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STRUCTURE OF GROUND STATE SOLUTIONS FOR
SINGULAR ELLIPTIC EQUATIONS WITH A QUADRATIC
GRADIENT TERM

ANTONIO LUIZ MELO, CARLOS ALBERTO SANTOS

ABSTRACT. We establish results on existence, non-existence, and asymptotic
behavior of ground state solutions for the singular nonlinear elliptic problem

—Au = g(u)|Vul® + Mp(z) f(u) in RV,
u>0 inRN, lim wu(z) =0,

|| —o0
where A € R is a parameter, 1 > 0, not identically zero, is a locally Holder
continuous function; g : (0,00) — R and f : (0,00) — (0,00) are continuous
functions, (possibly) singular in 0; that is, f(s) — oo and either g(s) — oo or
g(s) — —oo as s — 0. The main purpose of this article is to complement the
main theorem in Porru and Vitolo [I5], for the case Q = R™. No monotonicity
condition is imposed on f or g.

1. INTRODUCTION

In this article, we establish results concerning non-existence, existence and as-
ymptotic behavior of positive ground state solutions; that is, entire positive classical
solutions (in C2(R¥)) vanishing at infinity, for the singular nonlinear elliptic prob-
lem

—Au = g(u)|Vul® + M(2) f(u) in RY,

u>0 inRY, lim wu(x)=0,

|z|—o0

(1.1)

where g : (0,00) — R and f : (0,00) — (0,00) are continuous functions, possibly,
singular in 0 in the sense, for example, that either g(s) — oo or g(s) — —oo and
f(s) — ocass— 0;9:RY — [0,00), 1 # 0 is a locally Holder continuous function
and A € R is a real parameter.
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The search for classical solutions to ([1.1)) with A = 1 and g = 0; that is, for the
problem

—Au =) f(u) inRY,

u>0 inRY, lim wu(x)=0,

|z|—o0

(1.2)

where ¥ and f are as above with f singular at 0, has received much attention in
recent years; see [3] [6] [7, 8, 11l 12, 19, 2T, 22] and references therein. For more
general nonlinearities, we refer the reader to Mohammed [13], and for nonlinearities
including singular terms in the origin and super-linear terms at infinity to Santos
[16].

For further studies on (L.1)), the reader is referred to [20] and the references
therein. However, [20] does not include the nonlinearity in the coefficient of the
gradient term. For the version of on bounded domains,

—Au = Ag(w)|Vul? + (@) f(u) in

1.3
u>0 inQ, wu(x)=0 ondQ, (1:3)

where Q C RY is a regular bounded domain, A is a real parameter, ¢ : Q —
[0,00) and f, g are appropriate functions, see for example [I}, 2], [ [14] [15] and their
references.

Problems such as were studied in [I}, 9] [14] with f(s) =1, s > 0. In [2] and
[14], was considered with general terms f but in all cases g is non-singular
in 0, that is, g is continuously extendable to 0. In [15], was studied with
P(z) =1, in Q. Under some conditions on f and g the authors showed existence
and, in particular cases, asymptotic behavior of solutions to . In most cases,
monotonicity conditions are imposed upon f or g.

To establish our main results regarding problem , we shall denote by

G(s) = /15 g(t)dt, s>0,

a primitive of g. We define

S (s) GG f(s)

Too =M TG gy Jove = TSI e gy

. . eG(S) S — . eG(s) S
io:hml(l)’lfil Gf( ) , fgozhmsupi1 /(5)
s— [fs e (t)dt]q 5—0 [fs eG(t)dt]p

with 1 < ¢ <p < 0.
We will say that ¢ satisfies the condition (1) if the problem

—Au=1(z) in RV,
u>0 inRY, lim wu(x)=0

x| —o0

(1.4)

has a unique solution wy € cre (RM), for some « € (0,1). Also we will say that

loc

satisfies the condition (o)’ if

0 < liminf (@) < lim sup v(z)

< 00, (1.5)

where ¥ > 0, and + is a negative constant such that v < —2p with p given in fgo.
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Remark 1.1. Concerning the hypothesis (1), we have: (1) If
/ [sl_N/ tN_llﬁ(t)dt} ds < o0, (1.6)
0 0
where 9(r) = max|,|—, ¥(x), r > 0, then (¢s) holds. In this case,

wo(w) < /: [ /0 0] ds =y ((al), 2 RN, (L)

because Wy (| - |) is an upper solution of (1.4). (see details in Santos [I7]).
(2) If we assume N > 3 and

[ (r)dr < oo,
then ([1.6]) will be true (see details in Goncalves and Santos [7]).

