.5)
(iv) Rate of convergence: For alln =0,1,..., one has ||un+1 —ul| < k||u, —ull.

Now we consider (|1.2). Let X be defined as in Section 1. Define an operator
D:X — X by

Du(t) = /Ow G1(t,s)f(s,u(s))ds.
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By Theorem we know that the periodic solution problem of (1.2) is equal to
the fixed point problem u = Du. For any ug € X define the sequence (u,) by

w
Uny1(t) = / G1(t,s)f(s,un(s))ds, n=0,1,.... (3.6)
0
We introduce the abbreviation:
2 exp(pw)

9= .
Sp\/l + exp(—pw) — 2 exp(—3pw) cos(?pw) 3p(exp(pw) — 1)

(3.7)

Theorem 3.2. Assume that the partial derivative f, € C([0,w] x R,R) and there
is a number | such that |f,(t,u)| <1 for allt € [0,w], u € R. Then if lVw < p, the
following statements hold:

(i) the original problem (1.2)) has a unique solution u € X;
(ii) the sequence (u,) constructed by (3.6) converges to u in X;
(iii) for alln=0,1,2,..., we obtain for k w“’ the following error estimates

o =l < K20 = ] o — s s — ] € 71— ) s — .
Proof. By calculation, we obtain: For 0 <t < s < w,
|G1(t, )]

exp(p(t +w — s))
<| 3p?[exp(pw) — 1] |

. ‘expw(s;“))psm(g — (s —t—w)) —2exp(= 5 )sin( - “%tm‘
3p?[exp(—pw) + 1 — 2exp(—5) cos( £2]
< |y exp(pw) | Qexp(M) sin(§ — ?p(s — t) + 1) ‘
3p2[exp(pw) — 1] 3p2\/exp(—pw) + 1 — 2exp(—£2) cos( \/‘5’2"“’)

exp(pw) 2

+ =—.
<53 —
3p?[exp(pw) — 1] 3p2¢/exp(—pw) + 1 — 2exp(— %)cos(\/ipw) P

Similarly, we can obtain: For 0 < s <t < w,
9
|G1(t,8)] < —.
p

So for all ¢ € [0,w] and s € [0,w], we have |G1(¢,s)| < %
On the other hand, for any t € [0,w], and u,v € R, by the mean value theorem,
there exists a w € R such that

|f(s,u) = f(s,0)] < | fuls, w)[|u—v] < llu—w].
Therefore,

D= Dol = [ Galt o) (s,u(s) - Fsv o)l
< / "G (6 )1 (s us)) — (s, v(s))lds

w 19
§l\u7v|/ G (¢, 8)|ds < 2 |u — o;
0 P
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ie., ||[Du— Dv|| < k|lu —v| for all u,x € X. Let M := X, the assertions follow
directly from Lemma 3.1 (|
Similarly, we can obtain the corresponding results for the equations
u" + pPu = f(t,u),
u" = 3pu” + 3p*u — pPu = f(t,u),
u" + 3pu” + 3p*u + pPu = f(t,u),
where f € C([0,w] x R, (0, 4+00)).

4. POSITIVE SOLUTIONS OF (|1.3)), (1.4)

In this section, we consider the existence of positive periodic solutions for the
third-order nonlinear differential equations with w-periodic boundary value condi-
tion

u"' — a(t)u = f(ta U), (41)
and

u" +a(t)u = f(t,u), (4.2)
where a € C([0,w], (0,00)), and f € C([0,w] x [0,00),[0,00)), and f(t,u) > 0 for
u > 0. We introduce the following abbreviations

a* =max{a(t) : t € [0,w]}, a.=min{a(t):t € [0,w]}, rho= Va*,
?0 = lim sup 7f(t,a:)7 f_ = lim inf f(t,z)
=0t tejow] T =00 g—ootel0w] X

Let X be defined as in the beginning of Section 1. Moreover, define a cone Kj in

X by Ko ={z € X : x(t) > 0||z||}, where 0 < § = Zi—’éi < 1 and for r > 0 define

Ko ={x € Ky : ||z|| <r} and 0Ky, = {z € Ko : ||z|]| =}.
First, we study the following equation corresponding to (4.1))

u" —a(t)u=nh(t), heC (4.3)
Define operators T, B; : X — X by

(Thh)(t) = /Ow G1(t,s)(—h(s))ds, (Bru)(t) = (a(t) —a*)u(t). (4.4)