To state our next theorem, we consider the problem
—Au= M(z)u in Q,

u=0, on 99, (18)

where Q C RV is a bounded and smooth domain and 1/ is a non-negative and
suitable function. We know that the first eigenvalue A1 (¢, ) of (1.8) is positive
and non-increasing in the sense that A1 (1, Q2) < A1 (1, Q1) if Q1 C Qa. So there
exists

M) = lim A(6, Bu(0)) € [0, 00), (19)

where By, (0) is the ball centered in the origin of RV with radius k. For more details
concerning the principal eigenvalue A (1), we refer to Santos [17].
Our main results read as follows:

Theorem 1.2. Assume that fol eCWdt < 00, (Vo) and fyo € (0,00] hold. Then
(L.1) admits a solution u = uy € C*(RN) if A\ (¥)/fq0 < XA < A* for some A* > 0.

Remark 1.3. The \* > 0 and the solution u, given by Theorem depend on
the behavior of g and f at infinity. More specifically, denoting by

F(s) = / e“Odt, s >0, Fy = lim F(s) = / S, (1.10)
0 500 0
we have
(i) If Foo = 00 and
(1) 0 < fgoo < 00, then \* > m7
(2) fgoo = 00, then A* is a positive constant.
(ii) If Foo < 00, then

Foo — s S f(r -1
(1) 2= mi Jo (s " |:Sup7.>F—1(t) %)()] dt)ds € (0, 00],
(2) llulloo < Foc.
As an example that satisfies all the assumptions of Theorem we have

—Au=—E|Vul? + xp(2) f(u) in RV,
u
v (1.11)
u>0 inRY, ‘llim u(z) =0,
if —oo < p <1, lims0 f(s)/s > 0 and 1 satisfies (¢o). Furthermore, if we have
lim, . f(s)/s =0, then A* = oo.
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In the next result and Theorem [1.8] we assume that f is a C'-function and
N > 3.

Theorem 1.4. Assume that fol eCWdt = 00, (Vs igo € (0,00] and f,, € [0,00)
hold. Then there exists \* > 0 such that for all X € (0, \*) the problem (1.1) has a

solution.

Remark 1.5. Again here \* > 0 depends on the behavior of f and ¢ at infinity.
That is, if
G(s)
lim sup G

- , 1.12
s—oo [[TH GOt > (1.12)

where p > 1 is defined in f,,, then, for some positive constant c,

9o’
s+1 1—
N > cinf [/ CWat] "
s>0 s
Consider the example
—Au = —H|Vu|2 + Mp(x) f(u) in RY,
u
N ] (1.13)
u>0 inRY, lim wu(x)=0.
|z|—o00
All hypotheses of Theoremare satisfied if 1 satisfies (0o ), pt > 1 and f satisfies
o f(s) —_— - f(s)
ilg%) s(In1/s)P >0, ifp=1, and 11—{% gt(1=p)+p
where p = ¢ is given in (¢ )". Besides this, \* = oo, if

) o )
M Sty < o0 He=1oand sl Sas

>0, ifp>1,

<oo, ifu>1

For the non-existence, we have the following result.

Theorem 1.6. Assume that g : (0,00) — R, f:(0,00) — [0,00), ¥ : RY — [0, 00)
are continuous functions and A < 0. Then (L1.1) has no solution.

Concerning the asymptotic behavior, we have the following result.

Theorem 1.7. Assume that (1.6) holds and N > 3, then the solution given by
Theorem (which we shall denote as u = uy) satisfies

F ol (clz™Y) < u(z) < FH(d|z*7Y), 2| 21,
for some positive constants ¢ and d with F defined in (1.10)). In particular, if g = 0,
then
eV <uz) <dzPN, Je| > 1.
For example the solution of (1.11]), given by Theorem satisfies
oz <) <dla[TN, 2] > 1,
if in addition we assume lim,_q f(s)/s < co.

Theorem 1.8. The solution given by Theorem (which we shall denote as u =
uy) satisfies

FyY(ca] 7)) < u(e) < Fyl(dlz|FF), || > R,
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for some positive constants ¢, d and R with
1
Fo(s) = / COdr, 0<s<1.

For example the solution of (1.13]) with p > 1 satisfies

1 1
<u(r) < ———m— [ 2R,

a1 = PS>
c+ |x|<1—p><u—1> d+ |x|(1—p><u—1>

for some constants ¢,d, R > 0.

Remark 1.9. Examples of ¢ : RN — (0,00) satisfying (1)o,) with v > 2 are as
follows:

1 1
)= ——, ) = -
Y@ = YY) T s e
while )
_ N
Y(x) = 71+|x\2p+1’ reR

satisfies (0o )’, where p > 2.

The proof of Theorem is based on the suitable diffeomorphisms and in San-
tos’s arguments which showed existence of at least one entire positive solution for
the problem in the presence of singular and super linear terms at infinity
without imposing any monotonicity condition in f(s) or f(s)/s (for more details
see [10]).

Proof of Theorem Consider the function defined in (1.10); that is, F' :
[0,00) — [0, 00) with

F(s) = / e“Wdt, >0 and Fy = lim [ e“®at,
0

§—00 0

Thus, F is increasing, F(0) = 0. Now, we will consider two separate cases.

Case 1: F,, = co. In this case, F(s) — oo as s — oo. Now, let the continuous
function h(s) = F'(F~1(s))f(F~*(s)), s > 0 and for each 7, A\ > 0 given, consider
the continuous function H, : (0, 00) x (0, 00) — (0, 00) defined by

h(t)

~ ASSUPgcycr —=, ST,
H)\(Tvs)_{)\sh("')StT . s> T

So, it is easy to check that
(i) Hy(r,s) > Ah(s),0< s <,
(i) Ha(r,s)/s is non-increasing in s > 0,
(iii) lim,_o+ Hx(7,5)/s = ASupg,<, h(t)/t,
(iv) lims_o0 Hx(T,5)/s = Ah(T)/T.
By (iii), the function Hy : (0,00) x (0, 00) — (0,00), given by

2
H/\(T,S) = i

- B} t
Jo H(7,t) d

is a well-defined and continuous function. Using (ii), we have

Hy(1,s) > Hx(1,s), Y 7,5>0.
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Besides this, Hy(7,-) € C1(0,0), for each 7 > 0. Using (i)-(iv), it follows that for
each A > 0, H) satisfies the following.

Lemma 1.10. If fol e“Wdt < 0o, then, for each T > 0,
(i) Hx(r,s)/s is non-increasing for s > 0,
(ii) lims o Hx(7,5)/s = Asupg,<, h(t)/t,
(iii) limg_oo Hx(7,5)/s = Ah(T)/T.

Now, we define the continuous function

1 T t
Hy(r) = / - dt, T >0,
lwylloeT Jo Hy(1,1)
where wy, is given by the hypothesis (1« ). Hence,
1
Hy(r) = Y Hi(7), 7,A>0. (1.14)
Let
A =sup Hi(1) > 0.
T>1
Since .
liminf Hy(7) = ——————
T [[wy]o fgoo
it follows that )
——— < A" < 0.
”ww”OOfgoo

This proves Remark part (i)(1). So, from (1.14)), for each 0 < A < A*, we can
take a Too = 7) > 1 such that Hy (7o) > 1. That is,

1 Too t
—/ ———dt > || wy || sc- (1.15)
Too Jo H) (Too, t)
Now, defining the C?- increasing function
1

N s t
hix(s) = —/ 4t s>o0
Too 0 H)\(Too,t)
and defining v(x) = ﬁ;l(w¢(x)), x € RY, we obtain, using (1.15)),
v(@) = by (wy (@) < A3 (lwyllse) < b3 (ha(7)) = 70, @ €RY

and after some calculations, we obtain that v € C?(RY), v(z) — 0 as |z| — oo and
that it satisfies

—Av > () Hx(Too, v) > Mp(2)h(v) in RV,
v>0 inRY, lim wv(z)=0.

|| — o0
On the other hand, given A1 (¥)/f;0 < A < A* (we point out that A1(¢0)/fg0 = 0 if
either fgo = 0o or Ai(¢) = 0) we can take from (1.9) a ky > 1 such that
M) _ Ml.k)
ng o ng
As a consequence of this, there exists a so = so,x 1 € (0, 1) such that

Ah(s) > Ai(, k)s, forall 0 < s < sp.

<A< A, forall k> ky.
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Now, defining vy, = € x¥x, where ¢y, is the positive first eigenfunction of (1.8)) with
Q= By(0) and €y ; > 0 satisfies

e max{yy(z) : € By(0)} < so,
it follows that vy satisfies
—Avp < Ap(2)h(vy) in By(0),
v>0 in Bg(0), wv(z)=0 on dBk(0).