Clearly, if v/3pw < 47/3 holds, then T}, B, are completely continuous, (T1h)(t) > 0
for —h(t) > 0 and ||B;1|| < a* — a+. By Theorem the solution of (4.3 can be
written in the form

u(t) = (Tyh)(t) + (Th Biu)(t). (4.5)
And for |1 By || < |T1|||B1] € 25 (a* — a.) < 1, we have
u(t) = (I — Ty B1) " (T1h)(¢). (4.6)
Define an operator P; : X — X by
(P1h)(t) = (I = Ty B1) "' (T1h)(1). (4.7)

Obviously, for any h € C, u(t) = (P1h)(t) is the unique positive solution of (4.3).
Lemma 4.1. If \/3pw < 41/3 holds, then Py is completely continuous and

(Tuh) (1) < (Pih)(t) < j—:n(nhxt)n, for all h € C. (48)
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Proof. Since |T1By| < ||Ti|lI|Bi|] £ 1 — 2 < 1, by a Neumann expansion of P,
we have

P=(1-T1B)'Ty
=(I+TB+(TB)*+---+(1B)" +...)Ty (4.9)
=Ty +TBTh + (T B)*Ty + -+ + (TyB)"Ty + . ...

By (£.9), and recalling that |71 B;|| < 1 — 2= and (T1h)(t) > 0, we obtain

a*
*

(Tuh)(t) < (Prh)(t) < %II(T1h)(t)||, heCy. (4.10)

From [I0], we obtain that T3 is completely continuous and P is also completely
continuous. O

Define an operator @; : X — X by
Qu(t) = Pi(—f(t, u)). (4.11)

From the continuity of Py, it is easy to verify that )y is completely continuous in
X. Comparing (4.1) with (4.3), we see that the existence of solutions for equation
(4.1) is equivalent to the existence of fixed-points for the equation u = Qqu.

Lemma 4.2. Q,(Ky) C Kp.

Proof. Tt is easy to verify that Qiu(t + w) = Qiu(t). For u € Ky, we have from
Lemma [4.] that

Quu(t) = Pi(=f(t,u) = Ti(=f(t,u))
= / G1(t,s)f(s,u(s))ds > Al/ f(s,u(s))ds,
0 0
on the other hand

Quult) = Pu(—f(tw) < “—*nm—f(t,u))u

:Z—*tre%uoi/ G1(t,s)f(s,u(s))d ds.
Therefore,
Quu(t) > = 0[Quulf;
ie., Q1(Ko) C K. O
Next, we study the following equation corresponding to .
u" +a(tyu = h(t), heCt (4.12)
Define operators 15, By : X — X by
= /Ow Ga(t,s)h(s)ds, (Bau)(t) = (a™ — a(t))u(t). (4.13)

If v/3pw < 4m/3 holds, Ty, By are completely continuous, (Txh)(t) > 0 for h(t) > 0
and || Bz|| < a* — a4. By Theorem the solution of (4.12]) can be written in the
form

u(t) = (Toh)(t) + (TaBau)(t). (4.14)



EJDE-2011/66 POSITIVE PERIODIC SOLUTIONS 13

And for | T2 Bz || < | To||[| Bz < 25 (a* — ax) < 1, we have
u(t) = (I = TpBy) ' (T2h)(t). (4.15)
Define an operator P, : X — X by
(P2h)(t) = (I — ToBa) " H(Tah)(t). (4.16)

Obviously, for any h € CF, u(t) = (Pyh)(t) is the unique positive solution of (4.12)).
Similar to Lemma [£.1] we can prove the following result.

Lemma 4.3. If \/3pw < 47/3 holds, then Py is completely continuous and

*

(Tuh)(t) < (Poh)(t) < S (Tuh)(t), for all h € C. (4.17)

*

Define an operator @5 : X — X by
Q2u(t) = Po(f(t,u)). (4.18)

Clearly, Q5 is completely continuous in X. Comparing (4.2) with (4.12)), it is clear
that the existence of solutions for equation (4.2)) is equivalent to the existence of
fixed-points for the equation u = Qau.

Lemma 4.4. Q2(Kj) C Ko.

Proof. From the definition of @2, it is easy to verify that Qou(t +w) = Q2u(t). For
u € Ko, we have from Lemma [£.3] that

Q2u(t) = Pa(f(t,w) = Ta(f(t u) = /Ow Ga(t, s)f(s,u(s))ds > A /wa(sw(S))ds,
on the other hand

Quu(t) = Po(f(t,0)) < g (1)

a* w a*B w
- / Gat,5)f (5. u(s))ds < = / £ (s, u(s))ds.
Therefore,
G*Al
t =40 ;
Qau(t) > @B, [Qzull = 0]|Qaull;
ie., QQ(KQ) C Kp. U

Lemma 4.5 ([12]). Let E be a Banach space and K a cone in E. Forr > 0,
define K, = {u € K : |Ju|| < r}. Assume that T : K, — K 1is completely continuous
operator such that Tx # = for x € 0K, = {u € K : |u|| =}, so

(i) if ||Tz|| = ||z|| for x € OK,, then i(T, K,, K) = 0;

(i) of |Tz| < ||z|| for x € OK,., then i(T, K., K) = 1.

Theorem 4.6. If \/3pw < 47/3 holds, and f, = 0,f = oo, then 4.1) has at
least one positive solution.

Proof. If f, = 0, we can choose 0 < r; < 1, such that f(t,u) < eu for 0 < u <
r1,t € [0,w], where the constant ¢ > 0 satisfies

*Bl

Q4

cw < 1.
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By recalling the proof of Lemma [£.I} we obtain that
a*B w *B
jQuell < 2 [ psvutsnas < 2 [“uts)as < T euful <
0

for u € aKon, t € [0,w]. On the other hand, if f = oo, there exists a constant

H > rq such that f(t,u) > nu for u > H.t e [O,w], where the constant n > 0
satisfies Ajnwf > 1, and again from the proof of Lemma [4.I] one can easily see
that

Q4

Qiu > Al/ f(s,u(s))ds > Aln/ u(s)ds > Aynwl||u| > [jul]
0 0

for w € 0K,g, t € [0,w]. By Lemma we know that i(Q1, Ko, Ko) =
L,i(Q1, Ky, Ko) = 0, ie. i(Q1, K,5\Kor,, Ko) = —1, and @ has a fixed point
in K, H\Kon Consequently, . has a positive w—perlodlc solution for r; < u <
H. O

By Lemmas [4.3] and [£.4] we obtain the following result.
Theorem 4.7. If \/3pw < 4n/3 holds, and f, = 0, ioo = oo, then (4.2) has at

least one positive solution.

5. POSITIVE SOLUTIONS FOR. (1.5
Theorem 5.1. If $p*(t) + p'(t) = q(t), then (LB) can be transformed into
u(t) + b(t)u(t) = f(t, ), (5.1)

where

be C([0,w],R); f e C(]0,w] x [0,00),[0,00)).
Proof. Let y = ux, then

v =drtur’, ¢y =u"v+2u0 2 +ux”, Y =u"v+3u" 2 +3u's" +uz. (5.3)
Substituting into yields
u"'z + [37" + p(t)z|u” + [32" + 2p(t)x’ + q(t)z]u’ + [z + p(t)x" + q(t)x" + c(t)z]u
= g(t,uz),
or equivalently for x # 0,

an 3z’ er(t):cu,, N 3z" + 2p(t)a’ + q(t)xu, N " +pt)x" + q(t)x’ + c(t)xu
x T T
_g(t,ux)
==
It is easy to verify that 32’ + p(¢t)xz = 0 and 32" + 2p(¢)a’ + q()r = 0 if = =

exp(— [ @dt) and $p%(t) +p/(t) = ( ). Hence (1.5 can be transformed to

’”() +b(t)u(t) = (tU)

where b(t), f(t,u) are given in (5.2)). It is easy to see that b € C([0,w],R); f €
C([0,w] x [0,00), [0, 00)), f(tu)>0foru>0. O
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By Theorem under the assumption that $p?(t) +p'(t) = q(t), we know that
if u is a positive solution for (5.1]), then y = uexp(— [ @dt) is also a positive
solution for (1.5). Next we discuss Eq (5.1) in two cases (i) b € C([0,w], (0,00))
and (%) b € C([0,w], (—00,0)).

Case (i): b€ C([0,w], (—00,0)). In this case, (5.1) is equivalent to

u" —a(t)yu = f(t,u), (5.4)

with a(t) = —b(t), clearly a € C(]0,w], (0,00)), and a* = max{-b(t) : t € [0,w]},
a, = min{—b(¢) : t € [0,w]}.
Case (ii): b€ C([0,w], (0,00)). In this case, (5.1)) is equivalent to

u" +a(t)u = f(t,u) (5.5)

here a(t) = b(t). Finally, by recalling the proofs for the existence of positive solu-
tions of ([5.4) and (5.5 in Section 3 and by applying Theorem we obtain

Theorem 5.2. If 1p?(t) + p/(t) = q(t) and V3pw < 47/3 hold, f, = 0,f =
then (1.5) has at least one positive solution.

We illustrate our results with an example.