Following the arguments of either Mohammed [13] or Santos [16], we have a v €
C?(RY) satisfying

—Av = M)(z)h(v) in RV,
v>0 inRY, lim wv(z)=0.

|z|—o00
Let
u(z) = ur(z) = F~1(v(z)), z € RV,
Such that
0<ueC’®Y),  lm u(r) = F‘l(‘ lim v(x)) = F0)=0
and

—Au = g(u)|Vul|® + M(z) f(u), xRN,
Hence, u is a solution of (|1.1)).

Case 2: F,, < oo. The proof of Theorem in this case is an adaptation
of earlier proof. First, we note that to construct the upper solution, we let the
continuous function h(s) = F/(F~1(s))f(F~1(s)), 0 < s < Fy and for each A > 0
given, we consider the continuous functions Hy, H, defined by

~ h(t
Hy(s) =As sup Q, 0<s<Fy
s<t<F.

and
2

=

fo H(t) dt
Thus, in a similar way to the proof of Lemma we have Hy(s) > Ah(s) for
0 < s < Fy and the following result.

Hy(s) 0<s<FL.

Lemma 1.11. If f01 G dt < oo, then
(i) Hx(s)/s is non-increasing for 0 < s < Fs,
(ii) lims—o Hi(s)/s = Asupg,<p, h(t)/1,
(iii) Hy(Fx) = AF2
big/ fOFx (SuPtgrgFoo h(r)/r)dt.

Now, we define the continuous function

Hy (1) = 1 / At dt, 7>0,
Toolr Jo a0

where w,, is given by hypothesis (o). Hence,

Hy(r) = %Hl(T), T, A>0. (1.16)
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Define
.1
Y=y o)
1 Tt
= lim / = dt
T—Fu [[wylleeT Jo  Hi(t)
1 Foor g
= ~ dt
[wyllooFoo Jo Hy(t)
= Hy(Fs) > 0.
Such that, from (|1.16), for each 0 < A < A*, we have
1 A*
Hy(Fy) = ~Hy(Fa) = & > 1.
AFo) = Y H1(Foo) = >
That is,
! /Fm Lt > Jlwy] (1.17)
—_— - w . )
Fo Jo  Hy(1) Pl

Now, defining the C? increasing function
A 1 St
h,\(s):—/ ', 0<s<Fy
Feo Jo Hk(t)

and defining v(z) = hy ' (wy(z)), * € RN, we obtain, using (I.17),
(@) = by (wy (@) < by H(lwplleo) < B3N (Fi)) = Fooy @ € RY.

Now, in a similar way, we construct an upper solution of (1.2)) with f = h. Secondly,
we point out that the lower solution for (1.2) with f = h is constructed the same
way as in the proof of Case 1. This proves Theorem

2. PROOF OF THEOREM [L.4]

In this Section, we will deal with the question of existence of a solution for
Theorem For this, we shall use a modified version of a result by Gongalves and
Roncalli [I0] for the existence of an entire blow-up solution which is bounded from
below by a positive constant.

We shall consider k : [0,00) — [0,00) a C'-function with k(0) = 0 and k(t) > 0
for t > 0, ¢ as before and the problem

Au = (z)k(u) in RV,

u>0 inRY  lim u(z) = oco.
|z|—o00

(2.1)

Lemma 2.1. Let i € C¥ _(RYN) for some v € (0,1) and ¢(x) > 0, V x € RV,
N > 3. Assume that there exist 1 < q < p < oo such that

ls = liminf % € (0, o0, (2.2)
k
Soo = sUp k(s) € (0, 00) (2.3)
s>0 SP

and condition (Yso) holds with v < —2p. Then (2.1) admits at least one solution
u € C%(RY) such that

_1
u(z) > aypSec” >0 for allz € RY, (2.4)
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for some positive constant a,.