Example 5.3. Consider the third-order differential equation

y" +sinty” + (3s1n t—l—cost)y

+( L (sint) — S sint + = sin®t 4 ~ sint t) (5.6)
— X ln —_ = ln —_— ln — ln .
10008 p(s 35 275 38 COS Yy

exp(sin t)y?.

1
1000
Comparing with (1.5)), we are lead to the definitions

1
p(t) =sint, q(t) = 3 sin®t + cost,

(t) (sint) — Lant+ = sin®t — L sintcost,
= — X S111 — ln — ln —_ = ln
C 10008 pLs Sb 27b 3b COSs
1 .
9(t:9) = 1500 exp(sint)y”.

It is easy to see that p?(t) +p/(t) = q(t). Then by Theorem we can transform

into
" 4 bty = f(t,), (5.7)
where b(t) = 10100 exp(sint) and f(t,u) = 10100u exp (sint 4 <%1).
Since v3pw = 1.5188 < 47/3, and noticing that f, = 0, f = 00, we know

from Theorem- that . has a positive solution u, and then has a positive
solution y = uwexp(“5*).

6. POSITIVE PERIODIC SOLUTION FOR. (|L.6))
Equation (1.6) can be rewritten as

(@(t) —ca(t—7(t)))" +a(t)(x(t) — cx(t— (1)) = f(t»w(t—T(t)))—Ca(t)w(t—T((g)l)j
With y(t) = x(t) — cx(t — 7(t)) Equation can be transformed into .

y" +a(t)y(t) = f(t,x(t — 7(t) — ca(t)a(t — 7(t)) (6.2)
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Define P: X — X by
(Ph)(t) = (I — TB) ' (Th)(t), (6.3)
where T', B are defined as Ty, By in Section 3. Define operators @,S : X — X by
(Qx)(t) = P(f(t,x(t —7(1))) — ca(t)x(t —7(1))), (S2)(t) = ca(t —7(t)). (6.4)

From (6.2)) and (6.4) and the results of Section 3, we know that the existence of
periodic solutions for ([1.6]) is equivalent to the existence of solutions for the operator
equation

Qr+ Sr=z in X. (6.5)
Lemma 6.1 ([26]). Let X be a Banach space, assume K is a bounded closed convex
subset of X and Q,S : K — X satisfy the following assumptions:

(i) Qz+ Sy € K,Vz,y € K,
(ii) S is a contractive operator,
(iii) @ is a completely continuous operator in K.

Then Q 4+ S has a fized point in K.

Theorem 6.2. If \/3pw < 47/3 holds, ¢ € (O 1) and ca* < f(t,x) — ca(t)r < a*
for allt € [0,w] and for all z € [ﬁ, W then (1.6) has at least one positive

w-periodic solution x(t) with 0 < %6~ < a(t) < m~

Proof. Define K1 = {z € X : z € [W, - C)a 1}. Obviously, K; is a bounded
closed convex set in X. Since P is completely continuous, so is Q). Besides, it is
easy to see that S is contractive if |¢| < 1. Now we prove that Qz + Sy € K; for
all z,y € K;. By Lemma we obtain

Qu(t) + Sy(t)
= P(f(t,x(t = 7(t))) — ca(t)x(t — 7(t))) + cy(t — 7(1))

< afHT(f(f» z(t —7(t))) — ca(t)ax(t — (1)) + cy(t — 7(t))
(1* t+w
< [ /t Ga(t, s)(f(s,z(s —7(s))) — ca(s)z(s — 7(s)))ds + cy(t — 7(t))
(1* t+w . a*
< S Ctardrerto
at 1 ca® a*
- CT*G a* + (1—-ca. (1 —c)a,
(6.6)
On the other hand,
Qu(t) + Sy(t)
= P(f(t,z(t — 7(t))) — ca(t)z(t — 7(t))) + cy(t — 7(t))
> T(f(t,x(t — (1)) — ca(t)z(t — 7(1)) + cy(t — (1))
(6.7)
> /t (f(s,x(s =7(s))) — ca(s)x(s — 7(s)))ds + cy(t — 7(t))
S i can + 2a, CQy
~ a (1—-c)a* (1—c)a*
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Combining and ([6.7)), we obtain Qz + Sy € K1, for all z,y € K;. By Lemma
we obtain that @+ has a fixed point x € Kj; i.e., (1.6]) has a positive w-periodic

solution z(t) with 0 < oda < z(t) < e O
Example 6.3. Consider the equation

1 1 1

(x(t) — St cos?t))" + o051~ 5 sin 2)z(t)
1 3 1 1
1—Ssin®t) + ———(1 — = sin® t)2(t — cos®t
= Top0 (1~ 15D F g0 (1~ 5 5 )l — cos”),

here ¢ = &, a(t) = 1955 (1 — 1sin®t) and 7(t) = cos?t. Obviously a € C(R, (0, c0))
is a mw-periodic function with a* = 10100, ax = 20100, and then p = % Noticing

that f” < 47r/3 holds Moreover, it is easy to see that 1o < f(t,2) — ca(t)z =
1000 (1 -2 sm 1) < 1000 Then by Theorem 6.2 we know the equation has at least
one posmve solution = with £ 5 <a(t) <4