Remark 2.2. The main novelty in Lemma is the lower limit of solution u of
(2-1) by a positive constant throughout RY. A similar result was proved in [10]
without Claim 2.4

Proof of Lemma[2.1. We follows similar arguments as those in [I0, Theorem 1.1].
In fact, from condltlons and (o)’ there exists a Ry > 0 such that

by fh fw(x)gw( )<21 nfd}( )—bg, V]z| > Ry
|m|—>o<> |$|’7 |JJ|'Y |z|—o00 |.13|’Y
and '
k(s) > %osq, Vs> Ry. (2.5)
Now, defining
7+2 v+ 2
—_—>2 —_—>2
1 _ b /6 1 _ q > b
2 aqp
[(N+a 2)a+1+2N] [(N+a 2)a+t”‘ + 2N]
Ay = max , By = max ,
[0,Ry] 14ta—2 [Ry,00) 14+ ¢t—7—op
145 , t27P74
[(N-i—ﬁ 2)B+1+6+2N] . (v + 5° + 55
Cy = min , Dy = min ,
[0,Ry] 1+ thA=2 [Ry,00) 1+ t=7=Pa
0, if a =0,
0= NCETGEY R L TN )
(B—a)P=<[a(a+1)(N+a—2)]F=a
we have
0< /\ mln{(MwS Aw) - (ng Bw) 1= P}
~ N Rw mwﬁoocw L bléoollb T
< A = )\ 1*61 - T ¥ \1—¢q
— max{’1+5’( 2 ) 7( 2 ) }<OO’

where

M, = max and my = min x).
Y |x|<wa( ) " |m‘<Rw¢( )

In the sequel, we use the notation
5 || j/?
u@) =M N ra—2a oN
- K |z |z N
u(z =A{7+—+6+1], zeR
(z) (N+B8—-2)8 2N
and separately considering the cases |z| < Ry and |z| > Ry. We obtain by direct
computations, using (2.5)), that

wz) <u(z), zeRY,
w(x), u(r) > o0 as|z]— o
Au(z) < Y(x)k(u(z)), Au(z) = p(@)ku(z)).

Now, by applying [I0, Theorem 2.1], we have a solution u € C?(R™) of (2.1)
with

+1} z € RV,

I /\

0 < ay(Ss0)T7 <A< u(z) <u(z) <u(z), VzeRY,
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where
1 1
Ay = min {(M¢Aw)m, (bgBd})m} > 0.
This completes the proof. O

Proof of Theorem[I.]. For each 7 > 0 given, define F : (0,7] — (0,00) by
T7+1
F.(s) z/ Mt

. . . . 1
So, F- is a decreasing continuous function. From fo eSO dt = 0o, we have

lin}) F.(s)=00 and lim F.(s) = F.(7).

Now, we consider the C!-function k, : [0,00) — [0, 00) defined by

sP, 0<s< FTT(T),
ke (s) = < &:(s), 0 < s < Fy(7),

CEE F(F(s)), s> Fr(1),

for appropriate function &, and the 7-problems family
Av = \p(x)k,(v) in RY,

v>0 B, lm o). (2.6)
We claim that
k.
loo,r = liminf (s) € (0, 00].
5§—00 S
In fact, making t = F-1(s), 0 < s < 7, we have
k GO f(t
loo.r = liminf = (qs) = mtn%lfeF(gq()
G(t) G()
= liminf — A0 7 = liminf — c 7 f®) v
=0 [ [} eG()ds + by(7)] =0 [ [} eG®)ds]?[1 + Ik ezé;))ds]q
t
G(®) £(¢
= lim inf iif()q = ,
=0 [ [TeGo)ds]? =9

where by(7) denotes a real positive constant. Since igo € (0, 00], we obtain (2.2)) of

Lemma 2,11
Also, since

k
limsupﬁ =1

5—0 sP

and making t = F-1(s), 0 < s < 7, we have

T

. k7<3> . eG(t)f(t)
limsup ——= = limsup —————"——
s§—00 spP t—0 [ftTJr GG(T)dT’]p
. eSO f(t)
= lirasup TR T G dr|?
- L eCdr+ [[ e dr]
G(t) _
< lim sup e f®) = fgo-

1—0 [j;l eG(T)dr]p
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By hypothesis the f,, € [0,00), we have that

k,
Soo,*r = sup (S)
s>0 SP

for each 7 > 0. Hence, (2.3 of Lemma [2.1]is satisfied. Let

1

€ (0, 00),

ah,”
A= _
v Fr ()P Ser

where ay > 0 is the constant of Lemma [2.1]
Given 0 < A < A*, pick a 7 = 7(X) > 1 such that

>0,

1 1 1
FT(T) < E[SOOVT]pflaw.