Theorem 6.4. If \/3pw < 47/3 holds, c = 0, and 0 < f(t,z(t — 7(t))) < a* for all
t € [0,w] and for all x € [0,a*/a.], then (1.6) has at least one positive w-periodic
solution x with 0 < z(t) < a*/a,.

Proof. By (6.4), S = 0. We define Ky = {z € X : z € [0, ]} Similarly as in the
proof of Theorem [6 - 6.2 we obtain that ( . ) has at least one nonnegatlve w- perlodlc
solution x(t ) with 0 < z(t) < 2. Since F(x) > 0, it is easy to see from and
. that z(t) > 0; i.e., . has at least one positive w-periodic solution :c( ) with

0<z(t) < Z O
Example 6.5. Consider the equation
1 1. 1 1. x(t — cos®t)
)+ ——(1 — =sin? ) x(t) = —— (1 — = sin®t) - ———— =
() + To00 (1~ g 310" 8)2(t) = 555 (1 = 3 sin°1) 4000

as in Example we obtain ﬁ < 47 /3 holds. Moreover, 0 < g5 < f(t, 2(t —

7(t))) = 1000(1 — Lsin?¢) — W < 1o for all t € [0,7] and o € [0,2]. All
assumptions of Theorem [6-4) are satisfied and hence the equation has at least one
positive solution z(¢) with 0 < z(t) < 2.

Theorem 6.6. If /3pw < 47/3 holds, ¢ € (—22,0), and —ca* < f(t,z)—ca(t)z <
as for all t € [0,w] and x € [0,1], then (1.6)) has at least one positive w-periodic
solution x with 0 < z(t) < 1.

Proof. As in the proof of Theorem define K3 = {x € X : 2 € [0,1]} and then
K3 is a bounded closed convex set in X. @ is a completely continuous, and S is
contractive since |¢| < 1. Now we prove Qx + Sy € K3 for all z,y € K3. By Lemma
we obtain

(Qz)(t) + (Sy)(t)
= P(f(t,2(t —7(1)) — ca(t)z(t — 7(¢))) + cy(t — (1))

< £\|T<f<t,x<t —7(1))) — ca(t)x(t — (1)) + ey(t —7(t))

a

t+w
< o Dax /t Ga(t, 8)(f(s,2(s = 7(s))) — cals)x(s — 7(s)))ds + cy(t — (1))

Ay te[0,w
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a* t+w
< o Ga(t, s)a.ds = 1. (6.8)
x Jt
On the other hand, by Theorem and Lemma
(Qx)(t) + (Sy)(t)

= P(f(t,a(t — 7(t))) — ca(t)x(t — 7(1))) + ey(t — 7(t))
t+w

S / Galt, 5)(f(s,2(s — 7(s))) — cals)a(s — 7(s)))ds + ey(t — v(t))  (9)

> —ca*% +c=0.

Combining and (6.9)), we obtain Qx + Sy € K3 for any z,y € K3. By Lemma
we obtain that (1.6) has at least one nonnegative w-periodic solution z(t) with

0 < z(t) < 1. Since F(z) > —ca*, by (6.9), we obtain z(t) > 0. So (L.6) has at
least one positive w-periodic solution = with 0 < z(t) < 1. O

Example 6.7. Consider the equation

1 2\ 1 _} . 9
(z(t) + ch(t cos’t)) + 1000 (1 5 Sin t)a(t)
R Y L S P
=(1 3 sin t) [1500 400095(15 cos’t)].

As in Example [6.2] we can verify that all the assumptions of Theorem [6.6] hold,
then the equation has at least one positive solution = with 0 < z(¢) < 1.

Remark 6.8. In a similar way, we can discuss the third order neutral differential
equation

(x(t) — cx(t — (1)) — a(t)z(t) = f(t,z(t — (1)),
with @ € C(R, (0,00)), 7 € C(R,R), f € C(R x [0,00),[0,00)), a(t), 7(t) are w-
periodic functions, f(¢,x) is w-periodic in ¢, and w, ¢ are constants with |c| < 1.
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