11

2.7)

(2.8)

(2.9)

and apply Lemma to the problem (2.6). That is, there exists a v = v, = v (y)

solution of satistying, by and ([2.9)),
vr(z) > ay [)\S’OO,T]P%11 > F.(r), forallz € R,
Define
ur(z) = F-Yve(2)), x€RY.
Thus, of F-! decreasing, we have
ur(w) = FrV(0r(2) < Fr\(Fo(r) = 7, @ € RY
and from the regularity of F=1, it follows that

0<u, € C*RY),  lim wu,(z)= lim F '(v(z)) =0

|z o0 o =00 "
and
—Auy = g(ur)|Vur |? + M (@) f(ur), 2 € RY.
That is, u, is a solution of Problem . This completes the proof.

Proof of Remark[1.5 Consider the positive number M defined by

eGs) £(s
M=sp o)
>0 [f eG(t)dt]

S

where M is finite by (1.12)), and, if necessary redefine, &, in k. such that 0 < &, (s) <
(M+1)s?, LF (1) < s < F,(7). This is possible because (M +1)F,(1)? > (") f(r)

for each 7 > 0 given.
So, it is easy to verify that Se, -, defined in (2.7)), satisfies

Soor SM+1, forall7T>0.

Hence, from ([2.8)), it follows the claim with ¢ = aﬁfl/(M +1)>0.
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3. PROOFS OF MAIN RESULTS

Proof of Theorem[1.6. Assume, by contradiction, that admits one solution,
say u € C?(RY). Since u(z) > 0 for all z € RN and u(z) — 0 as |z| — oo it follows
that u achieves its maximum M > 0 in x¢. That is, 0 < u(z) < u(zg) = M for all
r € RY. Set v : RY — [0,00) defined by

M
v(z) = / Otz eRV.

So, v € C?(RN), v >0, v # 0 and
Av=M)(x)f(u) <0, zecRY

because A < 0. Since

v(zg) =0 = j&l{}v v(x),

it follows, by strong maximum principle, that v(x) = 0 for all x € R™. This is
impossible. This completes the proof. ([

Proof of Theorem[I.7. Consider u = uy € C?(RY) the solution of (L.1]) given by
Theorem Remembering the proof of Theorem (case Fo, = 00) we have that
u = F(v), where v = vy € C*(R") satisfies
S N
— ——dt = wy(x) < wy(|lz|), zeR". 3.1
= e ) 5.0
In this last inequality we used (1.7]). Define n by
1 n(l=|) t
— Aidt:’d]w(lxD, .IERN.
Too Jo H)y (TDO, t)
So, v(z) < n(|z]), z € RY. We claim that
n(r) <dr*N, r>1,
where r = |z|, z € RY, for some positive constant d. To verify this claim, define
2n(0), ifo<r<1,
d)(?") = 2_N .
0)yr=—N, ifr>1.
Thus, n(r) < ¢(r), 0 < r < 1. Now, we suppose by contradiction that there exists
a rg > 1 such that

n(r) < ¢(r), 0<r<wry and n(ro) = é(ro).

Using Diaz and Saa’s [5] inequality on B, (0) - ball centered in 0 and radius rg -,
it follows that

—A¢ Ang 2 _ p(12N2)dz
N e e S Gl ClIRY

< —/ )w(\wl)h(n(lxl))(éi’(lwl)Q —(|x)?) da .
o
This is impossible, because the last term is negative. This proves the claim.

On the other hand, using classical estimates (see for example Serrin and Zou
[18]), we obtain a ¢ > 0 constant such that

v(x) > czPN, |z| > 1.
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As a consequence of the last inequality, the prior claim and of F'~! being increasing,
we have

F= (cla*™) < u(z) = F7H(v(2)) < F7H(da*™), |2| > 1.

In a similar manner, we reach this conclusion, if F.., < oo holds. This completes
the proof. O

Proof of Theorem[I.8 Consider u = uy € C?(RY) the solution of (I.1]) given by
Theorem So, from the demonstration of Theorem there exists a 7 = 7(\) >
0 such that u satisfies

T+1
u(x) < / eCOdt <u(z), zeRV, (3.2)

where u and u were defined in the proof of Lemma As a consequence of the
definition of v and w there are ¢,d and R positive constants such that

el < ute) - | "

1

1
Wt x| > R, (3.3)

and »
(x) — / SOt < |ulPe, || > R. (3.4)
1

Hence from (3.2)), (3.3)), (3.4) and some calculations, we obtain

1
dlr| g/ S0t < clz|?, 12| > R.
u

()

This completes the proof of Theorem [1.8] remembering that Fj is decreasing. [
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